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Abstract

We examine progress over the last fifteen years in finding strong valid inequal-
ities and tight extended formulations for simple mixed integer sets lying both on
the “easy” and “hard” sides of the complexity frontier. Most progress has been
made in studying sets arising from knapsack and single node flow sets, and a
variety of sets motivated by different lot-sizing models. We conclude by citing
briefly some of the more intriguing new avenues of research.
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1 Introduction

Looking back at a survey on strong formulations for Mixed Integer Programming
(MIP) [62] published in 1989, it is striking on the one hand to see what has been
learnt and what progress has been made, and on the other to see that many of the
questions that need answering remain the same as fourteen years ago.

As before we are interested in sets (structures) that appear in general mixed
integer programs, or in fairly generic problems such as fixed charge network flow,
production planning and scheduling problems. The idea is then to study these sets,
so as to develop either good a priori formulations, or strong valid inequalities that
can be added dynamically as cutting planes.

Compared to fourteen years ago, several important changes can be observed:

• branch-and-cut and branch-cut-and-price have definitely replaced branch-and-
bound as the algorithmic paradigm

• cutting planes have been an integral part of the commercial mixed integer pro-
gramming systems such as Xpress [66] and Cplex [15] for about five years, and
have proved very effective on a wide variety of problems

• most of the cuts, and even the separation algorithms or heuristics used in these
systems are not new – Gomory mixed integer cutting planes [19] date from 1960,
knapsack cover inequalities from the 70s, flow cover, path and mixed integer
rounding inequalities from the 80s. What has changed is that much greater
efforts are made to detect these sets within a general MIP, and the remarkable
versatility of mixed integer rounding as a cut generation technique has become
apparent [39]

• the importance of superadditive lifting functions to convert valid inequalities
into strong valid inequalities has been made clear [23]

• the study of single item lot-sizing sets has been fundamentally modified by the
study of special “Wagner-Whitin” objective functions leading to the study of
simpler sets that can be viewed as the intersections of discrete lot-sizing sets
[47]. This in turn has led to the study of multiple MIP [40] and mixed MIP sets
[24], as well as to the study of dynamic knapsack sets [33]
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• progress in developing tight extended formulations has indicated the need for
smaller approximations of such sets [57]

• the idea of introducing extended formulations on the fly (or integer generating
sets) even for difficult sets, see the integer basis method in [26, 27], is intriguing
and suggests many new possibilities

• the lift-and-project approach [9], and its generalizations including positive semi-
definite reformulations [36], the reformulation linearization technique [54], and
recent generalizations [12, 30] provide both extended formulations and new cut-
ting planes.

We now outline the contents of this paper. In Section 2 we briefly discuss the
basic decomposition approach used in tackling an MIP, and the questions to be asked
relative to a given MIP set X appearing as a superset or relaxation of a specific
problem instance. We also introduce the basic two variable MIP set, and the mixed
integer rounding inequality.

In Sections 3-6, we examine different families of MIP sets, on both the “easy”
and “hard” sides of the complexity frontier. For each family we present a few basic
results, as well as an indication of recent progress. In Section 3 we start on the
“hard” side looking at knapsack and single node flow sets, and show an example of
superadditive lifting. In Section 4 we look at knapsack and single node flow sets that
are “easy” because the data is restricted (e.g. the arc capacities can only take one or
two different values). In Section 5 we stay on the “easy” side and look at multiple and
mixed MIR sets that have been derived from constant capacity lot-sizing problems.
In Section 6 we look further at lot-sizing sets, considering both the uncapacitated
case, and dynamic knapsack sets derived from the varying capacity “hard” case. In
Section 7 we indicate briefly two other research directions that are being pursued:
tight all integer reformulations for “on the fly” reformulation, and approximations of
tight extended formulations. We terminate with a mention of a few related research
topics of importance for MIP.
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2 The Approach

For most practical MIP problems there is little chance of finding a fast algorithm
or a “nice” description of the convex hull of the solution set Z. Therefore a natural
strategy is to describe the solution set in terms of simpler sets that we know something
about, or that appear amenable to study. In particular the case where Z = ∩I

i=1Z
i

is the intersection of simple sets Zi with some structure is of practical interest. For
simplicity we suppose below that I = 2.

2.1 The Decomposition Approach

We suppose that the MIP to be solved is given in the form

min{cx+ fy : (x, y) ∈ Z}

where Z = P ∩ (IRn1 × ZZn2) and P = {(x, y) ∈ IRn1 × IRn2 : Ax + Gy ≤ b} is a
formulation (polyhedron) of the set Z. We suppose that Z = Z1 ∩Z2 where each set
Zi has formulation P i for i = 1, 2.

There are now two cases:

i) optimization over Zi is easy, and a tight formulation P̃ i = conv(Zi) is known for
Zi

ii) optimization over Zi is easy or hard, and an improved formulation P̃ i with
conv(Zi) ⊂ P̃ i ⊂ P i is known for Zi.

Clearly we now have at least implicitly an improved formulation for Z, namely

P̃ = P̃ 1 ∩ P̃ 2 ⊇ conv(Z1) ∩ conv(Z2),

with equality holding in the ideal case.
The form of the improved formulations has an influence on the algorithmic ap-

proach taken. Now there are again two cases.

i) the improved formulation involves only the original variables x, y. In this case if
the formulation is compact, it can be added a priori to the original formulation. If
the formulation is large, a separation algorithm or heuristic is needed to generate
valid inequalities for P̃ i as cutting planes
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ii) the improved formulation is a compact extended formulation with additional
variables

Qi = {(x, y, w) : Cix+Diy + Eiw ≥ b}

with the property that
projx,yQ

i = P̃ i.

In this case, it can in principle be added a priori to the original formulation.
However if the reformulation is in practice too large, an approximation to Qi

may be required.

