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Abstract

Mixed-integer rounding (MIR) inequalities play a central role in
the development of strong cutting planes for mixed-integer programs.
In this paper, we investigate how known MIR inequalities can be com-
bined in order to generate new strong valid inequalities.

Given a mixed-integer region S and a collection of valid “base”
mixed-integer inequalities, we develop a procedure for generating new
valid inequalities for S. The starting point of our procedure is to con-
sider the MIR inequalities related with the base inequalities. For any
subset of these MIR inequalities, we generate two new inequalities by
combining or "mixing” them. We show that the new inequalities are
strong in the sense that they fully describe the convex hull of a mixed-
integer region associated with the base inequalities.

We also study some extensions of this mixing procedure, and dis-
cuss how it can be used to obtain new classes of strong valid inequal-
ities for various mixed-integer programming problems. In particular,
we present examples for production planning, capacitated facility lo-
cation, capacitated network design, and multiple knapsack problems.
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1 Introduction.

In the design phase of a cutting-plane (or branch-and-cut) algorithm for
solving a mixed-integer programming problem, z = min{cx : x € S}, one
very important step is to define classes of strong valid inequalities for the
mixed-integer set S. In these algorithms, the linear programming relaxation
of the problem is tightened by adding a selected subset of these inequali-
ties, so-called cuts, to the formulation (see Nemhauser and Wolsey [16] for
a general description of these algorithms). Among other critical factors, the
success of the algorithm depends on the quality of the tightened formulation
as an approximation of the convex hull of S.

One way to generate such inequalities is to use general purpose cutting
planes which do not require or exploit any a priori knowledge about the
structure of the problem at hand. The Gomory mixed-integer cuts (see
Gomory [11]) which have been successfully used in a branch and cut frame-
work (see Balas, Ceria, Cornuéjols and Natraj [4]), or the disjunctive cutting
planes (see Balas [2]) revisited and implemented as the equivalent lift and
project cuts (see Balas, Ceria, Cornuéjols [3]) fall into this category.

Another possibility is to generate special purpose cutting planes that
are based on the polyhedral analysis of the problem formulation. Since it
is difficult to capture the whole structure of the optimization problem in
these inequalities, the polyhedral analysis is usually performed on simple
mathematical structures that are embedded in the problem formulation, or
possibly, on relaxations of the problem. This approach was first used to
solve pure 0-1 programs by considering the constraints of the formulation
separately and using facet inducing valid inequalities for the knapsack prob-
lems associated with each constraint (see Crowder, Johnson and Padberg

[10]) .

One important example of this approach is the mixed-integer rounding
(MIR) inequality (see Nemhauser and Wolsey [15], and (3) below), which is
derived from a single mixed-integer constraint. The MIR inequality can also
be conseidered as a generalization of Chvatal’s integer rounding inequality
to the mixed-integer case (see Chvatal [8]). Based on the MIR inequal-
ity, and motivated by the Gomory mixed-integer cuts, an MIR procedure is
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derived for generating valid inequalities for any mixed-integer program. By
applying this procedure a finite number of times (see Nemhauser and Wolsey
[15]), one can generate all facet inducing valid inequalities for any mixed 0-1
integer program. This result has been extended to general mixed-integer
programs by using a different recursion based on the so-called split cuts (see
Cook, Kannan and Schrijver [9]).

The MIR inequality also provides a unifying framework for some of the
facet inducing inequalities for well-known mixed-integer programs. For ex-
ample, the basic flow cover inequality (see Pagberg, Van Roy and Wolsey
[17]), which is defined on a single flow conservation constraint with variable
upper bounds on the flows, can be obtained as an MIR inequality from an
appropriate relaxation of the mixed-integer set. Similarly, basic continuous
cover inequalities for the 0-1 knapsack problem with a single continuous vari-
able can be obtained as MIR inequalities (see Marchand and Wolsey [13]).
For many other linear mixed-integer models, simple MIR inequalities have
been derived to produce strong valid inequalities which have proven to be
computationally very effective (see [6], [7], [14], [18] and [20]).

Our primary objective in this paper is to contribute to the development of
(general) techniques that can be used to generate new classes of strong valid
inequalities for mixed-integer programs. More specifically, we investigate
how to obtain new classes of valid inequalities by using or extending some
known classes of valid inequalities for a mixed-integer problem. One such
technique is the well-known lifting procedure which takes valid inequalities
for a polyhedral set , and extends them to valid inequalities for a superset
in a higher dimensional space (see Wolsey [21], Zemel [22], Gu, Nemhauser
and Savelsbergh [12]).

Given the central role of the MIR inequalities in the development of
strong cutting planes for mixed-integer programs, we investigate how to
generate new valid inequalities by combining known MIR inequalities.

