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1 Appendix A : The benchmark case

1.1 The equilibrium outcomes

We give the outputs, transfer prices and payoffs of the symmetric distribution networks
between n manufacturers and n retailers and other networks necessary to check for stability
of networks C' and ED.

(a) We start with the complete network C' where the n manufacturers are linked with

the n retailers, for all i,j, ny, = n,, = r = m = n. As indicated in the text

k3

pi=a—Qi—d>,;Qri,l=12,.n Where Q; = Z?zl ¢ij, foralli=1,2,.n.
Retailers maximize the following payoffs choosing n different quantities. Each retailer
7,7 =12, ...,n maximizes

n

max HRj(-) = Z(Pz — w;)gij — nk,

{q14:9245--,ani } P

Note that symbol "-” in the above expression means that retailers payoffs are func-

tions of all the q’s. The n first order conditions (FOC) for retailer j are:
—@ij +pi —w; — dZij =0,1=1,2,...,n.
ki

Substituting in each FOC for p; and adding for all retailers’ FOC for each product
1 we get,

—(n+1)Qi +n(a —w;) —d(n+1) ZQk =0,1=1,2,...,n.

ki

Next, adding for all the above expressions and solving for > """ | Q;, we obtain:

- B ny ., aw;
; @i= (n+1)(1 —|—1d(n —-1)

Where aw; is a shortcut for (¢ — w;) and it is convenient for the analysis to express
the derived demands for manufacturers in terms of expressions like aw;. Then, the
derived demand functions for manufacturers and retailers’ margins easily follow,
t=1,2,..., n.
n((1+d(n —2)aw; —d )y ,; awy)

Qilwiwe, o) = — 4 T A dn—1))
aw;
n+1

Di — w;

Manufacturers decide on transfer prices, thus each manufacturer ¢ maximizes the

following:

r{na)}(HMi(wl,wg, oy Wp) = (w; — €)Q4 (w1, wa, ..., wy) — nk
w;



Then, manufacturer i's FOC is Q; + 6Q’( —¢) = 0, which can be rewritten as,
Qz an Qz

wi 811)1'
where ac stands for (a — ¢). In this way we can substitute above for @;, apply

aw; = 0,

manufacturers’ symmetry (aw; = awy, for all i, k) and solve for awi. We obtain that

at equilibrium,
(1+d(n—2))ac ;
(2+d(n-23)) "’

The equilibrium expressions are now easily obtained:

awi(C) =

=1,2,...,n.

‘ B aw _ (I—=d)ac ;
wic(C) = ac i(C) = Qtdn-3) v
Qi(C) = n(l+d(n — 2))ac Vi

(n+1)(1+dn—1)(2+dn-3))’
n(l—d)(1+d(n—2))ac?

(@) = o DT dn D)@+ din—E """
B n(1+d(n —2))3%ac? ,
M) = Gt din— D)@+ din—3)2 "

Next, we present the equilibrium expressions for the exclusive distribution and deal-
ing network, £ D. The one where each manufacturer is linked with one and different
retailer, that is for all 4,7, ny; = ny, = 1, and r = m = n. Each agent bears only
k regarding link costs. Now it follows that Q; = g¢;;, for all ¢ = 1,2,...,n. So, only
one output is chosen by each retailer. Manipulating the FOC for each retailer we
reach the following expressions for the derived demand functions for manufacturers
and retailers margins, for ¢ = 1, 2, ...n,
(2+d(n—2))aw; —d} ), awy
Qilwr, wa, ey wn) - = 2-d)2+dn-1)

pi—w; = Qi(wi,ws,...,wy).

We are ready to obtain the FOC for each manufacturer and apply symmetry to these

FOC’s obtaining the equilibrium transfer prices,
(2+d(n—2))ac

W(ED) = ,1=1,2, ..,
wilED) = = ym—g)) "
The other relevant equilibrium expressions follow:
(2 — d)ac
% ED = )
widlED) =t = 3))
2+d 2
Qi(ED) (24 din ~2))ac , Vi

(2+dn—1))4+d(n— 3))
(2—-d)(24+d(n —2))ac

M (ED) = G~ 1) (4+d(n— g~k
(2+d(n—2))%a .
Mg, (ED) (2+d(n—1))2(4+d(n— D ER
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(c)

Consider homogeneous oligopoly network, H,, where only one manufacturer is linked

with r retailers, r < n. Only one product is sold, say product 1, with the following

inverse demand function, p; = a — @1, with Q1 = E;Zl q1j. Retailers profits are

Og;(-) = (p1 —w1)q; — k, j = 1,2,...r. Each maximizes profits choosing its level

of output. Noting that at equilibrium p; — wy = ¢1; for all j and manipulating the
rawy

7 FOC’s we obtain the derived demand for manufacturer 1: Q1(w1) = Z%4, which

is increasing in aw; and in r. Next, M7 maximizes profits choosing w;. It happens

that the equilibrium transfer price is defined by awi(H,) = % Vr < n, then the

equilibrium expressions are, for all r < n,

ac
'U}lC(HT> = 5
rac
H,) = 77—,
Qu(Hy) 2(r +1)
r(ac)?
W (Hr) = g 5gy "k
2
ac .
g, (Hr) = i+ 12 —k, V.

We analyze now the multiproduct monopolist retailer network, M R,,,, where only one
retailer, say R1, is linked with m manufacturers, m < n. In this case since there is
only one channel to distribute manufacturers brands, then Q); = ¢;1 for all 7. Retailer
1 profits are IIg, () = > ;% (pi — wi)gin — mk. This retailer chooses m outputs to
maximize profits. We can easily compute the m FOCs as in the case of network
C. Next, we add the m FOCs to obtain the sum of retailer 1’s equilibrium outputs.
Finally, take one of the FOC and plug it into the latter expression. The result is the

derived demand for each manufacturer ¢ and R;’s margin in brand i:

(1+d(m —2))aw; —d ) ; awy
2(1 —d)(1+d(m —1)) ’

Qi(wi,wa, ..., wy)

aw; .
Di —w; = TZ,VZ.

Once we have the derived demands for manufacturers, we are ready to compute the

FOC for each manufacturer, add the m FOCs and apply symmetry to obtain:

: ~ (I+d(m—2))ac .
awi(MR,) = Gtdm—3) i=1,2,...,m.




