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Abstract. In this paper we extend the smoothing technique [8], [10] onto the problems of
Semidefinite Optimization. For that, we develop a simple framework for estimating a Lipschitz
constant for the gradient of some symmetric functions of eigenvalues of symmetric matrices.
Using this technique, we can justify the Lipshitz constants for some natural approximations of
maximal eigenvalue and the spectral radius of symmetric matrices. We analyze the efficiency
of the special gradient-type schemes on the problems of minimizing the maximal eigenvalue
or the spectral radius of the matrix, which depends linearly on the design variables. We show
that in the first case the number of iterations of the method is bounded by O(%), where € is
the required absolute accuracy of the problem. In the second case, the number of iterations is

bounded by %\ /(14 &)rInr, where § is the required relative accuracy and r is the maximal
rank of corresponding linear matrix inequality. Thus, the latter method is a fully polynomial
approximation scheme.

Keywords: convex optimization, non-smooth optimization, complexity theory,
black-box model, optimal methods, structural optimization, smoothing tech-
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1. Introduction

Motivation. Recently it was shown [8] that a proper use of structure of non-
smooth convex optimization problems leads to very efficient gradient schemes,
whose performance significantly better than the lower complexity bounds de-
rived from the black box assumptions [6]. However, this observation leads to
implementable algorithms only if we are able to form a computable smooth ap-
proximation for the objective function of our problem. In this case, applying to
this approximation an optimal method for minimizing smooth convex functions
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(see [7], Section 2.2.1), we can easily obtain a good solution to our initial prob-
lem. In papers [8] and [9], a special smoothing technique was developed mainly
for piece-wise linear functions. Later, in [10] it was shown that this technique on
some problem classes allows to compute approximate solutions with a required
relative accuracy.

In this paper we extend the results of [8], [10] onto the problems of Semidef-
inite Optimization (SO). For that, we justify the computable smooth approx-
imations for two most important nonsmooth functions of symmetric matrices,
these are the mazimal eigenvalue and the spectral radius. Our approximations
are based on entropy smoothing and on approximating the infinity norm by
p-norms. Of course, we could apply the smoothing technique for SO-problems
on the basis of the usual Frobenius norm. However, in this case the loss of the
efficiency can reach the typical ratio between Euclidean and infinity norms.

Contents. In Section 2 we study the smooth approximations of symmetric func-
tions of eigenvalues of symmetric matrices (so-called spectral functions). The
main question we are interested in is the Lipschitz continuity of the gradient of
such functions. In principle, such a property must be derivable from the general
formula for the Hessian of spectral functions proposed in [4]. Unfortunately, the
structure of this expression is quite complicated. To the best of our knowledge,
up to now there is no successful examples for its use for deriving sharp upper
bounds of the Hessian. Therefore, in this paper we develop a simple technique
which allows to estimate the Lipschitz constant of the gradient for a special class
of symmetric functions. The value of such a function is obtained as a sum of val-
ues of the same univariate function as applied to all eigenvalues of the argument
(see Theorem 1). The main assumption on the univariate function is that all coef-
ficients of its Taylor series at zero, starting from the second one, are nonnegative.
We show that the functions from this class deliver the required good approxima-
tions for the maximal eigenvalue and the spectral radius of symmetric matrix. In
Section 3 we describe an optimal method for smooth convex optimization, using
the notation and style of [8]. This method is our main tool for treating the appli-
cations considered in the next two sections. In Section 4 we show how to apply
the smoothing technique for minimizing the maximal eigenvalue of a symmet-
ric matrix dependent linearly on the design variables. We discuss the similarity
between our approach and the spectral bundle method, which is, in accordance
to the present state of art, one of the most powerful scheme for treating the
problems of that type. We derive an upper bound for the number of iterations
of our gradient-type scheme, which appears to be proportional to %, where € is
a required absolute accuracy of the approximate solution. In Section 5 we apply
the smoothing technique for minimizing the spectral radius of a symmetric ma-
trix dependent linearly on the design variables. The number of iterations of the
proposed gradient method is bounded by %\/ (14 6)rInr, where § is a required
relative accuracy, and 7 is the maximal rank of the matrix arising in correspond-
ing linear matrix inequality. This method is a fully polynomial approximation
scheme since its complexity does not depend on a particular problem instance.
Another advantage of this method is that it does not require to compute an
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eigenvalue decomposition at each iteration. Thus, our approach improves the
known complexity results [10] for these problems in the case r << n.