We next formalize our approach and introduce the notation used through-
out the paper. Given a mixed-integer region S C R™! x Z™2 and a collection
of valid inequalities

f(z) + Bg'(z) > 7 ieZ=A{1,..,m}, (1)

where B € Ri and 7' € R!, our purpose is to generate new valid inequalities
for S. We note that f* and g’ can be non-linear and 7’ can be negative. In



particular, we concentrate on the case where the starting valid inequalities
(1) satisfy fi(z) > 0 and g* € Z (not necessarily positive) for all x € S. In
other words :

+ Bg'(z) > 7" i€, (2)
>0, g(x)eZ ieT }

()

S C St ={zeR™mxZ™ . fizx
f(@)

We call the valid inequalities of the form (1) “base” inequalities, and the
new inequalities we generate are valid for the associated mixed-integer set
ST, The starting point of our procedure is to consider the simple MIR
inequality (3) associated with each base inequality. We refer the reader to
Nemhauser and Wolsey [15] and [16] for a more general definition of MIR
inequalities. The simple MIR inequalities are derived as follows. For i € 7,
let 7 = [7'/B] and 7' = 7* — (r* — 1)B and note that 7* € Z!, and
B >~% > 0. We first re-write (1) as:

%
%

fix) = ' - Bg'(z)
7+ B(r' —g'(x) — 1)

and then, using f%(z) > 0 for € S, we obtain the valid inequality
fi(@) 24" (r" = ¢'(x)). (3)

In the remainder of the text inequality (3) is called the MIR inequality
associated with the base inequality (1). We next present a simple example
to demonstrate how these inequalities work.

Example 1.1 Let \/x1 + 512 > 6.7 be a base inequality where v € R x Z.
If we define f(x) = \/x1 and g(x) = 2, then T =2, v = 1.7 and the related
MIR inequality is: \/x1 > 1.7(2 — x2). In Figure 1, the shaded area corre-
sponds to the set of points in R? that satisfy the base inequality but violate
the MIR inequality.

The paper is organized as follows. In the next section, we present a
“mixing” procedure that, for any subset of Z, combines the related MIR
inequalities and generates two new inequalities. The MIR inequalities can
be considered as a special case of this procedure (when the subset contains
only one inequality). In Section 3 we demonstrate the application of the
mixing procedure to various mixed-integer programming problems.



Figure 1: A non-linear MIR inequality.

In section 4 we analyse the strength of the mixing procedure. There we
study the mixed-integer set

Q:{y€R+me . Yo+ By; > 7 forie{l,...,m}}

and show that our inequalities give a complete linear description of the con-
vex hull of Q. We also study the separation problem associated to the new
mixed MIR inequalities.

In Section 5 we propose ways to identify and modify the base inequalities
if they do not exactly have the form presented above in (1) and (2). Lastly,
in Section 6, we present an extension of the mixing procedure that pro-
duces stronger valid inequalities when the base inequalities have additional
structure.

2 A Mixing Procedure.

Let S be a mixed-integer region and Z = {1,...,m} be the index set of the
base inequalities as described above. Let I be a non-empty subset of Z. To
simplify the notation, we assume that I = {1,...,n}, and v* > 4~! for all
n > 1 > 2. Note that this can be done without loss of generality.

Given a real valued function f satisfying f(z) > fi(z) >0 for all z € S
and i € I, it is possible to mix the right-hand-sides of the MIR inequalities
and generate the following valid inequalities.



Theorem 2.1 The following two inequalities
fl@) =3 (" =7 )" = g'(2)) (4)
i=1

and

fl@) 2> (V=" H =gl @)+ (B-7")" —g' (@) -1) (5

i=1

where 0 = 0, are valid for S.
Proof. For any fixed Z € S, define 8 = max;ec; {7’ — ¢'(z)} and v = max{i €
I:3=7"—g"(z)}. If B <0 then the right-hand sides of (4) and (5)
are at most zero and the inequalities are valid. Therefore we assume that
B=1"—g"(x) > 1

Using 8 > 7° — ¢*(Z) for all i < v and 3 > 7¢ — ¢*(Z) + 1 for i > v, we
write

z(v" —y N —4'(®@) < Zl(’yi —7"HB8) + Zl(’yi —7"H(B-1)
i= i= i=v+
(Y)B) + (" =) (B 1)
= 7"B-1)+9"
< B@B-1)+7"
< fUz)
< f(@).

Also note that the above argument is still valid when v = n. This proves
the validity of (4). To show the validity of (5), we similarly write

n

20 =T =g @) + (B - gl (@) - 1)

=1
< EU:('V“ -y H(8) + Enj (V=B -1)+(B-+)B-1)
=1 i=v+1
= ("B +F(B-7)B-1) = B(B-1)+1"
< f(@).

Note that when |I| = 1, and f = f!, the related mixed inequality (4)
gives the simple MIR inequality (3) and inequality (5) gives the original



base inequality (1). We next give a small example to demonstrate how the
mixing procedure works.

Example 2.2 Let S = {(z,y) € R} xZ? : (a)z1+10y;1 > 3, (b)z1+10ys >
5} and Sy = SN{(z,y) € R xZ%}. If we write the MIR inequalities related
with (a) and (b), we obtain: (a’): x1 > 3(1 —y1) and (V') : x1 > 5(1 — ya)
and when we apply the mizing procedure with f = f' = f? = z1, B = 10,
and g* = vy;, the resulting inequality (4) is

r1 > 3(1 —y1) +2(1 — y2). (ab')

A complete polyhedral description of Sy is given by conv(St) = {(z,y) €
R} x R% : (), (V), (ab')}.