The remaining relevant expressions at equilibrium follow:

‘ B (1 —d)ac ;
wic(MR,,) = Qtdim=3)’ 2

(1 +d(m —2))ac ,
QMEn) = Sa e+ dm—3) "
(1 —d)(1 +d(m — 2))ac?
2(1+d(m —1))(2+ d(m — 3))2
m(1+ d(m — 2))%ac?

s, (M R —k, Vi

(e) To analyze network C stability, we need to provide the analytical solutions for the
network consisting of the complete network with one link less, for instance, the link
between manufacturer 1 and retailer 1. Denote this network by C_ ;). We need
to obtain the incremental payoffs for manufacturer 1’s and for retailer 1’s when the
C_(1,1) is formed starting from C'. If the increment in payoffs for both retailer 1 and
manufacturer 1 is negative then C is pairwise stable. The following expressions have
been obtained by a similar reasoning as in the networks above but taking now into
account the corresponding asymmetries. Derived demand for manufacturer one is

HOW.1

0 (=D +d(n—2))aw; —d 2, ; awy]
(w1, W2, - W) = n(1—d)(1+d(n—1)) ’

and the equilibrium transfer price for product 1 is:

B ac(l — d)Wq
welCown) =Gy - 2)w,
Wi = 2n?+n2(4n—7)d+ (2n* — Tn® 4 602 — 1)d?

Wy = 4n®+6n%(n—2)d+ (2n® — ™%+ 2n 4 1)d?

The equilibrium transfer prices for the other symmetric manufacturers and retailers

margins for products ¢ = 2,3,...,n are:

~ac(l—d)(2n® + (n — 1)2(2n + 1)d)
wiC(C—(Ll)) = W2 )
ac(2n? + (n?(4n —7) — 1)d +n(n — 1)(n(2n — 5) + 1)d2)'

(n+ 1)Ws

pi —wi(C_1)) =

Finally, the payoffs for the relevant manufacturer and retailer are:

n— d(n — wyc(C_ 2
(@) = 0 DA
(n—1)(pj — wj(C—{11}))2 _
(1+d(n—2))

g, (C_qyy) = (n—1)k

'The derived demands for the other manufacturers are not presented here to save space, but can be

obtained from the authors upon request.



Network C'is pairwise stable if and only if & < min{7 s, (C)—7ar, (C_1 1)), 7R, (C)—
TRy (O—(1,1))}~

To analyze E D stability, we need to provide the analytical solutions for the network
consisting of the £ D network plus one more link, i.e. the link between manufacturer
1 and retailer 2. Denote this network by ED ;o). In this way we can compute the
incremental payoffs for both retailer 2 and manufacturer 1 and if both are positive
then ED is not pairwise stable. Now it follows that Q; = ¢y, for all ¢ = 2,...,n.
and @1 = q11 + ¢q12. So, only one output is chosen by each retailer different from
retailer two while this one chooses outputs g2 and ¢o0. In fact, we have that, at
equilibrium @1 and @ are different each other and different from the symmetric
Qi, i = 3,4,...,n. Similarly, for awy, aws and aw; i = 3,4, ...,n. By the use of the
retailers FOC’s we obtain the following derived demands for manufacturers 1 and 2:
Arawr — dRaws — d(1 — d)(4 4 d) 3y o AWy
(2—d)(1—d)(6+3nd+ (n—2)d?)

Asaws — dRawy — 3d(1 — d) 32y 5 awy]
@() = (2 —d)(1 —d)(6 + 3nd + (n — 2)d?)

A = 8+4(n—3)d—2(n—1)d*+ (n—3)d’

Ay = 6+3(n—3)d—2(n—2)d>

R = 6+ (n—>5)d

Ql() =

Next, using the retailer 2’'s FOCs we can write down her equilibrium payoffs as
Hp,(EDy(12) = @3y + Q3% + 2dg12Q2 — 2k. Then, in order to compute payoffs we
need the expression for g1o which is
(24 (n —2)d + d?)aw; — d(3 + d(n — 2))aws — d(1 — d) D kt1,2 QW

(1 —d)(6 + 3nd + (n — 2)d?)

q12 =

Once @1,Q2 and @; are found we can compute the FOC for manufacturers and

obtain the relevant equilibrium transfer prices:

ac(A1(245 + dR)(24; — dG) + F[6A1 A; + d(4 + d) (341 — d(4 + d) Ay + dRA,)])

a2 = (441 A3 — d2R2)(24; — dG) — dF[184; + d(4 + d)(2A3(4 + d) + 3R)] ’
ac (Ai(4A1 A2 — d*R?) + A2d[A1(2(7 + d) + 3dR) + dR(4 + d)))

Wi = U Ay — PRO)(2A, —dG) — dF[184, + d(d+ d)2As(d+d) L3Ry |~ ohm

A = 6+3(n—1)d+ (n—3)d>
(3+d)(n—3)
F = (1-d)(n-2)

awy; =

@
I



The expressions for Iy, (EDy(12)) = (ac — aw1)@Q1 — 2k and Ilg,(ED, (1 2)) =
Q%5 + Q3 + 2dq12Q2 — 2k are too "awful" to be quoted here, although Mathematica
software is able to give an analytical expression for each of them. Note that ED
pairwise stability requires that & > min{m s, (ED(1,2))— 7a, (ED), TRy (ED4(1,9))—
TRy (ED)}.