2.2 Studying Simple MIP Sets

Suppose that we have isolated a set X = Zi to be studied. A variety of questions
may be of interest. The first six are standard. Of these the first three deal with the
Optimization problem, while the next three deal with the problem of Separation and
of finding a description of conv(X). Here it is important to remember the “polyno-
mial equivalence” of Optimization and Separation [21]. The last three questions are
relatively new.

1. Characterize the optimal solutions of OPT (X, c), namely the optimization prob-
lem min{cx : x ∈ X}.

2. What is the complexity of the problem OPT (X, c)

3. Describe an algorithm for OPT (X, c)

4. Describe a family F of valid inequalities for X or conv(X)

5. Describe a separation algorithm for conv(X), or for the polyhedron described
by the family F

6. Describe an extended formulation forX, if possible providing a tight formulation
of conv(X)

7. (Tight Formulations with Additional Constraints). Suppose that P = conv(X),
and Y ⊂ X with Y = X ∩Q where Q is a polyhedron. For which polyhedra Q
is it true that
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conv(Y ) = conv(X) ∩Q?

8. (Approximate Extended Formulations). Given an extended formulation Q for
conv(X), describe and characterize more compact relaxations of Q

9. (Integer Generating Sets). Describe an integer generating set for X, namely a
reformulation

X = {x : x = Cλ,Dλ = e, λ ∈ ZZr
+},

where the r columns of C “generate” X, and r is ideally not too large.

In Sections 3-6 we will be particularly interested in questions 4,6 and 7, whereas
questions 8 and 9 will be discussed briefly in Section 7.

2.3 The Two Variable MIP Set

Here we consider the set

XMI = {(s, y) ∈ IR1
+ × ZZ1 : s+ y ≥ b}.

Proposition 1.
i) Suppose that f = b− bbc > 0. The simple mixed integer rounding inequality

s ≥ f(dbe − y) (1)

is valid for XMI .

ii) The polyhedron

s+ y ≥ b

s+ fy ≥ fdbe

s ≥ 0

describes the convex hull of XMI .

By taking z = −y and d = −b, we obtain the result in a different form that is
needed below.
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Corollary 2. The inequality s ≥ (1 − fd)(z − bdc) is valid for XMI
≤ = {(s, z) ∈

IR1
+ × ZZ1 : z ≤ d+ s} where fd = d− bdc.

In the next four sections we examine different generalizations of the set XMI . For
each set examined, we derive valid inequalities, and if appropriate indicate whether
these inequalities suffice to describe the convex hull, and/or give an extended formu-
lation.

3 Knapsack and Single Node Flow Sets

We study three sets taht are simple mixed integer generalizations of 0-1 or integer
knapsack sets.

1. The Integer Knapsack with a Single Continuous Variable Set

XIK = {(s, y) ∈ IR1
+ × ZZn

+ :
n∑

j=1

ajyj ≤ b+ s}.

2. The Binary Knapsack with a Single Continuous Variable Set

XBK = {(s, y) ∈ IR1
+ × {0, 1}n :

n∑
j=1

ajyj ≤ b+ s}.

3. The Binary Single Node Flow Set

XSNF = {(x, y) ∈ IRn
+ × {0, 1}n :

∑
j∈N1

xj −
∑
j∈N2

xj ≤ b, xj ≤ ajyj for j = 1, . . . , n},

where N1, N2 is a partition of N with ni = |Ni| for i = 1, 2 and n = n1 + n2.

In all three cases above, we assume that aj > 0 for j = 1, . . . , n.

3.1 The Integer Knapsack with a Single Continuous Variable Set

Here we consider the set

XIK = {(s, y) ∈ IR1
+ × ZZn

+ :
n∑

j=1

ajyj ≤ b+ s}.
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Let fj = aj−bajc, and fb = b−bbc. Now setting z =
∑

j:fj≤fb
bajcyj +

∑
j:fj>fb

dajeyj ,
we see that

z ≤
n∑

j=1

ajyj +
∑

j:fj>fb

(1− fj)yj ≤ b+ s+
∑

j:fj>fb

(1− fj)yj = b+ s′

where s′ = s+
∑

j:fj>fb
(1−fj)yj ∈ IR1

+ and z ∈ ZZ1. Now by Proposition 1, the simple
MIR inequality z ≤ bbc + s′

1−fb
is valid. Substituting for s′ and z gives the following

result.

Proposition 3. [42] The mixed integer rounding (MIR) inequality

n∑
j=1

(bajc+
(fj − fb)+

1− fb
)yj ≤ bbc+

s

1− fb
(2)

is valid for XIK .

Note that with α = fb, the inequality (2) can also be written as

n∑
j=1

Fα(aj)xj + F̄α(−1)s ≤ Fα(b)

where Fα : IR1 → IR1 is a nondecreasing superadditive (MIR) function given by

Fα(d) = d+
(d− bdc − α)+

1− α

and F̄α(d) = min[0, d
1−α ].

3.2 The Binary Knapsack with a Single Continuous Variable Set

Here we consider the set

XBK = {(s, y) ∈ IR1
+ × {0, 1}n :

n∑
j=1

ajyj ≤ b+ s}.

We first derive a family of strong valid inequalities, based on covers (or infeasible
points).

Definition 1. A set C ⊆ N is a cover for XBK if
i)

∑
j∈C aj = b+ λ with λ > 0, and

ii) if k = arg max{aj : j ∈ C}, then ak > λ.
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Proposition 4. The continuous cover inequality

s+
∑
j∈C

min[aj , λ](1− yj) ≥ λ (3)

is valid for XBK .