We conclude the paper with Appendix, which presents a necessary and suf-
ficient condition for Lipschitz continuity of the gradient of convex function with
respect to an arbitrary norm introduced in the space of variables.

Notation. In what follows we denote by M, the space of real n x n-matrices,
and by S,, C M,, the space of symmetric matrices. A particular matrix is always
denoted by a capital letter. In the spaces R™ and M,, we use the standard inner
products

n . .
(z,y) = > 2Wy® 2,y e R,
=1

(X, )y =3 X@DY6i) X VeM,,
ij=1
For X € S,, we denote by \(X) € R™ the vector of its eigenvalues. We assume
that the eigenvalues are ordered in a decreasing order:

AV(X) > (x) > ... >AM(X), Xe8,.

Thus, Amax(X) = A (X). Spectrum with a fixed arbitrary order is denoted by
A(X). Notation D(X) € S, is used for a diagonal matrix with vector A € R™ on
the main diagonal. Note that any X € S,, admits an eigenvalue decomposition

X =U(X)DINX)U(X)T

with U(X) : U(X)U(X)T = I,,, where I, € S,, is the identity matrix.

Let us mention notations whose meanings are different for vectors and ma-
trices. For vector A € R" we denote by |\| € R™ a vector with entries |A\(?)],
i=1,...,n. Notation \¥ € R" is used for the vector with components (A(V)*,
i=1,...,n. However, for X € S,, we define

def

[ X|= UX)D(MX)HUX)T =0,

and notation X* is used for the standard matrix power. Since power k > 0 does
not change the ordering of nonnegative components, for any X = 0 we have

N (X) = A(XP). (1.1)

Further, in R™, we use a standard notation for p-norms:

i=1

n 7P
lally = [z |x<l>|p] . wenRm,

where p > 1, and [|z(/(x) = max |2(|. The corresponding norms in S, are

introduced by
XNy = M)y = IAMIX DIy, X € Sn. (1.2)
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2. Smooth symmetric functions of eigenvalues

For k > 1, consider the following function:
(X)) = (X* L)y = Y (AD(X)F, X €8,
i=1
Let us derive an upper bound for its second derivative. Note that this bound is
nontrivial only for k£ > 2.
The derivatives of this function along a direction H € §,, are defined as

follows:
(Vre(X), H)p = k(X* 1 H)

k—2 (2.1)
(Vi (X)H,H)yy = k S (XPHX =27 H) .
We need the following result. po
Lemma 1. For any p,q >0, and X, H from S, we have
(XPHXT+ XTHX?, H)ar < 20|X P59, H2) 00 < 20059(|X]), X2 H])). (22)
Proof. Tndeed, denote A = A\(X), D = D(\), U = U(X) and H = UTHU. Then

(XPHX9+ X1HXP, H)y = (UDPUTHUDUT + UDWTHUDPUT, H) pf

= (DPHDY+ DYHDP H)

= i (H®)2 (AD)P(AD)a + (AD)a(X0))P)

i,j=1
< S (HE))2 (IADPINGD[a 4 XD gD ) .
i,j=1
Note that for arbitrary non-negative values a and b we always have
0< (ap _ bp)(aq _ bq) — (ap-i-q + bp+q) _ (apbq + aqb”).

Thus, we can continue as follows:

(XPHXT + XTHXP H)y < S (If[(i,j))Q (|)\(i)|p+q + |)\(j)|17+q)
i,j=1

23 (ﬁ(iﬁj))2|)\(i)‘p+q — 2<D(|A\)p+qﬁ,H>M
i,j=1

= 2(DPH(|A]), H)ar = 2(|X|PT9, H?) .
Thus, we get the first inequality in (2.2). Further, by von Neumann inequality

(1.1)

(X[, H2)ar < (A(X[PF9), A(H?)) (APF(1X]), A2 (1H])),

and this proves the remaining part of (2.2). O
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Corollary 1. For any k > 2 we have

(V2mu(X)H, H)ar < k(k — DN 2(X]), A2 (1H])). (2.3)
Proof. For k = 2 the bound is trivial. For & > 3, in representation (2.1) we can
k—2
unify the terms in the expression > (XPHX*~2=P H),, in symmetric pairs
p=0

(XPHX*=27P 4 X*=2-PHXP H)

Applying to each pair inequality (2.2), we get the estimate (2.3). a
Let f(7) be a function of real variable 7, defined by a power series

f(T)=a0+ ioj(l/ﬁ'k

with ap > 0 for k > 2. We assume that its domain dom f = {7 : |7| < R} is
nonempty. For X € §,, consider the following symmetric function of eigenvalues:

30
i=1

Clearly, dom F = {X € S,, : AD(X) < R, A\ (X) > —R}.
Theorem 1. For any X € dom F' and H € S,, we have

(V2F( Z "ADIX))AD(H])?.
Proof. Indeed,

FX)=n-ao+

i M:

5 a0

=n-ap+ Y ap S (ANN(X)NF = n-ag+ 3 apm(X).
k=1 i=1 k=1
Thus, in view of inequality (2.3),

(V2F(X)H,H) )y = 5)2 ap(V2me(X)H, H) pr

S k(k — Dag(AF=2(1X ), A2(| H]))

=2

IN
>~

I
NE!
118

k(k = Dax (A9 (1X])* 2 (MO (|H]))?

s
Il
—

k=2

gnlf”(/\(“(IXI))(/\(i)(IH\))2~ 0
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Let us consider now two important examples of symmetric functions of eigen-
values.
1. Squared matrix p-norm. For integer p > 1 consider the following func-
tion: ;
1
Fyp(X) = 5IMX)IEy) = 5 (X7, In)yf”, X € Sa. (2.4)

Thus, F,(X) = 2(m2,(X))'/P. Therefore, in view of (2.3), for any X, H € S,, we
have )
(VE,(X), H)ar = 55 (m2p(X) 7~ (Vrap(X), H)ar,

(V2E,(X)H, H)ar = 25 (5= 1) - (mp(X))3 72Ty (X), )3,
o (2 (X)) 7NV (X) H, H) op (2.5)

< (2p = 1) (map (X)) >~ (A2 2(1X ), A2(| H])).
Let us apply Hélder inequality (x,y) < ||z||(g) [yl () with 5 = %, = % =p,
and
e = (AO(x])P=2, g = (AO(H]))?, i=1....n

Then,

p—1 1

@ < [Eooaxny] T Eaoamy]

n
i=1

(1.2) p=t
= mp((X) 7 - IAMH)Fy,),

and we can continue:
(V2F,(X)H, H)p < (2p = DIMH) ) = (20 = DI H|Cypy- (2.6)

2. Entropy smoothing of maximal eigenvalue. Consider the function
n
EX)=) O EmEX), Xes,. (2.7)
i=1

Note that
(VE(X),H)y = F(lX) (VF(X),H)wm,

< 7y (VEF(X)H, H)ar.

Let us assume first that X > 0. Function F(X) is formed by auxiliary function
f(1) = €7, which satisfies assumptions of Theorem 1. Therefore

n . -1 5 )
(VZE(X)H,H)pn < {Z eM(X)] S A O (|H|))? < ||H||?oo>- (2.8)
i=1 i=1
It remains to note that B(X+71,,) = E(X)+7. Hence, the Hessian V2E(X+71,,)
does not depend on 7, and we conclude that the estimate (2.8) is valid for
arbitrary X € S,.
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3. Optimal method for smooth convex
optimization

In the next sections we discuss two possible applications of the results presented
in Section 2. In both of them we use an optimal method for minimizing a convex
function with Lipschitz continuous gradient (see, for example, [7], [8]). For the
sake of completeness, we provide the reader with a short description of this
scheme.

Let function f(x) be differentiable and convex on a closed convex set Q C F,
where F is a finite dimensional real vector space. Let us fix some norm || - || on
E. In this section we consider an efficient optimization scheme for solving the
following problem:

min{f(z) : = € Q}, (3.1)
where f satisfies on @) the Lipschitz condition for its gradient:

IVf(@) =Vl < Lllz—yll, Va,ye@.

Recall that the standard gradient projection method at this problem converges
as O(4), where k is the iteration counter (see, e.g. [7], Section 2.1.5).

Let us assume that the constant L > 0 is known. Then we can use in our
methods the gradient mapping To(x) € @, which is defined as an optimal solu-
tion to the following minimization problem:

H{yin{Wf(I),y*@+%L|\y*$|\2: yEQ}. (3.2)

If the norm || - || is not strictly convex, the problem (3.2) can have multiple
solutions. In this case we stick the notation T (x) to any of them.

Denote by d(x) a proz-function of the set Q. This means that d(z) is con-
tinuous and strongly convex on () with respect to the norm || - || with convexity
parameter o > 0, and that d(x¢) = 0, where z is the proz-center of the set Q:

xo = argmin{d(z) : = € Q}.
x
In our scheme we update recursively three sequences of points {xj}72,,
{ur}izo, and {2}, from Q.