1.2 The expressions in Figure 2

A%D(d) = TM (X) — M (ED)
(2 — d)(1024 — 1088d% — 1120d3 — 728d* — 52d® + 45d° — 25d7)(a — c)?
6(1+d)(2+d)(4— d)2(16 — 7d?)2

AEP(d) = g (X) -7, (ED)
(1024 + 1152d + 832d? + 176d% — 8d* + 68d° — 3dS — d")(a — c)?
36(1 +d)(16 — 7d?)(2 + d)2(4 — d)? ‘

Afr(d) = a5 (C) — man(X)
(1 — d)(256 — 320d? — 96d3 + 88d* + 36d° — 3d%)(a — c)?
6(1+d)(2+d)2(16 — 7d?)? ‘

A%(d) = TRy (C) — TRy (X)
(1 — d)(256 + 64d — 100d? + 284> — 7d* — 20d° + 4d%)(a — c)?
9(1 +d)(2 + d)2(16 — 7d?) '

2 Appendix B : The two-part tariff case
2.1 The equilibrium outcomes

e Network Hi:

a—c at+c

Qu(H) = =5, pi(H1) = Qi(Hy) + wi(Hy) = —5—, wi(H) —¢=0,
Fi(m) =@ ;C)Q My () = T g () = 0,
Iy, (1) = Ty, (H) = 0, €5'() = = wicany) - 3(“8_‘3)2 — 2.



e Network H :

(a—c)?
16

atc a—c
w —, Fi,

(H) =

—k, j=1,2,

OO gk 1, (B) = 0, Wy, (H) = Ty, (H) = 0

CS'(H) =

e Network ED :

2(a—c) (2—d®)a+2(1+d)c
i(ED) = =5, pi(ED) = =1,2
QZ( ) 4+2d_d27p1( ) 4+2d_d2 7’l , 2,

—d*(a —c) ot 4(a — c)?

HED)—c= "% R _ Ma—o®
wz( ) c 4+ 2d— 2’ 7,( ) (4+2d—d2>2

—k, i=1,2,

2(2 —d?)(a —¢)?
(4 + 2d — d?)2

1%, (ED) = — 2k, i=1,2, Iy (ED) = Iy, (ED) = 0,

_Ma—op
(4+2d— &)

4(3 — d2)(a — 0)2

(4+2d—d2)? 4k

CS'(ED) = WY{ED) =

e Network MR :

Qi(MR) = Q5(MR) = 2“ —¢

a7 a) M) = py(MR) = ==,

w{(MR) —c=0, F{(MR) = (A=d)a-o?

iy, (M) = Wiy, (MR) = =27

a—c)’ a—c)?
M, (M) = 0,CS' (M R) = &= Wik = B2 200

— 4k.
A1+ d)?’

e Network X, where M; and R; have two links while My and R, only one :



CSHX) =

(2 —d)(2+ d)(32 — 20d — 20d? + 12d3 + 6d* — d°)(a — c)
2(1 + d)(256 — 204d2 + 36d* — 7d°)
(64 + 24d — 48d% — 24d3 + 12d* — d%)(a — )
(256 — 204d? + 36d* — 7dS)
a(16 — 2d — 10d? + 5d3)(8 — 2d — 2d? — d3)
256 — 204d? + 36d* — 7dS
2¢(64 + 24d — 48d* — 24d3 + 12d* — d°)
256 — 204d? + 36d* — 7dS
. (256 + 64d — 212d% — 68d> + 40d* + 4d° — 3d%)(a — c)
q12(X) = 2(1 + d) (256 — 204d2 + 36d* — 7d°)
a(256 — 64d — 228d? + 48d3 + 60d* — 12d° — 7d5 + d")
2(256 — 204d? + 36d* — 7dS)
(256 + 64d — 180d? — 48d3 + 12d* + 12d® — 7d® — d")
+ 2(256 — 204d? + 36d* — 7dS)

42 —d)(1 —d)?*(1 4+ d)(8 +3d + d?*)(a — c)
(256 — 204d? + 36d* — 7d°)

= 0

(1 —d)(32 — 20d — 20d? + 12d3 + 6d* — d°)

A(1 + d)(256 — 2042 + 36d* — 7d6)2
(512 + 192d — 224d* — 212d® — 20d* + 52d° + 2d°® — 5d7)(a — ¢)?
(64 + 24d — 48d% — 24d3 + 12d* — d®)?(a — c)?

_ —k

4(1 + d)(256 — 204d2 + 36d* — 7d6)2
(1 — d)(256 + 64d — 212d? — 68d> + 40d* + 4d° — 3d®)?(a — c)?
4(1 4 d)(256 — 204d2 4 36d* — 7d6)?

(256 — 64d — 156d% + 12d3 + 32d* + 8d° — 15d® — d")(a — c)?
2(1 + d)(256 — 204d? + 36d* — 7d°)

(1 — d)(256 + 64d — 212d% — 68d3 + 40d* + 4d° — 3d%)?(a — c)?
4(1 + d)(256 — 204d2 + 36d4 — 7d6)2

dpy(d)(a - ¢)?

— 3k

-k

—2
4(1 + d)(256 — 204d? + 36d* — 7d5)2 F
0
ps(d)(a —c)?
8(1 + d)2(256 — 204d2 + 36d* — 7d5)?
N2
pa(d)(a —c) otk

8(1 + d)2(256 — 204d2 + 36d* — 7d6)2



where

@ = 49152 + 7168d — 65024d? — 24208d> + 31472d* + 17616d°
P B —7440d% — 4840d" + 1472d8 + 652d° — 164d'0 — 334! + 9412
@) - 131072 — 222208d?% — 6400d? + 143696d* + 8048d° — 49520d% — 2608d”
P2 +10312d8 + 280d9 — 1064410 — 56d + 105412 + 743
@) - 131072 4 81920d — 177152d* — 1315884d> + 77968d* + 68256d° — 16544d°
P3 B —15168d" 4 3880d® + 2584d° — 328410 — 192411 + 57d'2 + 1643 + d*
@ - 393216 + 344064d — 621568d% — 588800d> + 352560d* + 371744d® — 9948845
P —119424d7 + 19288d® + 23768d° — 1896419 — 24324 + 155d'2 + 240d*3 + 15414
e Network C :
2(a —c) (4—d)a+2c . (1-d)(a—c)
t ==\ 7 5t =" T =12 w(C) ="
QE(C) (4_d)(1+d)7p7,(c) 4_d b Z b 7w’L( ) C (4_d) )
1—d)(a—c)* 4(1 —d)(a — ¢)? ,
Ffoz( ,i=1,2, 14, (C) = — 2k, i=1,2,
(©) (1+d)(4—d)? 1,(C) (L+d)(4—d)?
It (C)—Zd(a—_c)Q—Qk i—1.9
B T v da—ap I T0o
4(a — c)? 43+ d—d*)(a —¢)?
Cst(c) — (a C) Wt(o) _ ( + )(a C) _ 8](5

A+d24—d?2 (1+d)2(4—d)?