We present a proof showing a typical use of the MIR inequalities, and the ease with
which such inequalities can be generated.
Proof. As xj ≥ 0 and aj ≥ 0 for all j ∈ N \ C, we consider the relaxation

{(s, y) ∈ IR1
+ × {0, 1}n :

∑
j∈C

ajyj ≤ b+ s}.

Introducing the complementary variables ȳj = 1−yj for j ∈ C, the constraint becomes

s+
∑
j∈C

aj ȳj ≥ λ,

or after division by ak ∑
j∈C

−aj

ak
ȳj ≤

−λ
ak

+
s

ak
.

Now taking the set consisting of this constraint, yj ∈ ZZ1
+ for j ∈ C and s ≥ 0, the

resulting MIR inequality is

−
∑
j∈C

min[1,
aj

λ
]ȳj ≤ −1 +

s

λ
,

which after multiplication by λ and substitution for ȳj gives the required inequality.

We now demonstrate the role of superadditive lifting in generating strong valid in-
equalities.

Consider again the set XBK . We now temporarily set yj = 0 for j ∈ N \C giving
the set X̃BK = XBK ∩ {y : yj = 0 for j ∈ N \ C}. Now the inequality (3) derived
above is valid and facet-defining for conv(X̃BK). We convert it into a facet-defining
inequality for conv(XBK) by restoring the variables yj for j ∈ N \C with appropriate
coefficients. In particular it is necessary to calculate the “lifting” function

φC(u) = min{s+
∑

j∈C min[aj , λ](1− yj)− λ :∑
j∈C ajyj − s ≤ b− u, yj ∈ {0, 1} for j ∈ C, s ∈ IR1

+}.
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Let C̃ = {j ∈ C : aj > λ} and r = |C̃| ≥ 1. Reorder the elements so that C̃ =
{a1, . . . ar} with a1 ≥ . . . ≥ ar > λ, and let Aj =

∑j
i=1 ai for j = 1, . . . , r.

Now φC(u) takes the following values:

φC(u) =


λ(j − 1) if Aj−1 ≤ u ≤ Aj − λ

λ(j − 1) + u− (Aj − λ) if Aj − λ ≤ u ≤ Aj

λ(r − 1) + u− (Aj − λ) if u ≥ Ar − λ.

Because φC is superadditive on IR1
+ (i.e. φC(u) + φC(v) ≤ φC(u + v) for u, v ∈ IR1

+),
results in [23, 60] give that φC can be used to calculate all the missing coefficients for
j ∈ N \ C (so-called sequence independent lifting).

Theorem 5. [39] The lifted cover inequality

s+
∑
j∈C

min[aj , λ](1− yj) ≥ λ+
∑

j∈N\C

φC(aj)yj

is valid and facet-defining for conv(XBK).

Note that in general, if the lifting function is not superadditive, it is necessary to
calculate functions φC∪{j1}, φC∪{j1,j2}, . . . , φC∪{j1,...,jr} where j1, . . . , jr is some order-
ing of the elements of N \ C.

3.3 The Binary Single Node Flow Set

Here we consider the set

XSNF = {(x, y) ∈ IRn
+ × {0, 1}n :

∑
j∈N1

xj −
∑
j∈N2

xj ≤ b,

xj ≤ ajyj for j = 1, . . . , n}.

We now extend the definition of a cover.

Definition 2. A set (C1, C2) ⊆ (N1, N2) is a flow cover for XSNF if
i)

∑
j∈C1

aj −
∑

j∈C2
aj − b = λ > 0, and

ii) ā = maxj∈C1 aj > λ.
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Proposition 6. [35] If (C1, C2) is a flow cover for XSNF and (Ci, Li, Ri) is a par-
tition of Ni for i = 1, 2, the MIR flow cover inequality∑

j∈C1
{xj + [aj + λF (−aj

ā )](1− yj)}+
∑

j∈L1
xj −

∑
j∈L1

[aj − λF (aj

ā )]yj

≤ b+
∑

j∈C2
aj −

∑
j∈C2

λF (aj

ā )(1− yj)−
∑

j∈L2
λF (−aj

ā )yj +
∑

j∈R2
xj + s

is valid for XSNF , where F = Fα with α = ā−λ
ā .

Selecting a specific value of ā leads to

Corollary 7. If ā = maxj∈C1 aj, the MIR flow cover is at least as strong as the
GFC2 inequality [58]∑

j∈C1

xj +
∑
j∈C1

(aj − λ)+(1− yj) +
∑
j∈L1

xj −
∑
j∈L1

(max[aj , ā]− λ)yj

≤ b+
∑
j∈C2

aj −
∑
j∈C2

min[λ, (aj − (ā− λ))+](1− yj)

+
∑
j∈L2

max[aj − (ā− λ), λ]yj +
∑
j∈R2

xj + s.

A wide variety of related models and extensions of knapsack and single node flow
sets have been studied recently, in particular knapsack sets with a single continuous
variable and bounded integer variables [5], the lifting of flow cover inequalities [22],
and knapsack sets with 0-1 variables and bounded continuous variables [51, 52]. A
recent survey [35] examines many of these models, as well as discussing superadditive
lifting in some detail.

4 Single Node Flow Models with Restricted Data

Here we consider briefly three special cases of the models of Section 3 that have
arisen in practical network design models and that are easy because the data (arc
capacities) are restricted to just one or two values. Apart from being interesting in
their own right, they may provide useful insights and/or relaxations in tackling more
complicated sets.

Here we look at three sets.
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1. Single Node Flow with Constant Capacities

XSNF−CC = {(x, y, s) ∈ IRn
+ × {0, 1}n × IR1

+ :
∑
j∈N1

xj −
∑
j∈N2

xj ≤ b+ s,

xj ≤ yj for j ∈ N1 ∪N2}

the special case of a single node flow set XSNF of Section 3.3 in which aj = 1
for all j ∈ N1 ∪N2.