Similarly, the inequality (5) obtained by mizing the MIR inequalities (a’)
and (V') is

w1 2 3(1 —y1) +2(1 — y2) + 5(-y1) (ad”)
and conv(S) = {(z,y) € RL x R?: (a), (b), (), (t'), (ab'), (ab”)}.

The strength of inequalities (4) and (5) clearly depends on how f is
chosen. Note that f satisfies f(x) > f*(z) for all z € S, where f*(z) =
max;er{fi(x)}. If it is practical, one should use f = f* in (4) and (5),
but this might be undesirable since in general f* would not be a smooth
function.

3 Examples.

In this section, we consider the application of the mixing procedure to some
well known mixed-integer programming problems. We describe how to de-
rive known classes of valid inequalities using the procedure. We also generate
new valid inequalities for these problems.

In fixed charge capacitated network flow problems (such as lot-sizing,
facility location and network design) a possible way to construct the base
inequalities (1) is to aggregate flow balance constraints over a set of con-
nected nodes in the underlying flow graph. This gives constraints of the
form

dowi— Y x = d,

JEN7 JEN2



which can be relaxed to

Z T Z d .

JEN1
Now, partitioning Nj into F'U G and using the variable upper bound con-
straints (or capacity constraints), x; < w;y; for j € G, yields the base
inequality

ZCCj'FZUij > d .
jeF JjeEG
This general principle for constructing base inequalities and the corre-
sponding mixed inequalities (4) and (5) is now illustrated on several appli-
cations.

3.1 Production Planning.

The constant capacity single item lot-sizing problem (LCC) consists of a
planning horizon n (i.e. a set of periods {1,...,n}) with known demand
d; and production capacity C per period , 1 < t < n. The objective is
to find a production plan meeting the demands (without backlogging) and
minimizing total production costs (unit production costs and setup costs)
and inventory costs. Its feasible set XCC is defined by

XHC = {(@,5,y) € RLx Ry x B"

St_1+x = di+s¢ forl<t<n
e < Cy for1<t<n
so = sp,=0

where z;, s¢, y; represent respectively the production, inventory and binary
setup variables in period t. Whenever there is a setup in period ¢ (i.e.
y¢ = 1), the production capacity is C.

For a fixed time period k > 1, let FUG be a partition of N = {k,...,n}
such that k € G. We can define a base inequality for each period ¢t € N by
aggregating the flow balance constraints over the periods k up to ¢t. This
gives

¢
Skp—1+ Z Z; + Z Cyj > Zdj .
JEFN{k,...t} €GN {k,....t} j=k

It can be checked that by using the mixing procedure for any subset
I C{t:t+1€ G}U{n} of these base inequalities, one gets, as inequalities



, precisely the so-called (k,[, S, I) inequalities (see [18]) with the
() defined as

f(x) = Sp_1+ Z ;.

JEFN(Uier{k,...,t})

of type (4)
function f

Pochet and Wolsey ([18]) show that (k,,S,I) inequalities generate all
facets of conv(XTCC) of the form

k-1t Y mi D agy; = T
jeEFr jeG

for all 2 < k <1 < n and all partitions F,G of {k,...,l}. Moreover, it is
known that adding only a subset of these inequalities (those with F' = (),
G = {k,...,l}) suffices to solve problem LCC by linear programming (with-
out enumeration) when the objective function satisfies the Wagner-Whitin
assumption (see Pochet and Wolsey [19]). The so-called (I,S) inequalities
known to describe the convex hull of feasible solutions of the uncapacitated
(i,e. C = o0) single item lot sizing problem (see Barany, Van Roy and
Wolsey [5]) can also be obtained by the mixing procedure.

3.2 Capacitated Facility Location.

The capacitated facility location problem consists of a set M = {1,...,m}
of potential depots with capacity Cj, 1 < j < m, and a set N = {1,...,n}
of clients with demand di, 1 < k& < n. The objective is to decide which
depots to open and to assign demands to open depots in order to minimize

depot installation costs and distribution costs. Its feasible set X¢FL can be
defined as
XCOFL — {(v,y) € R"xB™
m
Zvjk = d; for1<k<n
j=1

n
Zvjk < Cjy; for1<j<m
k=1

vip < dgy; for1<j<m,1<k<n }

where the variable v, represents the amount of demand dj, delivered from
depot j and the binary variable y; indicates whether or not depot j is open



For any subset K C N of clients, we can construct a flow cover relaxation
X fgc of XCFL as

XEC = {(w,y) € R xB™
m
ij = ke di
j=1

w;j < Cjy; forlgjgm}
by defining the projected variable w; as w; = > i vjx. When the capacities
are equal (i.e. Cj = C for all j), Padberg, Van Roy and Wolsey [17] prove
that the convex hull of this relaxation X }?C is defined by the MIR inequalities
(3) corresponding to the set of base inequalities

oowi+C Dy > > di

JEM\S jes keK

for S € M = with |S| > [Y1er di/C].