2.2 The expressions in Figure 3

At;P(d) = mhy, (X) — oy, (ED) =

d(1024 — 768d — 2240d? + 368d> 4 1056d* + 44d° + 4d® + 12d" — 16d® + 11d° + d'°)(a — ¢)?
4(1 + d)(256 — 204d? + 36d* — 7d5)(4 — 2d + d2)?

At§;(d)

T, (C) = Ty, (X)

3(1 — d)d?(32 + 20d — 28d? + 8d° — 4d* — d°)

4(1 + d)(256 — 204d2 + 36d* — 7d6)2(4 — d)?

(2048 — 1728d* — 60d> + 372d* — 24d° — 44d° + 3d")(a — c)?




3 Appendix C : No bargaining power upstream

3.1 The profit expressions
(a—c)? (a—c)?

2(1+d)

(a—c)®
9

I, (MRy) = — 2k, I, (MR) = — 4k, Iy, (H) = —2k,j=1,2,

(a—c)?
(24 d)?

(a—o)?

I (ED) = —2k,j=1,2, IR, (X) = — 2k, Ry with one link in X,

2(a — ¢)?
9(1 +d)

(13 — 5d)(a — c)?
36(1 + d)

H%j(C’) = —4k,j =1,2,1Tp (X) = —4k, Ry with two links in X.

4 Appendix D : Differentiated retailers and price
competition

4.1 The equilibrium outcomes

e Network Hi, where M; and R; the only linked agents:

I, (H1) = (qu(H1))?, I, (H1) = 2(q11(H1))?, pu(Hy) = quu(Hy) + wi(Hy),

(a;C),wl(Hl)—c: (a—c).

qu(Hy) = 5

e Network H, where M; the only linked manufacturer:

I, (H) = (1—5")(qu(H))? j=1,2 1%, (H) =22 —s)(1+s)(q1(H))*

J

pri(H) = (1= s*)qu;(H) +wi(H), j = 1,2, q1j(H) = 2(299;(?—1—3)’
@)
2

wi(H) —c=

10



e Network MR, where R; the only linked retailer:

I, (MR) = 2(1+ d)(qu(MR))? T}, (MR) = 2(1 — d*)(qu(MR))* i = 1,2,

(a—¢)

pin(MR) = (1+d)gn(MR) +w;(MR),i=1,2, ga(MR) = 22— d)(i+d)’

wi(MR) — ¢ = (1_;)_(61), i=1,2.

e Network ED:
I, (ED) =11}, (ED) = (1— s*d*)(qu1(ED))?,

(4 — s2d?)(1 — s2d?)
2 — s2d?

1, (ED) = 114, (ED) = (q11(ED))?,

pii(ED) = (1 — s%d?*)q;;(ED) + w;i(ED), i =1,2,

(2 — s2d®)(a — c) (1 —sd)(2+sd)(a—c) .

GED) = T a s —sd 2@ DTS T ey T
e Network C'
Iy, (C) = 2(1+ d)(1 = s*) (g (€))% j = 1,2,
I, (C) =2(2 = s)(1 + s)(1 = d*)(au1(C))%, i = 1,2,
pij(C) = wi(C) = (L +d)(1 — s%)q;5(C), 4,5 = 1,2,
()= s e ey MO e g =L

e Network X, where M; and R; have two links while Ms and Ry only one:

11



I, (X) = (1 = ) (q12(X))? + (1 = d*)(g21(X))?, I, (X) = (1 - 5*)(q12(X))?,

(22— s)(1+s)(1 —d?))

Hﬂl(X) = (4 — (2 — S)(]. + 8)d2) ((Jll(X) + Q12(X))27 H?MQ(X) = 2(1 - d)(Q?l(X))Z)
p11(X) —wi(X) = pra(X) —wi(X) = (1 = 5°)qu2(X),
p21(X) —wa(X) = d(1 — s*)qr2(X) + (1 — d*)ga1(X),
1 (X) = (16 4+ 2(2 — 35 + 352)d — 2(6 — 5 + 52)d% — (2 — s + 52)2d>)(a — ¢)

2(2—5)(14s)(1+d)(16 — (10 — 3s + 3s2)d?)

84+ (2—35)(1+s)d—2(2—5+s%)d?*)(a—c)

q2(X) = (2= 5)(1+5)(16 — (10 — 35 + 352)d?)
m(¥) = 4 <81++45)<1é2—< fots;ldj-)z(i?)d?)’
() o= A=A at H0 )
wy(X) — o= L= DEH4d— @ s+ P)a—c)

(16 — (10 — 3s + 3s2)d?)

5 Appendix E : Social welfare

5.1 The benchmark case and the expressions in Figure 5

Thresholds on k that are used to find the social welfare maximizer network:

(i) W(X)=W(ED) >0if k< Qx_gp =

(69632 + 26624d + 25344d2 + 13004843 + 18460d” + 2967d® + 68d° + 335d'°)(a — c)?

144(4 — d)2(2 + d)2(1 + d)2(16 — 7d?)2
(29984d* + 141504d° + 30548d°) (a — c)*
144(4 — d)2(2 + d)2(1 + d)2(16 — 7d2)2

12



(ii) W(C) — W(ED) > 0if k < Qo_gp =

(2—d+d*)(a—c)?

44 3d —30d> — d® + 3d* '
(34 + 3d — 30 +3 )9(4_d)2(2_d)2(2+d)2(1+d)2

(ili) W(C) - W(X) >0ifk < Qo x =

(4352 — 3072d — 5632d? + 3040d> + 1096d* — 476d° 4 1081d® — 68d" — 335d%)(a — c)?

144(2 — d)2(1 + d)2(16 — 7d2)2

(iv) W(X) = W(MR) > 0if k < Qx_ur

(4352 — 2304d — 5824d? + 3680d3 + 2270d* — 1990d° — 267d° + 335d")(a — c)?
144(2 — d)2(1 + d)(16 — 7d?)?

(v) W(C) =W (MR) > 0if k < Qo_yp =

(17 — 2d + 12d?)(a — c)?
144(2 — d)2(1 4 d)?

5.2 The two-part tariff case and the expressions in Figure 6

Thresholds on k£ that are used to find the social welfare maximizer network:

(i) Wt(ED) - Wt(Hl) >0if k< QtEDle =

48 — 48d — 20d?% + 12d3 — 3d*
16(4 + 2d — d2)?