2. Single Node Inflow with Divisible Capacities

XSNF−DIV = {(x, y, s) ∈ IRn
+ × ZZn

+ × IR1
+ :

∑
j∈N1

xj ≤ b+ s, xj ≤ ajyj for j ∈ N1}

with 1 = a1|a2| . . . |an, where x|y means that y is an integer multiple of x.

3. Single Node Inflow with Constant Variable Lower and Upper Bounds

XSNF−CC−LB = {(x, y, s) ∈ IRn1
+ × ZZn1

+ × IR1
+ :

∑
j∈N1

xj ≤ b+ s,

ljyj ≤ xj ≤ ajyj for j ∈ N1}

where the aj , lj take at most two distinct non-zero values, for example lj =
1, aj = a for all j, or lj = 0, aj ∈ {1, a} for all j ∈ N1 ∪N2.

4.1 Single Node Flow with Constant Capacities

This model has been studied in [45] for the case with only inflows, and more recently
in [7] under the name cut-set polyhedra.

Proposition 8. [7] Every nontrivial valid inequality for the set

XSNF−CC
≥ = {(x, y, s) ∈ IRn

+ × Zn
+ × IR1

+ : s+
∑
j∈N1

xj −
∑
j∈N2

xj ≥ b, xj ≤ yj for j ∈ N}

is of the form

s+ f
∑
j∈L1

yj +
∑
j∈R1

xj ≥ fdbe+
∑
j∈L2

[xj − (1− f)yj ]

where (L1, R1) is a partition of N1, and L2 ⊆ N2.
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A point (s, x, y) satsifies all these inequalities if and only if

s+
∑
j∈N1

min[fyj , xj ] ≥ fdbe+
∑
j∈N2

max[0, xj − (1− f)yj ].

Introducing variables πj to represent min[fyj , xj ] for j ∈ N1, and πj to represent
max[0, xj − (1− f)yj ] for j ∈ N2, we obtain an extended formulation for XSNF−CC

≥ .

Proposition 9. The polyhedron

s+
∑

j∈N1
xj −

∑
j∈N2

xj ≥ b

s+
∑

j∈N1
πj −

∑
j∈N2

πj ≥ fdbe

πj ≤ xj , πj ≤ fyj for j ∈ N1

πj ≥ 0, πj ≥ xj − (1− f)yj for j ∈ N2

xj ≥ 0, yj ≤ 1, xj ≤ yj for j ∈ N1 ∪N2

provides an extended formulation for conv(XSNF−CC
≥ ).

4.2 Single Node Inflow with Divisible Capacities

The set XSNF−DIV has still to be studied explicitly, but the corresponding knapsack
problems with integer and bounded integer variables obtained by setting xj = ajyj

for all j ∈ N1 have been studied in [49] and [46] respectively. We present one of the
basic results.

Proposition 10. [49] Every valid inequality for the set

{(s, y) ∈ IR1
+ × ZZn

+ : s+
∑

j

ajyj ≥ b}

with 1 = a1|a2| . . . |an, is of the form

s+
p∑

t=1

( t−1∏
s=1

κs

) jt∑
j=it

min[Cj/Cit , κt]yj ≥
p∏

t=1

κt,

where ({i1, . . . , j1}, {i2, . . . , j2}, . . . , {ip, . . . , jp}) is a partition of {1, . . . , n}, i1 =
1, jp = n, it = jt−1 + 1 for t = 2, . . . , p, and the parameters are defined as follows:
βp = b, κt = dβt/Cite, µt = (κt − 1)Cit and βt−1 = βt − µt.

Other results include compact extended formulations and fast separation algo-
rithms.
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4.3 Single Node Inflow with Two Bound Values

The continuous integer knapsack set with two variables

XIK
2 = {(y, s) ∈ ZZ2

+ × IR1
+ : a1y1 + a2y2 ≤ b+ s},

the integer single node flow set with just two arcs

XSNF
2 = {(x, y, s) ∈ IR2

+ × ZZ2
+ × IR1

+ : x1 + x2 ≤ b+ s, xj ≤ ajyj for j = 1, 2},

and the single node inflow with constant variable lower and upper bounds

XSNF−CC−LB = {(x, y, s) ∈ IRn1
+ × ZZn1

+ × IR1
+ :

∑
j∈N1

xj ≤ b+ s,

yj ≤ xj ≤ ayj for j ∈ N1}

have been studied in a series of papers [1, 2, 3]. For each set a complete description
of the convex hull is given, as well as extended formulations based on a study of the
two variable knapsack sets XK

≤ = {y ∈ ZZ2
+ : a1y1 + a2y2 ≤ b}, XK

≥ = {y ∈ ZZ2
+ :

a1y1 + a2y2 ≥ b} and XK
bet = {y ∈ ZZ2

+ : b − β ≤ a1y1 + a2y2 ≤ b}. These sets were
studied earlier algorithmically in [28] and from a polyhedral view in [59].

Earlier the set XSNF−CC−LB with constant lower bound and a very large upper
bound a = M was studied in [14]. One of the results is presented below. The set

X̃SNF−CC−LB
≥ = {(w, y) ∈ IRn1

+ × {0, 1}n1 :
∑
j∈N1

(wj + yj) ≥ b, wj ≤Myj for j ∈ N1}

is obtained from XSNF−CC−LB
≥ by taking wj = xj − yj ≥ 0 for j ∈ N1.

Proposition 11. [14] For the set conv(X̃SNF−CC−LB
≥ ) with b > 2, every nontrivial

facet-defining inequality is either of the form∑
j∈S1∪S2

wj +
∑
j∈S2

yj ≥ (b− |S1|)(1−
∑
j∈S3

yj)

where (S1, S2, S3) is a partition of N1, or of the form

1
f

∑
j∈S1

wj +
∑
j∈S2

[
1
f
wj + yj ] +

∑
j∈S3

[wj + (1− f)yj ] ≥ (dbe − |S1|)(1−
∑
j∈S4

yj)

where (S1, S2, S3, S4) is a partition of N1.