Therefore, for i = 1,...,r, we can choose sets S* C M, K* C N and
mix the corresponding base inequalities. The (k,[,S,I) based inequalities
defined in Aardal, Pochet and Wolsey [1] can be obtained by mixing these
base inequalities, when {S% K} form a "nested” family (ie. K!' C K? C
...C K" and S' ¢ §? ¢ ... € 8"). The corresponding mixed inequalities
are typically strong (defining facets or high dimensional faces).

We next give an example of a facet defining mixed inequality, for the
case of different capacities C';, which does not correspond to such a nested
family of base inequalities. This example inequality could also be derived

as a lifted flow cover inequality by constructing an appropriate relaxation of
XCOFL (see [17]).

Example 3.1 Consider the following instance of X FL with m =5 depots
of different capacity C = (4,10, 10,10,50) and n = 3 clients whose demands
are d = (6,9,7).

We define a first base inequality by S = M \ {5} and K = N

(1)51 + V59 + U53) + 4y1 + 10y2 + 10y3 + 10y, > 22

¢ From this base inequality, we define two other (relazed) base inequalities by
replacing the term 4y, by its upper bound 4 in the first inequality, and by

10



10y; in the second inequality:

(vs1 + V52 + v53) + 10y + 10y3 + 10y4
(U51 + v59 + U53) + 10y + 10y + 10y3 + 10y4

18 , and

>
> 22

It can be checked that the mized inequality (4) defined by

(vs1 +vs2+vs3) > 23 —y1 —y2 — Y3 —ya) +6(2 —y2 — y3 — Ya)

defines a facet of this instance of conv(XFL).

3.3 Capacitated Network Design.

We next study the capacity expansion problem (CEP) that arises in telecom-
munication network design. The problem data consists of an undirected
graph G = (V, E) with existing capacities k. > 0 for e € FE, and point-to-
point traffic demands {t*} to be routed through the network. Additional
capacity has to be installed on edges in integer multiples of several modu-
larities (corresponding to different technologies) in order to support the flow
on the edges. The objective is to minimize the total routing and capacity
installation cost. For simplicity, we consider the case when there is only one
batch size (technology).

If we define K = {i € V : } .oy t > 0} , the set of feasible solutions
XCEP is defined by

2|K||E E
X057 ({7 € R« 2

o= N fh o= e fori eV, ke K\{i}

{i,j}eE {i,j}eE
> Zj < Cye+ke fore={i,jteFE
keK
Z ffZ < Cye+ke fore={i,j}eFE
keK

where Z-’j- corresponds to the flow of commodity & (i.e. traffic with origin

at node k) on the directed arc from i to j and y. represents the number of
batches of capacity C installed on edge e = {i,j}. The total flow on arc (i, j)
cannot exceed the capacity C'y. installed on edge e plus the existing capacity
ke. The first set of equalities in the above formulation simply represents the
flow balance constraints.

11



In [6] Bienstock and Giinliik present several classes of facet defining
inequalities for conv(XCFF). Most of their inequalities are based on the
so-called cut-set and flow-cut-set inequalities. For any S C V, let §(S) € E
be the set of edges with one end in S and the other in V'\ S. It is easy to
see that the cut-set inequality

D ove 2 [@w

where T'(S) = max{3 ;cs > jen\s 1, Yiev\s 2jes t} = Lees(s) ke, is valid
for XCEP,

It is also possible to construct base inequalities of the form (1) by parti-
tioning 0(S) into E7 U Ey and selecting a subset @ € (K N.S). If we let A;
denote the set of directed edges obtained by orienting the edges in F; away
from S, we can write the following valid inequality:

> EACY we = > > =3 ke

(i,7)€A1 keQ e€ by keQ jeV\S e€Fo

The flow-cut-set inequalities are precisely the MIR inequalities (3) con-
structed from this base inequality.

It is also possible to mix these base inequalities to obtain new valid
inequalities. We next give an example of a fractional solution feasible to
the formulation consisting of the linear programming relaxation of X¢FP
augmented by all cut-set and flow-cut-set inequalities. This fractional point
violates a mixed inequality of the form (4).

Example 3.2 Consider the following example with two nodes (representing
S and V \ S), and two commodities a and b with origin in S. The batch
capacity is C = 10 and the total demand for a and b in V' \ S is 17 and 8,
respectively. The directed cut from S to V \ S contains three arcs denoted
by e = 1,2 and 3. The existing capacities are k = (0,10,0). The fractional
point giwven in Table 1 satisfies all cut-set and flow-cut-set inequalities.

edgese [ ye | Jo | P
1 3/4 [ 1/4 | 19/4
2 0 | 6/4 | 4/4
3 7/4 | 61/4 | 9/4

Table 1: A fractional solution

12



Consider the following two base inequalities with Es = {3}, @ = {a} and
EQ = {1,3}, Q = {CL, b} :

ff+f§+ 1Oy3 217 )

5+ f3+ 10y + 10y > 25

and note that their corresponding MIR inequalities (3) are satisfied at equal-
ity :

fi+1f = 7/4 2-ys) =T7/4,
S+ £ = 10/4 53—y1 —y3) = 5/2.
If we mix these two inequalities, the resulting inequality

fE+ e+ 0 = 11/4 > 53—y —y3) +2(2—y3) = 5/2+2/4 = 12/4

>
>

1s violated by the fractional point.