(i) WHX) - W' Hy) >0if k< Qtx_p, =
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A(d)(a — ¢)?
16(1 + d)2(256 — 204d2 + 36d* — 7d6)2’

where

AMd) = 98304 — 24576d — 252416d% + 18944d> + 242880d* + 5728d° — 11240845 —
4896d" + 30824d® — 572d° — 6420d™° + 296d" + 760d'? — 27d"® — 664,

(iii) Wt(X) — Wt(ED) >0if k< Qitx_pp =

dn(d)(a — ¢)
16(1 + d)2(4 + 2d — d2)2(256 — 204d2 + 36d% — 7d5)2’

where

n(d) = —786432 — 180224d + 1033312d? + 740608d> — 1439488d* — 751808d° +
362688d° + 353712d" — 30304d® — 151040d° + 1600d*° + 55784d' + 573642 —
7972d" — 636d™ + 703d"° + 18046 + 15d'7.

6 Appendix F : The proofs

6.1 Proof of Result 1

Consider the H,_;) distribution network where M is linked will all the retailers except
one. To add a new link between M; and the remaining retailer both firms must agree. It is
apparent (follows from the definition of k,) that the retailer not already linked will always
agree since there is no competition effect and the output expansion effect outweights the
cost effect (wg;(H) > k). Thus, any isolated firm is always willing to form a link since
the output expansion effect always offsets the cost effect. However, for M;, we need to
compute and compare the three effects. The output expansion effect is the amount of
profits that comes from the new distribution channel, which is

(a—c)?

4n+1)
The competition effect is computed as the variation (reduction) in profits that accrues

from the (n — 1) distribution channels by the effect of the new link, which is

(n—l)(a—c)2 (n—l)(a—c)2 B (n—l)(a—c)2

An+1) 4n N dn(n +1)
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Thus both the output and the competition effects are decreasing in n. The difference

between effects is

(a—c¢)
dn(n+1)
Finally, the link is created if the latter difference outweights the cost effect, i.e.
2
dn(n+1)
which is satisfied since
(a—¢? _ (a—c)

=7p (H) > k,.
In(n+ 1) dn+172 R, (H) 2

6.2 Proof of Result 3

Take network M R,,_1, and take the multiproduct monopolist retailer, say R;. The output
expansion effect of forming the last link is

(14 d(n —2))%(a — c)?
41 +d(n—1))(2+d(n—3))?

The competition effect is

(n— 1)(a—c)2[ (14 d(n —2))? B (1+d(n — 3))? ]
4 (1+dn—1)2+dn—-3))2 (1+d(n—2))(2+dn—4))%"
Adding both effects we get
(a—c)? n(l +d(n —2))? (n—1)(1 +d(n — 3))?

4 [(1 +d(n—1))(24d(n—3))? a (1+d(n—2)2+d(n— 4))2]’
which must be greater than k the cost effect of the new link in order to be profitable for
R;. Take

m(C) (= d)(1+dn—2)(a— o)
n (n+1)214+dn—-1)(2+dn-3)?2
Since we know that Iz, (C) > 0, then MI’T(C) > k, and consequently, if
(a—c)? n(1+d(n —2))? (n—1)(1+d(n — 3))?

4 [(1 +dn—1)24dn-3)2 (1+dn—2)(2+dn— 4))2]

w1, (C)

is greater than WT, then the new link is profitable for R;. The expression

(a—c)Q[ n(l+d(n —2))2 (=1 +d(n-3)) |-
4 (14dn—-1)2+dn—-3))2 (14+dn—2))(2+d(n—4))>?
(1—d)(1+d(n—2))(a——c)?

(n+1)2(14+d(n—1))(2+d(n—3))?

is positive iff n(n + 1)2(A + d)3(A+1—d)? — (n — 1)(n + 1)2(A)?(A + 2d)(A + 1)? —
(1—d)(A+d)?*A+1—d)? > 0, where A = 1 + d(n — 3), which can be written as
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(n(n+1)2A—4+d(n(n+1)2+4)(A+d)*(A+1-d)?— (n—1)(n+1)3(A)?(A+2d)(A+1)% > 0,
and is positive since (4 +d)?(A+1—d)? > (4)?2(A+1)% for all d € (0,1) and n > 0; and
(n(n+1)2A—4+dn(n+1)2+4) > (n—1)(n+1)2(A+2d) for all n > 1. This completes
the proof of Result 3.
Regarding the competition effect, it is positive iff
[ (1+d(n—2))? B (14 d(n — 3))? >0
(I14+dn—-1)2+dn—-3)% (14+dn—2))(2+dn—4))> '
In terms of expression A = 1 +d(n — 3), iff ®(A,d) = —A* — 2dA3 + (1 — 2d?) A% +d(3 —
d)(1 —d)A + d*(1 — d)? > 0. Note that A is increasing in n, and ®(A, d) is decreasing
in A, for n > 2. Take n = 2, then A = 1 — d and ® simplifies to (3 — d)(1 — d)%d?,
positive for all d. Take now n = 3, then A = 1 and ® is (1 — 5d + d*(1 — d))d? which is
positive for d € (0,0.193937) and negative otherwise. Finally, if n =4, A=1+d and ® is
—(1 4 13d + 19d? + 3d3)d?, which is obviously negative. Thus for n > 4, the competition

effect is negative too since ®(A, d) is decreasing in A for n > 2.

6.3 Proof that the upper bound k; = min{rp, (H), 7, (C)/2}

Consider networks H; and H. From direct inspection of the agents’ profits, the most
binding constraint for k is k < 7w, (H) = %. Similarly: i) for network ED the

most binding constraint for k is k < wg, (ED) = %. ii) For network MR, k <
TI'Rl(MR) . (a—c)2

2 T 42-d)*(1+d)
lower than g, (ED) and 7g, (MR).

Consider now networks X and C|, it follows that k < 7p, (H) = (agg ” i a more bind-

ing condition for k£ than those imposed by IIg, (X) > 0, IIg,(X) > 0 and IIg, (C) > 0,
for any d € (0,1). Similarly, the condition on k that ensures Iz (C) > 0, that is k& <

™ (C) _ (1—d)(a—c)?
2 T 3(2—d)Z(1+d)’

Therefore, by comparing expressions

is the most binding constraint. It is now easy to show wg, (H) is

is more binding that those ensuring ITjz, (X) > 0 and Iz (X) > 0.