For k£ >0 do
1. Compute f(zy) and V f(xy).
2. Find Yk = TQ(LL'k>

k
3. Find 2z = argrzréiél {gd(a:) + ;0 B f(z) + (V (i), © — 23)] } .

(3.3)

2 k+1
4. Set Tk+1 = mZk + r:tsyk;

Note that at each iteration of this scheme we need to solve two auxiliary prob-
lems: the computation of the gradient mapping (Step 2), and the problem

ngn{%d(m) + (ug, )},
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k
with u, = WM Zgo(z + 1)V f(z;) (Step 3). We assume that the exact solu-
tions for both problems are available.

Theorem 2. (see [8]). Let sequences {xi}7>, and {yr}7>, be generated by me-
thod (3.3). Then for any k > 0 we have

G042 1) < mig { bde) + 3 554 1f ) + (Vf o =] b (0

2

Therefore,
% Ld(z*
flyr) = f(¥) < %7 (3.5)

where £* is an optimal solution to the problem (3.1).

In the next sections we will use the above scheme for minimizing smooth
approximations of nonsmooth convex functions. The smoothing will be done by
the use of spectral functions considered in Section 2.

4. Minimizing the maximal eigenvalue of symmetric matrix
Consider the following problem:
. * . def
Find ¢* = min{g(y) = Amax(C + A(y)) : y € @}, (4.1)

where @ is a closed convex set in R™ and A(-) is a linear operator from R™ to
Sp:

m
Aly) = yDA €S, yeR™
i=1
Note that the objective function in (4.1) is nonsmooth. Therefore this prob-
lem can be solved either by interior-point methods, or by general methods of
nonsmooth convex optimization (see, e.g., [7], Chapter 3). However, due to a
very special structure of the objective function, for problem (4.1) there were
proposed so-called spectral bundle methods (see [1-3,5]).
The idea of spectral bundle methods is very simple. Indeed, the subdifferen-
tial of the function Apax(X), X € S,, has the following structure:

1=1

d(Xx) d(Xx)
a)\max(x): G = Z Tiui(X)ui(X)T, TiZO, i=1,...,d(X), Z Ti:1 ,
— i=1

where u;(X) are the columns of the matrix U(X) and d(X) is defined as multi-
plicity of the maximal eigenvalue of matrix X. Note that the general optimization
methods require computation of a single subgradient at each test point. Conse-
quently, at each point these methods can employ only a single linear inequality
of the type

Amax(Y) > )\max(X) + <GaY - X>M = <G7Y>IW> Y e Sn,
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with certain G € OAmax(X). However, in our situation we can construct a better
lower bound for the objective function. Indeed, let us fix an arbitrary r, 1 < r <
n. Then

Amax(Y) = max (Yz,z) > max (Yu;(X),w(X)), Y €S,.
HZDH(Q)ZI 1§ZST‘

Of course, the best model corresponds to r = n. But in this case the amount
of accumulated information and the complexity of generating new test points
grow too quickly. Therefore, different versions of spectral bundle methods apply
different strategies for defining a reasonably small parameter r. Unfortunately,
in accordance to our knowledge, up to now there is no complexity analysis done
for these schemes. So, we can compare them only by computational results.
We are going to solve the problem (4.1) by a smoothing technique in a manner
similar to [8]. This means that we replace the function Apax(X) by its smooth
approximation f,(X) = uE(iX ), defined by (2.7) and a tolerance parameter
u > 0. Note that

n )
fH(X) = ,uln |:Z 6/\<1)(X)/p’:| Z )\maX(X)v
=1

(4.2)
fM(X) < )\max(X) + ulnn.
At the same time,
Viu(X) = {Z eWX)/H] 3 A by (X ) (X)T (4.3)
i=1 i=1

Similarly to the spectral bundle methods, at each test point X the gradient
V f.(X) takes into account different eigenvectors of the matrix X. Since the fac-
tors e} (X)/1 decrease very rapidly, this gradient actually depends only on few
largest eigenvalues. However, their selection is made automatically by expression
(4.3). In some sense, the ranking of importance of the eigenvalues is done in a
logarithmic scale controlled by the tolerance parameter .