3.4 Multiple Knapsack.

As a final example we illustrate how the mixed inequalities generate facets of
pure integer problems, and introduce the extensions of the mixed inequalities
that will be presented in Section 5.

Example 3.3 Consider the following feasible set X which consists in the
intersection of two integer knapsack constraints.

X ={r€Z% 21 +3v2+10z4 > 25, and x1 + 223 + 10z5 > 37}.

If we define two base inequalities by f'(z) = x1 + 329, g'(z) = 24,
7l =25, f2(x) = 21 + 223, ¢*(x) = x5, 72 = 37, and B = 10, then the
corresponding mized inequalities, respectively of type (4) and (5)

1+ 3w2 + 223 > 5(3 —x4) +2(4 — x5) (6)
x + 3x9 + 223 > 5(3 — $4) + 2(4 — CC5) + 3(2 — $4) (7)

generate facets of conv(X).

If we modify the set X into X' defined by
X' ={x € Z_‘? cx1 + 3xg + 1024 > 25, and zq1 + 2x3 + 8x5 > 31}.

then the above mized inequality (6) is still valid and generates a facet of
conv(X"). We will see in the next section that this inequality can be obtained
by taking two different values for B, namely B' = 10 and B? = 8.

13



4 The Strength of the Mixing Procedure

We analyse now the strength of the valid inequalities (4) and (5) generated
by the mixing procedure. Our main result, Theorem 4.5 established in
Subsection 4.2, shows that the mixing procedure suffices to obtain a complete
linear description of the convex hull of the mixed-integer region () defined
by the following set of base inequalities:

Q:{y€R+me . Yo+ By; > 7 forie{l,...,m}}

In subsection 4.1, we start by establishing an intermediate result, namely
Corollary 4.4, needed to prove our main result. We end this section with the
study of the separation problem associated with the mixed MIR inequalities
(4) and (5).

4.1 The Coefficient Polyhedron P°.

It is possible to generalize (4) and (5) and write valid inequalities of the
form f(z)+a > Y ,;c7 0'(7" — g'(x)) when « and § satisfy certain properties.
Without loss of generality, we again write Z = {1,...,m} with o > =1
for all m > 1> 2.

Lemma 4.1 The following inequality is valid for S
fl@)+a=) & —g'() (8)

1€
provided:
(i) (8,@) € PC, where
PC={(Ga)e R . 3§ < B
1€
Z&j < a+~t foralli EI}
J<i

(ii) f(x) > fi(x) for all z € S and for all i € T with 6* > 0.
Proof. Similar to the proof of Lemma 2.1. "

Note that the coefficients (d,«) in the inequalities (4) or (5) belong to
the coefficient polytope P, and inequality (8) with (6,«) € P appears
thus to be a generalization of (4) and (5). We will show that, although

14



inequality (8) seems to be more general, any inequality of the form (8) with
(6,) € PC is equivalent to or is dominated by an inequality (4) or (5).

Lemma 4.1 defines sufficient conditions on the coefficients (4, «) for in-
equality (8) to be valid for S. The following remark states the properties of
the mixed-integer region S under which these conditions are also necessary.

Remark 4.2 Let (§,«) € RE'H with Y;c76° < B. Furthermore, let f be

a function satisfying f(z) > fi(x) for allxz € S and forallic I ={i €T :
d" > 0}.
If for all t € I there exists a point T; € S with:

(i) T8 —g'(Zg) =1 fori=1,...,t and 7' — g' () =0 fori =t +1,...,m,
and,

(id) f(:) =",
then, (8) is valid for S if and only if (6, a) € PC.

In the above remark, note that if points Z; exist for all ¢ € I, then the mixing
procedure to obtain inequality (4) can also be viewed as a sequential lift-
ing procedure, starting from a simple MIR inequality, and where functions
(1° — g'(x)) are lifted sequentially instead of variables. Similarly, if there
exists y € S with 7! —gl(y) =2, 7' —gl(y) =1 fort =2,---,m , and
f(y) =~' + B, then inequality (5) can be obtained from (4) by lifting the
function (7! — g*(z) — 1).

We show now that inequalities (4) and (5) contain all important in-
equalities of the form (8) with (§,a) € P. Let p = (6, a) be an arbitrary,
non-extreme point of the coefficient polyhedron P¢ and consider the associ-
ated valid inequality (8). Since p can be expressed as a convex combination
of other points in P, that is, p = ep; + (1 — €)py for some py,ps € PC and
some € €]0, 1], the inequality generated by p can also be obtained by sim-
ply combining the inequalities associated with p; and py. We are therefore
mainly interested in valid inequalities generated by the extreme points and
extreme directions of P, and next we present a complete characterization
of the extreme points.