(a—c)? (1—d)(a—c)?

5 sE=d2(td) Ve have the upper bound on

and

k as a function of d.

6.4 Proof of Proposition 1

This proposition is about stability in case of n = 2. Remind that Results 1, 2 and 3 apply.
i) By the use of Result 1 network H; is not stable.
ii) Network H is not stable because: a) Result 1 applies then the manufacturer already

linked does not break any link and b) retailer 1 is always willing to form a link with the
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unlinked manufacturer:
TRy (X) — 7R, (H) >k
wnd 6+2d+d¥(a—c)? (1—-d)(a—c)?® _ -
61+ d)(16—7@) ~ 3(1+d)2—dp =2~k
iii) Network M R is not stable because: a) Result 3 applies and the retailer already

TR (X) — 7R, (H) =

linked does not break any link and b) manufacturer 1 is always willing to form a link with
the unlinked retailer:
TI'MI(X) — WMI(MR) >k

and

(1 — d)(256 — 208d? + 64d3 + 45d* — 25d°)(a — c)?
6(2 — d)2(16 — 7d?)2

Ter(X)_ﬂ-Ml(MR): 2%2>/€.

iv) The remaining three networks, ED, X and C can be pairwise stable depending
on the particular values of £ and d. Since the relevant parameter region in the space
(k,d) is bounded, it is enough to provide graphical proofs. The cost effect bound and the
expressions A’s (the combined effect of the output expansion and the competition effect)
are all functions of d than can be plotted in the same graph and properly compared. The

graph of the proof is Figure 2 in the text where the important expressions are the following

and (a — c)? is set to one without loss of generality:
— : ™ (C) - la—c)? (1-d)(a—c)?
Bald) = min{n, (1), 51 = min( 2 000y

AFP(d) = 7 (X) = 7w (ED)
(2 — d)(1024 — 1088d% — 1120d> — 728d* — 52d® + 45d° — 25d7)(a — c)?
6(1+d)(2+d)(4— d)2(16 — 7d2)2

AFP(d) = g, (X)— 7R, (ED)
(1024 + 1152d + 832d? + 176d> — 8d* + 68d° — 3d® — d")(a — c)?
36(1 +d)(16 — 7d?)(2 + d)2(4 — d)? '

(1 — d)(256 — 320d? — 96d> + 88d* + 36d° — 3d%)(a — c)?

AJ\C/[(d) = TM; (C) - M, (X) = 6(1 + d)(2 + d)2(16 _ 7d2)2

(1 — d)(256 + 64d — 100d? + 28d3 — 7d* — 20d° + 4d®)(a — c)?

AR(d) = 7, (C)—my (X) = 91+ d)(2 + d)2(16 — 7d2)
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Noting that network C' is pairwise stable iff k < min{A]\C/l, Ag}. Network ED is pair-
wise stable iff £ > min{AJ\E/[D , AgD }. Finally, since network M R is not stable, network X
is pairwise stable iff min{A§;, AS} < k < min{AFP, AEDP}.

6.5 Stability of networks ED and C in the benchmark case for n > 2

e Bounds on & :

For simplicity, we consider that the upper bound on k for the (n x n) case is the

counterpart to the one we prove for the n = 2 case. That is,

k < kn = min{rg, (H), ”M;‘Z(C) 1.
Where
~ (a— c)?
) = Gy
and
mu,; (C) _ (1—d)(1+dn—2))(a——c)?
n (n+1D)(1+dn—1))(2+d(n-3))?

e Stability of network C' :

To check for the stability of network C we evaluate A§; = 7, (C)—7ar, (C_(1,1)) and AG =
7R, (C)—7R,(C_(1,1)) by using the command Manipulate in the Mathematica 6.0 software.
We plot in the same graph each of the two differences and the k upper bounds for d € [0, 1]
and for all the values of n from 2 to 50. Finally we plot together A]\C/[, Ag, WM;'L(C), TR, (H).
We find that both A§; and A§ are decreasing in d, being AG = 7, (H) < A{, ifd =0
and both AG = A{; = 0if d = 1. We further find that the min{A§;, A%} is AG for small

d, while is A§; for large d. In any case min{A§;, A%} is smaller than k, for all d < 1.

Therefore we can conclude that the network C' is stable for small &k for all possible d. The
required level of k to obtain that C' is stable is decreasing in d. Thus, the result about

stability for C' in the case of two agents is robust to the case of n agents.
e Stability of network ED :

To check for stability of network ED we evaluate AP = vy (ED 1 (1,2))— 7, (ED) and
AED = TRy (EDy(12)) — TRy (ED) as above and plot in the same graph each of them
with the k& upper bounds. We find that retailer 2 is always willing to form the new link
with My (AEP > k,) for n > 2 and d € (0,1). For M; the new link does not pay if d

and k are sufficiently large. In particular, we identify two thresholds for d: d; and ds.
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If d < di, network ED is never stable. If di < d < do the network is stable for k large
enough and the required k for stability decreasing in d. Finally, for d > dy the network is
stable for all k. Once again we conclude that the result about stability for E'D in the case

of two agents is robust to the case of n agents. The E D network is stable for large d and k.

6.6 Proof that the upper bound E; = min{n} (C)/2, 7, (C)/2}

Consider networks H; and H, from direct inspection of the agents’ profits, the most

(a=c)*

binding constraint for k is k& < 74, (H) = 5

. (C)

However, the latter is not the up-

per bound for % since 7r§\41(H ) > Similarly for network MR, it happens that

t 71—3%1 (C) t W?yfl (O) . f ..

R, (MR) > —45— and 7y, (MR) > —5—. Finally, ort networtk X it is shown that
bt (C wt, (C T (C) wyy (C)

Th, (X) > M12( ), T (X) > R12( ) and 74, (X) > min{ RJQ ) iwjg( )}.tT(he)n we con-

_ 7t (C) w4, (C

clude that the most binding constraint for k is 0 < k < kb = min{RfT, M+

_ 7t (C) N2 _ 7oy (O) —d)(a—c)?
t 'R _ d(a—c) . 2 t M _ 2(1=d)(a—¢)* .¢ 2
that ky = —% = ) (ad)? if0<d<gand by =—45— = (L) (d)’ if §<d<1.