Let us analyze now the efficiency of smoothing technique as applied to prob-
lem (4.1). Our goal is to find an e-solution T € @ to the problem (4.1):

P(y) — 9" <e (4.4)

For that we will try to find an %e—solution to the smooth problem
. N . def
Find ¢, = min{g,(y) = fulC+A) - yeQl, (4.5)

with g = u(e), defined as

1(€) = 5177 (4.6)
Clearly, if ¢,.(y) — ¢}, < %e, then in view of (4.2) we have

d(Y) — " < du(y) — ¢, + plnn < e
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Let us analyze now the complexity of finding %e—solution to problem (4.5) by
the optimal method (3.3).

Let us fix some norm ||| for h € R™. Consider a prox-function d(z) of the
set (@ with the prox-center zo € ). We assume this function to be strongly
convex on ) with convexity parameter ¢ > 0. Define

1Al = max {A(R)ll o)+ IRl = 1}.
Note that this norm is quite small. Indeed,

1A |0y = AV (JA(R)]) < (A(R), A(h))y)?, h e R™

Therefore, for example, ||A]| < || 4|l def |\ri111\|aj{1<A(h)’ A(h)ﬁv/ﬁ.

Let us estimate the second derivative of function ¢, (y). For any y and h from
R™, in view of inequality (2.8) we have

(Vou(y).h) = (VIu(C + A(y)), h) = (VE(;(C + A(y))), A(h))
(V26u(y)h, h) = (VZE(C + A(y))A(R), A(h)m

< LAy < LIAIP- (1]

Thus, by Theorem 3 function ¢, (y) has a Lipschitz continuous gradient with the

constar
I 1||AH2 2lnnHA||2.
" €

Taking now into account the estimate (3.5), we conclude that the method (3.3),
as applied to the problem (4.5), has the following rate of convergence:

. _ 8hnlA|d(y})
Pu(yr) = 0 < S ED)

where y7; € @ is the solution to (4.5). Hence, it is able to generate an %e—solution

to this problem (which is an e-solution to problem (4.1)) at most after

AAL [l () (4.7)

€

iterations.

5. Minimizing the spectral radius of symmetric matrix

For matrix X € §,,, define its spectral radius:

p(X) = max AP (X)| = max{ A\ (X), -\ (X)}.

1<i<n

Clearly, p(X) is a convex function on S,,. In this section we consider the following
optimization problem:

Find ¢, = min {o(y) < p(A(v)) : y € Q}, (5.1)
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where Q C R™ is a closed convex set separated from the origin, and A(-) is a
linear operator from R™ to S,:

m .
Aly) =S yWA, €S, yeR™
i=1
We assume that the matrices {A4;}72, are linearly independent. Hence, the ma-
trix G € §,,, with elements
G = (A, Aj), i j=1,...,m,

is positive definite. Denote by r the maximal rank of A(y):

m
r = max rank A(y) < min {n, > rankAi} .
yeR™ i=1
We are going to solve (5.1) using a variant of smoothing technique, suggested
in [10] for solving structural convex optimization problems in relative scale. Note
that in view of our assumptions ¢* is strictly positive.

First of all, we approximate a non-smooth objective function in (5.1) by a
smooth one. For that, we use F,(X) defined by (2.4). Note that

Fp(X) = 3(X7, L)y > p*(X),
(5.2)
Fy(X) < 3p*(X) - (rank X)1/P,
Consider the problem
. * . def
Find fy = min {f,(y) = Fp(A@y)) - y € Q}, (5.3)
From (5.2) we can see that
12 < fr< Lo rtr, (5.4)

Our goal is to find a point § € @, which solves (5.1) with relative accuracy ¢ > 0:
O(H) < (1+0)¢..
Let us choose an integer p, which satisfies the following inequality
p(6) & L Iny < p < 2p(6). (5.5)

Assume that § € @ solves (5.3) with relative accuracy ¢. Then, in view of (5.2)
and (5.4), we have

o). < % JE@)/fr < 1% JTFO < €T TFS < 144,

Thus, we need to estimate the efficiency of the method (3.3) as applied to
the problem (5.3). Let us introduce the norm

|kl = (Gh,h)Y?,  he R™
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Assuming that p(d) > 1 and using the estimate (2.6), for any y and h from R™
we obtain

(V2 fp(y)h, h) = (V2F,(A(y)) A(h), A(h)m
< @p=DIABIG,) < @p—DIAMB)IR,

= 2p = 1)(A(h), A(h))m = (2p —1)(Gh, h)

= (2p = D|A]Z-
Thus, in view of Theorem 3, function f,(y) has Lipschitz continuous gradient
on R™ with respect to the norm || - ||¢ with Lipschitz constant
L=2p—1<4p(9). (5.6)