Descriptions of the convex hull and polynomial separation algorithms for the mod-
els with ≤ constraint and/or with integer variables are also presented.
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5 Generalizing the Two Variable MIP Set

Here we consider three sets that have arisen in practice as subproblems of network
design and production planning problems. Each is an obvious generalization of the
two variable MIP set XMI introduced in Section 2.3.

5.1 The Single Arc Set

The set

XARC
K = {(x, z) ∈ IRK

+ × ZZ1 :
∑

k

xk ≤ d+ z, xk ≤ ak for k = 1, . . . ,K}

was first studied by in [37] where it arose as a single arc subproblem in multi-
commodity network design. It can be rewritten in the form

X̃ARC
K = {(s, y) ∈ IRK

+ × ZZ1 :
∑

k

sk + y ≥ b, sk ≤ ak for k = 1, . . . ,K},

which is an obvious generalization of the two variable MIP set.
In [37] it is shown that all the facet-defining inequalities are MIR inequalities.

Proposition 12. Every non-trivial facet-defining inequality for conv(X̃ARC
K ) is of the

form ∑
k∈T

sk ≥ fT (dbT e − y) (4)

for T ⊆ {1, . . . ,K} with bT = b−
∑

k/∈T ak > 0 and fT = bT − bbT c > 0.

Recently in [7] the same set XARC
K is called a splittable flow arc set, and a poly-

nomial separation algorithm for the inequalities (4) is presented.

5.2 The Multiple MIP Set

Here we consider the set

XMI
K = {(s, y) ∈ IRK

+ × ZZ1 : sk + y ≥ bk for k = 1, . . . ,K}.

which arises in studying piecewise linear convex functions of the form g(y) = maxk[ak(bk−
y)] and in discrete lot-sizing. Again it suffices to just add a simple MIR inequality
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for each of the K sets of the form XMI to get the convex hull. What is more, this
is still true when several such sets intersect, and have special constraints linking the
integer variables. Note that this is an instance where a basic result, a description
of a family of inequalities giving the convex hull, still holds when intersected with a
special polyhedron (question 7 of Section 2.2). As before, we define fk = bk − bbkc
for all k.

Proposition 13. [40]
i) The polyhedron

sk + y ≥ bk for k = 1, . . . ,K

sk + fky ≥ fkdbke for k = 1, . . . ,K

s ≥ 0

describes the convex hull of XMI
K .

ii) Let Xi = {(si, yi) ∈ IRKi
+ × ZZ1 : si

k + yi ≥ bik for k = 1, . . . ,Ki} for i = 1, . . . ,m,
let y = (y1, . . . , ym) ∈ ZZm, and consider the set

m⋂
i=1

Xi ∩ {y : By ≤ d} ⊆ IRK1
+ × . . .× IRKm

+ × ZZm.

The polyhedron

si
k + yi ≥ bik for k = 1, . . . ,Ki, i = 1, . . . ,m

si
k + f i

ky ≥ f i
kdbike for k = 1, . . . ,Ki, i = 1, . . . ,m

By ≤ d

s ≥ 0

is integral if B is a totally unimodular matrix and d is integer.

5.3 The Mixed MIP Set

Here we consider the set

XMIX
K = {(s, y) ∈ IR1

+ × ZZK : s+ yk ≥ bk for k = 1, . . . ,K}.

16



This set was studied in [24] as an abstraction of earlier results [47] for the constant
capacity lot-sizing model with Wagner-Whitin costs (see Definition 3 below). Here
the K MIR inequalities s+ fkyk ≥ fkdbke do not suffice to give the convex hull when
K > 1.

Proposition 14. [24] Let T ⊆ {1, . . . ,K} with |T | = t, and suppose that i1, . . . it is
an ordering of T such that 0 = fi0 ≤ fi1 ≤ fi2 ≤ . . . ≤ fit < 1. Then the mixing
inequalities

s ≥
t∑

τ=1

(fiτ − fiτ−1)(dbiτ e − yiτ ) (5)

and

s ≥
t∑

τ=1

(fiτ − fiτ−1)(dbiτ e − yiτ ) + (1− fit)(dbi1e − 1− yi1) (6)

are valid for XMIX
K .

Theorem 15. [24, 40]
i) The constraints

s+ yk ≥ bk for k = 1, . . . ,K, s ≥ 0

and the mixing constraints (5),(6) give the convex hull of XMIX
K .

ii) Let Xi = {(si, yi) ∈ IR1
+ × ZZKi : si + yi

k ≥ bik for k = 1, . . . ,Ki} for i = 1, . . . ,m,
let y = (y1, . . . , ym) ∈ ZZK1 × . . .× ZZKm, and consider the set

∩m
i=1X

i ∩ {y : By ≤ d} ⊆ IRm
+ × ZZK1 × . . .× ZZKm .

The polyhedron

si + yi
k ≥ bik for all k, i

the mixing inequalities (5), (6) for all k, i

By ≤ d

si ≥ 0 for all i

is integral if B is the arc-node incidence matrix of a directed graph and d is integer,
or if the polyhedron {z : Bz ≤ d, lj ≤ zj ≤ hj , lij ≤ zi− zj ≤ hij for i, j ∈ {1, . . . ,K}}
is integral for all integral lj , hj , lij , hij.
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An O(n log n) separation algorithm for the inequalities (5),(6) is also known, as
well as a very compact extended formulation.