}+. Notice

6.7 Proof of Proposition 2

Network H is not stable because M; has always incentives to sever a link to reach H;
getting the same gross profits and saving 2k. However, network Hj is not stable either
since the not linked pair manufacturer-retailer has always incentives to form a link reaching
network ED.

Next, network M R is not stable because there is always a manufacturer, say M7, that

is willing to introduce intrabrand rivalry in the market:

mhy, (X) — 7l (MR) d(48 — 36d — 12d% 4 11d® — 2d*) (a — ¢)?
2 512 — 08d2 + 72d* — 14dS
2
d(a—c) o> 75.
(1+d)(4—4d)

Therefore we are left with three networks D, X and C which are stable for some
particular values of k and d. As occurs in the benchmark case, the relevant parameter
region in the space (k,d) is bounded, and then it is enough to provide a graphical proof.
The expressions A’s (the combined effect of the output expansion and the competition
effect) and k% are all functions of d than can be plotted in the same graph and properly
compared. The graph of the proof is Figure 3 in the text where the important expressions

are the following and (a — ¢)? is set to one without loss of generality:
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AtyP(d) = mhy, (X) = 7y, (ED)
d(a — c)? 2
= - (1024 — 768d — 2240d
I(1 + d)(256 — 2048 + 36d1 — 7a5) (4 — 24+ dB)2 "\

+368d> + 1056d* + 44d° + 4d°® +12d" — 16d° + 11d° 4 d'°)

At§;(d)

T, (C) = Ty, (X)

3(1 — d)d?(32 + 20d — 28d? + 8d° — 4d* — d°)

4(1 + d)(256 — 204d2 + 36d* — 7d6)2(4 — d)?

(2048 — 1728d% — 60d> + 372d* — 24d° — 44d° + 3d")(a — c)?

Note that since retailers are always better off being multiproduct sellers, pairwise sta-
bility is conducted by the manufacturers incentives. Thus network C' is pairwise stable iff
k< At%. Network ED is pairwise stable iff k > Atf/[D . Finally, since network M R is not
stable, network X is pairwise stable if At(](} <k < At§P.

6.8 Proof of Proposition 3

By Results 1 and 2 neither H; nor M R are pairwise stable. Also M R is not pairwise stable
since the isolated retailer has always incentives to form a link with one manufacturer. The

stability of network C requires

_ g, (C) = 7R (X) (1 —d)(a—c)?
k< Arf = 2 T s(l+d)

being R; the retailer that deletes a link. The stability of network ED requires

Lo ApED — g, (X) =7k, (ED) (16 4 12d + 5d%)(1 — d)(a — c)?
R 2 - 72(1 + d)(2 + d)?

)

and the stability of network H requires

W%j(X) —”EJ(H) _ (1-=d)(a—¢)?
2 - 8(L+d)

k> Arll =

being R; the retailer that forms the new link. The link costs are bounded to 0 < k < /55
= 1(5?(;7?;)' We find four different regions by plotting together k%, Ar%, AT}]%D and
Arg. See Figure 4, where we find that AT%D < Ar% <k} < Arg if d < g, while
ATI%ZD < Arg < Arg < l_fg if d > g. When the combinations of d and k are below

ATED , then network C'is pairwise stable. When those combinations are between ArgD
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and Arg, both networks C and E D are pairwise stable. When they are between Arg and
min{k5, Arg } = k% only network ED is stable. Finally, when they are between Arg and
k3 with Arfl < k5, both networks H and ED are pairwise stable.

6.9 Proofs for Result 4 and Proposition 4 when retailers are differenti-

ated and compete in prices

(a) Network H; is not stable against network ED since there is always a pair manufacturer-

retailer that gets positive profits be forming a link.

(b) Network H is not stable against network X, since the isolated manufacturer is always
willing to link with one of the retailers and the retailer agrees. We only need to prove
that 1%, (H) = (1—s?)(qu1 (H))? < Il (X) = (1 - s2)(que(X))2 + (1 — d?) (ga1(X))2.
However it suffices to check that ¢11(H) < ¢12(X), which is true for all d and
s € (0,1).

(c) Network MR is not stable against network X, since the isolated retailer is always
willing to link with one of the manufacturers and one manufacturer agrees. To prove
that M agrees we prove the following: IIf, (MR) = (wi(MR) — ¢)(qu1(MR)) <
I, (X) = (w1(X)—c)(q11(X)+q12(X)). Note first that (wi(MR)—c) < (wi(X)—c)

iff
1—d)(a—c) (1—-d)8+(6—s+s?)d)(a—rc)
2 d (16 — (10 — 35 + 3s2)d2)
which is true for all d and s € (0,1). Next ¢11(MR) < q11(X) + qi2(X) iff
(a—c) (4—(2—s+5%)d*)(8+ (6 — s+ s?)d)(a — ¢c)

22— d)(1+d) 22— )1+ s)(1+d)16— (10— 3s + 3s2)d2)
The latter expression is equivalent to: (2 — s)(1 + s)(16 — (10 — 3s + 3s2)d?) <
(2—d)(4— (2 -5+ 5%)d?*)(8 + (6 — s + s?)d) and now is easy to prove that it is
satisfied since: i) (4—(2—s+5%)d?) > (2—5)(1+s5), and ii) (2—d)(8+(6—s+52)d) >
(16 — (10 — 3s + 35%)d?), for all d and s € (0,1).

(d) Retailer Ra in network X always wants to form a link with M. We prove that
H’}’%j(C) =201+ d)(1 — 5°)(quu(0))* > I, (X) = (1 — s*)(q12(X))*. In doing so
is enough to prove that (1 + d)q11(C) > qi2(X). The latter inequality holds if the
following one does: (16— (10—3s+3s2)d?) > (2—d)(8+(2—5)(1+5)d—2(2—s+52)d?);
which simplifies to 2d(1 — d?)(2 — s + s2) > 0, that holds for all d and s € (0, 1).

(e) Retailer R; in network ED always wants to form a link. We compute the difference
between 1T, (ED) = (1 — s*d?)(q11(ED))? and 1T}, (X) = (1 — s*)(q12(X))? + (1 —
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d?)(g21(X))? and we check numerically that this difference is positive for all s,d
€(0,1).

(f) Manufacturer M; in network ED wants to form a link if

(22— s)(1+s)1 —d?))