On the other hand, for any X € §,, with rank X < r, and p > 1 we have

XNy S 1X1% < 11X,

Hence, 3-[|yl|Z < f,(y) for any y € R™. In particular,

Y llE < £y (5.7)

where y;; is a solution to (5.3).
Denote x¢p = arg min{||y||¢ : v € Q}. Since the norm | - ||¢ is Euclidean, and
y

@ is convex, we have
lyy = 2ol < lypll — ol < lypll2-
Combining this inequality with estimate (5.7), we get
3llyp —wolle < llypllE < rfy- (5.8)

In order to apply to the problem (5.3) method (3.3), let us choose the fol-
lowing prox-function:
d(z) = gz — wol&. (5.9)

Since, the convexity parameter o of this function is equal to one, in view of the
bounds (5.6) and (5.8), the method (3.3) launched from the starting point
converges as follows:

* 16(1+6)rIn *
fp(yk) —Jfp < % : fp- (5.10)

Hence, in order to solve problem (5.3) with relative accuracy § (and, therefore,
solve (5.1) with the same relative accuracy), method (3.3) needs at most

3V +0)rnr (5.11)

iterations. Note that this bound does not depend on a particular problem in-
stance.
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At each iteration of method (3.3) as applied to the problem (5.3) with d(z)
defined by (5.9) it is necessary to compute twice a projection of a point onto
the set @ with respect to Euclidean metric || - ||¢. This operation is easy in the
following cases.

— The set @ is an affine subspace in R™. Then the projection can be computed
by inverting the matrix G. An important example of such a problem is as

follows:
- @A)y =1
mip o (Sy0a) v =1}

— The matrix G and the set @) are both simple. For example, if (4;, A;) = 0 for
i # 7, then G is a diagonal matrix. In this case, a projection onto a box, for
example, is easy to compute. Such a situation occurs when the matrix A(y)
is parameterized directly by its entries.

Finally, note that the computation of the value and the gradient of function
fp(y) can be done without eigenvalue decomposition of matrix A(y). Indeed, let
p = 2% satisfies condition (5.5). Consider the following of sequence of matrices:

Xo = A(y)v Yo = I’ru
(5.12)
Xi= X2, Yi=YiaXia,i=1,.. .k

By induction, it is easy to see that X = AP(y) and Y, = AP~ (y). Hence, in
accordance to (2.1), (2.4), and definition of function f,(y) in (5.3), we have:

Foly) = 2(X, LYY,

i 2 .
vfp(y)( ) = % : <Yk?7Ai>M7 1= 13"'7m'

Note that the complexity of computing the matrix A(y) is of the order O(n?m)

arithmetic operations. The auxiliary computation (5.12) takes

O(n*Inp) =0 (n®In thT)

operations. After that, the vector V f,(y) can be computed in O(n?m) arithmetic
operations. Clearly, the complexity of the first and the last computation is much
lower if the matrices A; are sparse.

Note also, that the computation (5.12) can be performed more efficiently if
the matrix A(y) is represented in the form

Aly) =UTU", UUT =1,

where T is a three-diagonal matrix. This representation takes O(n?®) arithmetic
operations.
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6. Appendix: Some properties of smooth convex functions

In this section we present a useful condition for convex function, whose smooth-
ness is measured with respect to an arbitrary norm. This fact seems to be well
known. However, in the literature it is usually proved for Euclidean norms (see,
for example, [7]).

Let F be a finite dimensional real vector space. Denote by E* the dual
space, which is formed by linear functions on E. Let (s, ) be a scalar product
of elements s € E* and x € E. Then, any norm || - || on E defines a dual norm
on E*:

Is]l« = max{(s,z) : ||z]| <1}, s€E™.
el

Thus, any x € F and s € E* satisfy Cauchy-Schwartz inequality
(s,2) < lsl« - ||

For a differentiable function f(z), = € E, we write f € F}''(E) if f is convex
and
IVf(@) =Vl < Lllz —yll, Va,yeE. (6.1)

In other words, such function has a Lipschitz continuous gradient.
The proof of the following theorem almost coincide with that of Theorem
2.1.6 [7]. Therefore we leave it as an exercise for the reader.

Theorem 3. Two times continuously differentiable function f belongs to the
class fi’l(E) if for any x and h from R™ we have

0 < (V*f(x)h, h) < LI|h||*. (6.2)