Theorem 16. [40] An extended formulation for conv(XMIX
K ) is

s =
∑K

j=0 fjδj + µ

yk ≥
∑K

j=0dbk − fjeδj − µ for k = 1, . . . ,K∑K
j=0 δj = 1

µ ≥ 0, δj ≥ 0 for j = 0, 1, . . . ,K,

with f0 = 0.

Further generalizations of the K-mixing set are studied in [40], including refor-
mulations for separable piecewise convex objective functions over integer variables.
Many further results on tight formulations for lot-sizing models can be found in the
survey [48] and in recent papers [56, 64].

6 Lot-Sizing Sets

The multiple and mixed MIR sets arose from the study of constant capacity lot-sizing
sets. Here we consider new results and insights for uncapacitated (easy) and varying
capacity (hard) sets.

In the sets below,the data and variables have the following interpretation:

• dt represents the demand for an item in period t with dkt ≡
∑t

u=k du,

• Ct represents the maximum amount of the item that can be produced in the
period t

• xt, a variable, is the amount of the item produced in period t

• st, a variable, is the stock of the item at the end of period t

• yt, a 0-1 set-up variable, takes value 1 if production can occur in period t

We consider three sets, the first associated with the uncapacitated problem, and
the latter two with the varying capacity problem.
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1. The Uncapacitated Lot-Sizing Set with Backlogging and Wagner-Whitin Costs

XWW−U−B = {(s, r, y) ∈ IRn+1
+ ×IRn

+×{0, 1}n : sk−1+M
t∑

u=k

yu+rt ≥ dkt for 1 ≤ k ≤ t ≤ n}

where M is a large positive value.

2. The Dynamic Knapsack Set

XDK = {(s0, y) ∈ IR1
+ × {0, 1}n : s0 +

t∑
u=1

auyu ≥ d1t for t = 1, . . . , n}

3. The Varying Capacity Lot-Sizing Set

XLS−C = {(x, s, y) ∈ IRn
+×IRn+1

+ ×{0, 1}n : st−1+xt = dt+st, xt ≤ atyt for t = 1, . . . , n}

The last two sets are related to generalizations of knapsack sets with a single contin-
uous variable and of single node flow sets.

6.1 Wagner-Whitin Uncapacitated Lot-Sizing with Backlogging

For uncapacitated lot-sizing with backlogging, shortest path [16] and facility loca-
tion [17] extended formulations were already known in 1989, whereas the problem
of characterizing all the facet-defining inequalities had defeated several researchers.
However, as we noted in the introduction, the hypothesis of Wagner-Whitin costs has
permitted considerable progress to be made.

Definition 3. A lot-sizing problem with unit production costs {pt}n
t=1 and unit storage

costs {ht}n
t=0 has Wagner-Whitin costs if pt−1 + ht−1 ≥ pt for t = 2, . . . , n.

If in addition backlogging is allowed with unit backlog costs {bt}n
t=1, the problem has

Wagner-Whitin costs if pt−1 + ht−1 ≥ pt for t = 2, . . . , n, and pt+1 + bt ≥ pt for
t = 1, . . . , n− 1.

For XWW−U−B, it suffices to just add 2n additional variables to obtain a tight
extended formulation for conv(XWW−U−B) with only O(n2) constraints.
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Proposition 17. [47] The polyhedron

αt + yt + βt = 1 for all t with dt > 0

sk−1 ≥
∑t

l=k dl(αl −
∑l−1

u=k yu) for all k, t with k ≤ t

rk ≥
∑k

l=t(βl −
∑k

u=l+1 yu) for all k, t with k ≥ t

s, r, α, β ∈ IRn
+, y ∈ [0, 1]n.

provides an extended formulation for conv(XWW−U−B).

In this formulation, the additional variables have the interpretation

• αt = 1 if the demand dt > 0 is satisfied from stock, and

• βt = 1 if the demand dt > 0 is satisfied from backlog.

It is possible to project out the α and β variables, so as to obtain a characterization
of the valid inequalities in the original space.

Proposition 18. [47] Every facet-defining inequality of conv(XWW−U−B) is of the
form

n∑
k=1

n∑
t=k

vkt(sk−1 +
t∑

l=k

dl

l−1∑
j=k

yj) +
n∑

k=1

k∑
t=1

wkt(rk +
k∑

l=t

dl

k∑
j=l+1

yj)

≥
n∑

l=1

uldl(1− yl)

where (v, w) is the characteristic vector of an elementary cycle in the digraph D =
(V,A) with V = {1, . . . , n + 1}, forward arcs (k, t + 1) corresponding to vkt for 1 ≤
k ≤ t ≤ n, and backward arcs (k + 1, t) corresponding to wkt for 1 ≤ t ≤ k ≤ n, and
ul =

∑
k:k≤l

∑
t:t≥l vkt.

For problems with general costs the shortest path reformulation has been gener-
alized to handle sales and piecewise concave production costs [65].
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6.2 Dynamic Knapsack Sets

Observe first that the dynamic knapsack set XDK can be rewritten as a varying
capacity discrete lot-sizing set

XDLS−C = {(s, y) ∈ IRn+1
+ × {0, 1}n : st−1 + atyt = dt + st for t = 1, . . . , n}.

Recently a family of strong valid inequalities has been derived for such sets. We
suppose without loss of generality that dt ≥ 0 for t = 1, . . . , n− 1, and dn > 0.

Proposition 19. [33] The inequality

s0 +
n∑

j=1

min[aj , djn]yj ≥ d1n

is valid and facet-defining for conv(XDLS−C).