M, ) (4—(2-35)(1+s)d?) () +aa(0)">
_ 2d2)(1 — $242
1%, (ED) = “ 2d_)$ 7z d )(qn(ED))Q-

We check numerically for all s and d € (0,1) using Mathematica and find that: (i)
for d > 0.971 and for all s then IT§, (ED) > IT}, (X); (ii) for d < 0.800 and for all
s then I}, (ED) < I, (X); (iii) for 0.800 < d < 0.971, then IT}, (ED) > 11}, (X)

for some s.

(g) Manufacturer M; in network C' wants to break a link if Hg\’/lz (C)=2(2—s)(1+s)(1—
d*)(q11(C))? < I, (X) = 2(1 — d)(g21(X))?. We check numerically for all s and
d € (0,1) using Mathematica and find that: (a) for d < 0.9109 and for all s then
1}, (C) > T, (X); (b) for d > 0.9121 and for all s then I}, (C) < 11}, (X); (c)
for 0.9109 < d < 0.9121, then IT} (C) > I} (X) for some s.

Summarizing:

Proposition

(a) Network C is stable

(a.1) for d < 0.9109 and regardless of s,

(a.2) a.2) for 0.9109 < d < 0.9121 and for some levels of s.
(b) Network ED is stable

(b.1) for d > 0.971 and regardless of s,
(b.2) for 0.800 < d < 0.971 and for some levels of s.

Finally, note that network X can also be stable if network C' is unstable for all s (that
is item b) above), and simultaneously network E D is also unstable (that is item iii) above).
Then, network X is stable if d € [0.9121,0,971] and s sufficiently large. For example, for
d=0.913 and s > 0.970, or for d = 0.970 and s > 0.999.
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6.10 Social welfare for the benchmark case

First note that H; and H are not welfare maximizers as

17(a — c)?

W(H) - W (H) = =

—2k>0VEke[0,ks)

and

(184 — 160d — 12d% + 20d3 — 5d*)(a — c)?
18(4 — d)2(2 + d)?

W(ED) — W(H) = >0Vde (0,1).

Notice that

d(2 — 3d)(48 + 10d — 39d? — 2d3 — 4d*)(a — c)?
4(4—d)?(2—d)?(2+d)%(1+d)?

W(ED) — W(MR) =

is positive if and only if 0 < d < % Finally, we define the thresholds on k that are used

to find the social welfare maximizer network.

(i) W(X)—-W(ED) > 0if k < Qx_gp =

(69632 + 26624d + 25344d? + 130048d3 + 18460d" + 2967d® + 68d° + 335d'%)(a — c)?
144(4 — d)2(2 + d)2(1 + d)2(16 — 7d2)2
(29984d* + 141504d° + 30548d°)(a — c)?
C144(4 — d)2(2 4 d)2(1 + d)2(16 — 7d?)2

(ii) W(C) = W(ED) > 0if k < Qc_gp =

(2—d+d*(a—c)?
94— d)2(2—d)?2(2+ d)?(1 + d)*

(34 + 3d — 30d? — d® + 3d*)

(ifi) W(C) = W(X) >0if k < Qc_x =

(4352 — 3072d — 5632d? + 3040d3 + 1096d* — 476d° + 1081d°® — 68d" — 335d%)(a — c)?
144(2 — d)?(1 + d)?(16 — 7d?)? '
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(iv) W(X) = W(MR) > 0if k < Qx_uypg =

(4352 — 2304d — 5824d? + 3680d3 + 2270d* — 1990d° — 267d° + 335d")(a — c)?
144(2 — d)2(1 + d)(16 — 7d?)?

(v) W(C) =W (MR) > 0if k < Qo_yp =

(17 — 2d + 12d?)(a — c)?
144(2 — d)2(1 + d)?

Therefore plotting all the above {'s in the same graph, noting that W(ED) > W(MR) if
0<d< %, and comparing them with ks we can easily obtain the areas in the parameter

space (k, d) where each network C, X, ED and M R maximizes social welfare. See Figure 5.

6.11 Social welfare for the two-part tariff case

First we eliminate networks H, MR and C as social welfare maximizers. Note that
W*E(Hy) > WY (H) since with network H; the same market outcome (integrated monopo-
list) is attained as with network H, but only forming one link. Next,

d(2+d)(8 +2d — 7d? — 2d3)(a — c)?

WYHED) - WY MR) =
(ED) (ME) 4(4+6d+ d? — d3)

which is positive for all d € (0, 1).
Finally,

t t _ ay(d)az(d)d(a — ¢)?
WHX) = WHO) = S =071 + d)2(256 — 204 + 36d7 — 7+ 2K >0

for all d and k, where a(d) = (32 + 20d — 28d? + 8d% — 4d* — d°) and az(d) = (8192 —
10752d — 9920d? + 14208d> + 5436d* — 6372d°® — 1340d° + 1032d" + 77d® — 60d° — 15d'7).
Now the thresholds on k£ that are used to rank £ D, H; and X are:

(i) Wt(ED) — Wt(Hl) >0if k< QtEDle =

(48 — 48d — 20d? + 12d3 — 3d*)(a — c)?
16(4 + 2d — d2)? ‘
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(ii) Wt(X) — Wt(Hl) >0if k< QtX—Hl =

Ad)(a —¢)?
16(1 + d)2(256 — 204d2 + 36d% — 7d5)2

where

Md) = 98304 — 24576d — 252416d> + 18944d> + 242880d* + 5728d° — 112408d°
—4896d" 4 30824d® — 572d° — 6420d"° + 2964 + 760d'% — 27d"® — 664

(i) WH(X)—WHED) > 0if k < Qtx_pp =

dn(d)(a — c)?
16(1 + d)2(4 + 2d — d?)2(256 — 204d2 + 36d* — 7d6)?

where

n(d) = —786432 — 180224d + 1033312d? + 740608d> — 1439488d* — 751808d°
+362688d° + 353712d" — 30304d® — 151040d° + 1600d™° + 557844
+5736d"% — 79724 — 6364 + 703d" + 180d'6 + 1547

Therefore plotting all the above t’s in the same graph and comparing them with l% we
can easily obtain the areas in the parameter space (k,d) where each network X, ED and

H; are maximizing social welfare. See Figure 6.
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