Lemma 4.3 Let p = (6,) be an arbitrary, non-zero extreme point of PC,
and define I = {i € T : 6" > 0} = {i1,i2,...,in} with i1 < ig < ... < ip.
The extreme point p = (9, «) is characterized by:

ac{0,B—~n}

15



0 =~ 4o
K :’yij —’yiﬂ'*l forj=2,...,n
§'=0 foricI\I

Proof. Note that the only extreme point of P with § = 0 is the origin,
and thus |I| > 0. First we show that if p is an extreme point of P,
then ngi 6 = a+~ for all i € {i1,ia,...,9,_1}. Assume > j<i 8 <
a + " for some 1 < k < n. In this case, p can be expressed as a convex
combination of two other points in P¢. The first point p' is obtained from
p by simultaneously increasing 7** and decreasing y*+! by a small € >
0. Similarly, p? is obtained from p by simultaneously decreasing v%* and
increasing y%+1 by the same e. Clearly p*,p?> € PY, and p = 1/2p" + 1/2p.

Next, consider i, and assume }_;; & <a+qm. If 3,e76" < B, then
two points p', p? € P can be obtained by simply increasing and decreasing
6t by asmall e > 0 and p = 1/2 (p'+p?). On the other hand, if 3°,.7 6" = B,
then we have ;.7 8° = B < a+7' and thus @ > 0. In this case, we obtain
p' € P by simultaneously increasing 0% and «, and decreasing &, by a small
€ > 0. The second point p> € P is obtained by decreasing 8% and a, and
increasing &!, by the same € > 0, and p = 1/2p' + 1/2p2. (If |I| = 1, we
construct p* and p? by perturbing « only.)

We therefore established that -, 87 = a+ ' for all i € I which, in
turn, implies that o = 3,7 0" —7'* and thus a < B —~v'». Finally, we need
to show that « is either zero or B — 4. Assume 0 < o < B — ~™, and
therefore 3°,.7 6" < B. We construct the following two points: p! is obtained
from p by increasing a and 4%t by € > 0, and p? is obtained by decreasing «
and 7% by the same €. Clearly p',p? € P, and p = 1/2 (p' + p?). .

Although inequalities of the form (8) appear to be more general than
the valid inequalities generated by the mixing procedure, any inequality
generated by an extreme point of P coincides with one of (4) or (5). More
precisely, for an inequality (8) associated with an extreme point of P, we
construct I by choosing all i € Z with 6* > 0. If « is zero, then the inequality
coincides with (4), and if « is positive, it coincides with (5). Since the only
extreme direction of P is (6, a) = (0,1), we have the following corollary:

Corollary 4.4 Inequality (8) generated by (6,c) € PC is equivalent to or
dominated by a positive combination of inequalities (4) and (5).
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4.2 A Related Mixed-integer Set.

Given a function f, let I = {i € T : f(x) > fi(x) forallz € S}. The
inequalities produced by the mixing procedure are actually valid for the
following continuous relaxation of the mixed-integer set S:

SHEI) — {x € Rmtm2 fzy > 0
gi(x) € Z foriel
f(z) + Bgi(z) > = fori GI}.

Furthermore, since we are not considering the interdependencies among
functions ¢*, ¢« € I, or f, we are essentially producing valid inequalities
for the following mixed-integer set:

Q' ={yeR x 2" :y+By>x foricl}.
Note that if an inequality By > 6 is valid for Q', then
Bof(z) + Y Big'(x) >0
el

is valid for S) and thus also valid for S.

We next show that inequalities (4) and (5), or equivalently inequalities
of the form (8), are sufficient to obtain a complete polyhedral description
of Q@ = Q*. To study Q, we use the same notation as before. For i € 7 =
{1,...,m}, we define 7* = [7?/B| and 7' = 7 — (' — 1) B with ' > 471
We use {i1,i2,...,i|7} to denote the members of any subset I C 7 and
assume i1 < iz <... <. We also define 4" = 0.

Theorem 4.5
conv(Q) = {y € R, x R™I'.

I

Yo > (V9 =4 ) (T — i) forall I CT,
j=1
I

Yo = Y (79 =479 —yi,) + (B = A1) (T — gy — 1)
j=1

Proof. Let By > 0 be an arbitrary valid inequality for @ with § # 0. Using
Corollary 4.4, it suffices to show that the inequality can be re-written as:

yo+a225i(7i—yi) 9)
€T

17

forallIQI}



for some (8, ) € PC.

Consider a valid inequality Sy > 6 and note that for any y € @, and
i € {0,1,...,m}, one can obtain a new point § € @ by increasing the
1’th component of y by one. This implies that 3 > 0. Also note that
pt = (uB, 71—, T2 — iy ..., Ty, — i) € @ for any non-negative integer p and
if By = 0, then for some u € Z,, p* violates the inequality. Therefore, we
established that any inequality By > 6 can be re-written as (9) and §° > 0
for all i € Z. Finally, p° € Q implies that a > 0.