Now suppose that we fix yj = 1 for j ∈ T ⊂ N = {1, . . . , n}, and let {d̃t} be the
resulting “reduced” demands. Now starting from the valid inequality

s0 +
∑

j∈N\T

min[aj , d̃jn]yj ≥ d̃1n,

we need to lift back in the variables j ∈ T that have been set to 1. Even though the
corresponding lifting function ψN\T is not superadditive, it is shown in [33] that a
simultaneous lifting result holds and there is a facet-defining inequality for XDLS−C

of the form

s0 +
∑

j∈N\T

min[aj , d̃jn]yj ≥ d̃1n +
∑
j∈T

ψN\T (ajej)(1− yj)

where ej denotes the jth unit vector.
The latter inequalities can also be used to derive strong valid inequalities for

XLS−C by replacing any term min[aj , d̃jn]yj by xj for any j ∈ N \ T .

6.3 Varying Capacity Lot-Sizing Sets

Recently it has been observed in [6] that the alternative formulation

X̃LS−C = {(x, sn, y) ∈ IRn
+×IR1

+×{0, 1}n :
n∑

u=t

xu ≤ dtn+sn, xt ≤ atyt for t = 1, . . . , n}
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of XLS−C is very useful. Let v be the set function defined as

v(T ) = max{
∑
j∈T

xj : (x, sn, y) ∈ X̃LS−C , yt = 0 for j ∈ N \ T, sn = 0}

for all T ⊆ N .

Proposition 20. The submodular inequality

∑
j∈T

xj ≤ v(T )−
∑
j∈T

[v(T )− v(T \ {j})](1− yj) + sn (7)

is valid for X̃LS−C .

It is shown that these inequalities are strong in most circumstances. In addition we
see that their coefficients are easily calculated.

Observation 1.

v(N) = max{
n∑

u=1

xu : (x, sn, y) ∈ X̃LS−C , yt = 1 for all t, sn = 0}

= min
t=0,1,...,n

[
t∑

u=1

au + dt+1,n].

Observation 2. The set function v : P(N) → IR1 is submodular and nondecreasing.

From Observation 2, the validity of the inequalities (7) follows immediately using
results on submodular valid inequalities from [61].

In [6] it is also shown how to lift in the variables in N \ T so as to strengthen the
submodular inequalities. Now work is under way to use the submodularity to tackle
extensions of these sets involving outflows and backlogging.

7 Using Extended Formulations

Considering some of the most interesting developments of the last few years, one is the
Integral Basis Method [26, 27], and a second consists of the many generalizations of the
disjunctive approach of Balas, including the lift-and–project algorithm [9], the semi-
definite approach [36], the linearization reformulation approach [54], and more recent

22



extensions in [12, 30]. A third development is the possibility of tackling significant
practical production planning problems using extended formulations [64]. This in turn
has shown up the importance of reducing the size of certain extended formulations,
and thus of developing smaller approximations to the convex hulls of the corresponding
sets. Here we briefly introduce the first and third of these approaches, viewing them
as new ways of deriving and working with extended formulations. The second also
suggests many new algorithmic possibilities for reformulation and/or cutting planes,
but probably merits a survey to itself.

7.1 Discrete Extended Formulations

The Integral Basis Method Approach [26, 27].

Here one works with a primal feasible all-integer tableau. Considering a relaxation
consisting of the objective function and one row, and let N denote the set of non-basic
variables with n = |N |. One has

max ā00 +
∑

j ā0jyj (8)

zu +
∑

j∈N āujyj = āu0 (9)

zu ∈ ZZ1
+, y ∈ ZZn

+ (10)

with āuj ∈ ZZ1 for j ∈ N and āu0 ∈ ZZ1
+. Given some variable yk and some row u for

which ā0k > 0 and 0 < āu0 < āuk, one wishes to augment yk, but augmenting as far
as yk = 1, while keeping yj = 0 for j ∈ N \ {k}, is not feasible.

Rather than generating primal all-integer Gomory cutting planes, see Young [67],
the idea is to use an extended formulation for the set Y , where

Y = {y ∈ ZZn
+ :

∑
j∈N

āujyj ≤ āu0}.

Suppose that Y ′
k ⊇ Yk = Y ∩ {y : yk ≥ 1} and that Y ′

k = {y : y = Cλ, λ ∈ ZZr
+} is

a discrete reformulation of the set Y ′
k.

Now every point in Y can be expressed in the form

y = Cλ+
∑

j∈N\{k}

ỹjej with λ ∈ ZZr
+, ỹ ∈ ZZ

|N\{k}|
+ .
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Using this to eliminate the y variables in (8)-(10) leads to the reformulation

max ā00 + āT
0 Cλ+

∑
j 6=k ā0j ỹj

zu + āT
uCλ+

∑
j∈N\{k} āuj ỹj = āu0

zu ∈ ZZ1
+, λ ∈ ZZr

+, ỹ ∈ ZZ
|N\{k}|
+ .

When the number r of columns in the reformulation for Y ′
k is too large, one looks

at supersets or relaxations of Y or Y ′
k. One such set is the relaxation obtained by

weakening the Gomory integer cut

Y ∗ = {y ∈ ZZn
+ : yk +

∑
j∈N :āuj<0

b āuj

āuk
cyj ≤ 0}

for which the set C is easily generated.

Other Variants

It appears interesting to try to apply this approach of using extended formulations
dynamically during the optimization process in other situations. One possibility being
investigated [34] is to work with a standard optimal LP tableau, and then find a
discrete reformulation for the knapsack or group problem [20] obtained from one row
of the tableau.

Another, that can be applied to mixed integer as well as integer programs, is to
construct the extended formulation of a disjunction consisting of one or several rows
of the optimal LP tableau, as described by Balas [8], and add it to the problem. The
potential advantage is that here the additional variables do not need to be integer as
for the all integer problems discussed above.