Now we need to show that (i) 3;c70° < B and (ii) Yi<i ¥ < a4+,
for all ¢ € 7. First note that p* € @ for all y € Z; implies that uB + o >
Sicz 0 for all 4 € Zi, and thus Y ;.7 0" cannot exceed B. Finally, for
i €T, let ¢ € R be such that ¢j =~ and ¢, = 7° — 1 for all 1 < k <
and q}; = 7% for all i < k < m. Since ¢* € Q for i € T, the inequality has to
satisfy (¢i) for all i € Z and the proof is complete. .

If we define Q* to be the intersection of ) with the non-negative orthant:
Q+:{yER+ ><ZLFI| . yo + By; > 7 foriGI},

then it is possible to show that the mixed inequalities (4) and (5) are still
sufficient for a complete linear decription of the convex hull of @Q*. In other
words:

conv(QT) = conv(Q) N RE‘H.

This requires minor modifications in the proof of Lemma 4.5. In this case,
inequality (5) becomes redundant unless the set I C 7 has yt < 71 — 1
for some y € QT (see Example 2.2). We also note that an alternative proof
of Theorem 4.5 can be adapted from the study of the capacitated lot-sizing
polyhedron in [19].

4.3 Finding Violated Inequalities.

Given a point T € X, we next address the (separation) problem of finding a
(6,&) € PC that maximizes the right-hand-side of:

f@) =) 8" —g'(@) - @ (10)

1€

Let hi(z) = (7 — g(z)) and (6, &) be such that it has the minimum number
of non-zero components.  Due to the structure of the extreme points of
PC, it is easy to see that & is non-zero if and only if mazjer{h?(z)} > 1.
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Similarly, for all i € Z, 6' is non-zero if and only if (i) h?(Z) > h7(Z) for all
J >, (ii) h'(Z) > max;ez[h (z) — 1], and (iii) h'(Z) > 0.

Using the above observations and the correspondence between extreme
points of P¢ and subsets of Z given in Lemma 4.3, we next present an
algorithm that constructs a set I C 7 and fixes the value of & The values
&' for i € I are then fixed according to Lemma 4.3.

1. Order the base inequalities in non-increasing order of ¢ and set A™%* =
mazjer{h(Z)}. If K™% < 0, then (3, &) = 0, stop.

2. Set best = max{0, h* — 1}, I = () and start from the top of the list,
3. Scan the list until h*(Z) > best or the list is exhausted.

4. Tf the list is not finished, set I = I U {i} and best = h*(Z), go to step
3.
If the list is finished, goto step 5.

5 If e > 1, fix & to B — ma:cjej{’yj}.

Fix it to zero otherwise. Return the set I and &

We also note that finding a most violated inequality of the form (8) (or
(4)-(5)) is more complicated than simply maximizing the right-hand-side of
(10). This is mainly because the choice of the set I may in turn affect the
choice of f and thus the value of f(z). If f(Z) does not depend on the set
I, which is the case for the mixed integer set (), then the above procedure
gives an exact separation algorithm. Otherwise, it should be considered as
a heuristic. We next give an example to emphasize this point.

Example 4.6 Let P’ = {z € R2,y € Z2 : (1)1 +10y; > 3, (2)z1 + 10y, >
5, (3) 1 + x2 + 10y3 > 9} and p = (T1, T2, 71,72,73) = (3,9,0,0.4,0.5). If
we apply the above procedure with g* = y;, we obtain I = {1,2,3}, a = 0,
and the resulting inequality of type (4) is:

f(p) = 3(1 —y1) +2(1 —y2) +4(1 — y3). (c)

Since we are mizing all three inequalities, f is (at least) x1 + xo and thus
p satisfies (¢). However p does not satisfy (ab’) of Example 2.2 and thus
D ¢ conv(P").
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5 Variations.

In this section we show how the mixing procedure can be applied when some
of the base inequalities do not have the form (1) or do not satisfy (2).

First we consider the case when fi(x) > 0 does not hold for a base
inequality i € Z. In this case the MIR inequality (3) is not valid. If fi(x)
can be bounded from below, i.e. if we have fi(z) > LB, then we rewrite
the related inequality as follows:

(fi(x) - LBi) + Bg'(z) > ' — LB (11)

so that fz(:c) = fi(x) — LB > 0. It is now possible to apply the mixing
procedure, with f ‘(z) and by computing 7 and ~¢ using the new right-hand-
side 7 — LB, to obtain valid inequalities of type (4) and (5).