7.2 Approximate Extended Formulations

Tight extended formulations have been proposed for various uncapacitated and con-
stant capacity lot-sizing problems, as well as fixed charge network flow problems.
Though tight, these reformulations are often very large, with the result that the lin-
ear programs become difficult or impossible to solve. In [57], it is shown how many
well-known formulations can be relaxed, and the strength of the resulting formulations
can be analyzed.
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To demonstrate, we approximate the well-known shortest path reformulation of
the uncapacitated lot-sizing set XLS−U (i.e. the set XLS−C of Section 5 with at very
large for all t).

We choose some parameter k(≤ n) which determines the size and strength of the
formulation. For simplicity we assume that dt > 0 for all t = 1, . . . , n and s0 = sn = 0.
The variables are defined as follows:

• zit = 1 if production takes place in period i, and the amount produced is dit

satisfying all the demands from periods i up to t, with t < i+ k

• ui = 1 for 1 ≤ i ≤ n− k if production takes place in period i, and the amount
produced is dit for some t > n− k

• vt = 1 for k + 1 ≤ t ≤ n if exactly dit is produced in some period i ≤ t− k.

• wt = 1 for t = 2, . . . , n− k if demand for periods t− 1, . . . , t+ k is all produced
simultaneously in some period i ≤ t− 1.

The resulting approximate formulation XSP
k with O(nk) variables and O(n) con-

straints is

−
∑k

i=1 z1i − u1 = −1 (11)∑t
i=max[t−k+1,1] zit + vt −

∑min[t+k,n]
i=t+1 zt+1,i − ut+1 = 0 for t = 1, . . . , n− 1 (12)∑n
i=n−k+1 zin + vn = 1 (13)

ut + wt − vt+k − wt+1 = 0 for t = 1, . . . , n− k (14)∑min[t+k−1,n]
i=t zti + ut ≤ yt for t = 1, . . . , n (15)

xt ≥
∑min[t+k−1,n]

i=t dtizti + dt,t+kut for t = 1, . . . , n (16)

st−1 ≥
∑t−1

i=1

∑n
j=t dtjzij +

∑t+k−1
i=t dtivi + dt+kwt for t = 2, . . . , n (17)

z, u, v, y ≥ 0, y ≤ 1, (18)

vt = 0 for t ≤ k, ut = wt = 0 for t ≥ n− k + 1, w1 = 0, zit = 0 for t ≥ i+ k. (19)

In Figure 1, we show a shortest path representation of XSP
k for n = 5 and k = 2.

Here the solution y1 = y3 = y5 = 1, x1 = d12, x3 = d34, x5 = d5 is represented exactly
by the path 1, 1′, 3, 3′, 5, 5′, 6, but the solution y1 = y5 = 1, x1 = d14, x5 = d5 is
represented by the path 1, 1′, 1”, 2”, 5, 5′, 6 and its cost is underestimated.
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Figure 1: Approximate Shortest Path Formulation

Proposition 21. [57] The polyhedron (11)-(19) is integral.
If the linear program min{px+hs+fy : (x, y, s) satisfying (11)−(19)} has an optimal
solution with wt = 0 for all t, this solution is optimal for the uncapacitated lot-sizing
problem min{px+ hs+ fy : (x, y, s) ∈ XLS−U}.

It is also important to say something about the strength of such an approximation
in comparison with a cutting plane approach. For conv(XLS−U ), it is well-known
[10] that every nontrivial facet-defining inequality is a (t, l, S) inequality of the form∑

j∈[1,t−1]∪S xj +
∑

j∈[t,l]\S djlyj ≥ dtl with 1 ≤ t ≤ l ≤ n and S ⊆ [t + 1, l] =
{t+ 1, . . . , l}.

Proposition 22. [57] The (t, l, S) inequality is valid for XSP
k if and only if l ≤ t+k.

It follows that if the linear program obtained by adding the (t, l, S) inequalities
with l ≤ t + k to the original formulation solves the lot-sizing problem, then the
approximate shortest path formulation also solves it, and vice versa.

The above reformulation can be extended easily to include backlogging. In [57],
other approximate formulations are given for Steiner trees, fixed charge network flows,
and both constant capacity and uncapacitated single item lot-sizing sets with and
without Wagner-Whitin costs.
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8 Final Remarks

In Sections 3-6 we have largely concentrated on the areas that have seen significant
progress, namely single node flow sets and sets arising from single item lot-sizing. In
1989 we cited machine scheduling as a promising area for polyhedral studies, but there
progress has been limited, in spite of a variety of results developed in the 80s, see
for example the survey [50]. On the positive side, the known polyhedral results have
proved useful in developing and analyzing approximation algorithms for a variety
of classical machine scheduling problems, see for instance [53, 25]. However there
has been little progress in solving practical scheduling problems by mixed integer
programming, whereas a considerable number of problems have been tackled with
some success using constraint programming [31, 44]. This in turn leads to the wide
open topic of finding effective ways to coordinate IP and CP [55, 29].

Linked to the semi-definite approach of Lovasz and Schrijver cited above, semi-
definite convex optimization has been used successfully to provide approximation
algorithms [18, 43] and useful dual bounds for the max cut and related graph par-
titioning problems, that can be viewed as quadratic 0-1 optimization problems with
simple linear constraints. This raises many questions about the possibility of ex-
tending the strong cutting plane approach to nonlinear integer and mixed integer
programs.

There are several computational questions. One of them, the need to solve very
large LPs, often based on extended formulations, has led to new developments in the
approximate solution of very large LPs, see [11] among others. Another relates to
cutting plane separation algorithms for MIPs. We conjecture that a large majority
of fractional points that are cut off by an MIP solver have only a small number of
fractional variables in the support of the set used to generate the cut. This would
provide strong encouragement to continue the study of valid inequalities and separa-
tion for simple MIP sets with a small number of variables, combined with lifting of
the remaining variables.
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