Another possibility is to have base inequalities of the form,
fi(x) + Big'(x) > =

where B’s are not necessarily the same for all 7 € I. In this case, we define
7" = [x'/B'] and 4" = 7' — (" = 1)B’, and check if B = min;c;{B'} >
5 = max;e;{7'} holds. If B > 7, then we can apply the mixing procedure
and the resulting inequality (4) is valid for .S (the proof is similar to that
of Lemma 2.1.) On the other hand if B < #, it is possible to relax the
base inequalities with small B¥’s by replacing B* with 4 and then apply the
mixing procedure to obtain a valid inequality of type (4). A_nother possible
approach is to “scale” the base inequalities so as to increase B or to decrease
3.

Let o' > 0 be the scaling coefficients for i € I, and consider the scaled
base inequality of type (1)

o fi(z) + (o' B)g'(x) > o'’ (12)
and the related MIR inequality,
a'fi(z) 2 47" — g'(x)) = a'y'(r" — ¢'(2))

where 7+ = [ai71!/a!Bt| = [7'/B'| = 7" and 4' = air' — (7' — 1)a'B* =
al(rt — (7* — 1)B*) = a'~*'. Using scaled inequalities (12) as the base set,
we can apply the mixing procedure if min;e;{a’ B’} > max;c;{a’y*} holds,
and obtain new inequalities of type (4). B

We note that this idea can also be helpful if one can use the same f after

scaling some inequalities up, or if one can find a better f after scaling some
inequalities down. This is illustrated in the next example.
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Example 5.1 Consider mizing the following inequalities where x1,xo € R}r
and T3,x4 € 47

T+ 229 +7x3 > 15
3x1 +bxo+10xy > 14

and note that if we set g*(z ) = 23 and g*(x) = x4, then 71 = 3, o = 2,
1 =1, and v = 4. Since B > 7, we can apply the mixzing procedure with
f(z) = 3x1 + bza to obtain,

3z1 4 5xa > (3 —x3) + 3(2 — x4). (13)

It is also possible to apply the mizing procedure after scaling the first in-
equality by 5/2 and obtain

321 + 5z > (5/2)(3 — 3) + (3/2)(2 — 24).

which is stronger than (13) when 3 — xg > 2 — x4.

6 Mixing Independent Constraints.

In the examples presented in Section 3, the functions f were always “de-
pendent” with respect to f in the sense that, due to their common terms,
we did not have f(z) > fi(z) + f/(x) for two different i,j € I. However,
when this occurs, inequalities assocated with ¢ and j can be treated as “in-
dependent” base inequalities and the mixed inequality (4) can be tightened
to give a stronger inequality. Before formalizing this idea, we first present

an example.

Example 6.1 Consider a 5 depots, 3 clients instance of the capacitated
facility location problem (CFL) with demands d = (9,2,15) and capacity
C =10. We take the three base inequalities

vo1 +v31 +vg +us1 +10yr > 9 (S =K ={1})
v13 +ve3 +vs3 + 10y3 + 10y, > 15 (S = {3,4}, K = {3})
vs1 + vs2 + vs3 + 10y1 + 10y2 + 10ys + 10y, > 26 (S ={1,2,3,4}, K = {1,2,3})

Combining these base inequalities using the mixing procedure of section 2,
we obtain

f(x) = wviz+ (v21 +va3) + v31 + va1 + (vs1 + V52 + vs3)
> 5Q2—y3s—wya) + 1B —y1 —y2 —ysz —ya) + 3(1 —y1).
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Now, as f(x) > f'(z)+ f*(z) = vig+ (va1 +va3) +v31 4 va1 + (vs1 4 vs3),
the first two base inequalities can be treated as independent, and the following
nequality

f(@) > fHa) + (@) > 52— y3 — ya) +9(1 — 1)

is valid. Since the third base inequality is not independent of the other two
(i.e. f(x)# fY(z)+f3(x) and f(x) # f2(x)+ f3(x)) , when introducing this
third inequality into the mized inequality we use the basic mixing procedure.
This gives the following inequality

fl) > 5(2—y3—ya) +(6-5)3—y1—y2—y3—ya) +(9—(6—-5))(1 —y1)
= 52-ys—wa)+1B—y1—y2—y3—ya) +8(1 —y1).

This inequality is not only valid but also facet inducing for this instance of
conv(XCFL),

We next formalize this idea and describe how to generate stronger mixed
inequalities when the base inequalities can be partitioned into several “inde-
pendent” groups with respect to a given function f. Assume that the base
inequalities are partitioned into n + 1 groups:

fi(@) + Bgj(a) = i€ 1(j)

for j =0,1,---,n with n > 2. Define f; such that f(x) = maxiel(j){f;(x)}
for j =0,1,---,n and all x € S, and choose a function f(x) satisfying:

(1)  f(z) > f3(x) for all x € S, and,

(ii) f(z) > Zf]*(:c) for all z € S.
j=1

Condition (i7) is imposed on f(x) to represent the “independence” of
the base inequalities belonging to different groups I(j), j = 1,---,n (see
the first two base inequalities in example 6.1). Having fz) > i (@)
instead of f(x) > max7_; fj(z), for all z € S, implies that the polytope
of feasible coefficients for inequality (8) is bigger than the one defined in
Lemma 4.1, and thus new valid inequalities can be defined.

For all 0 < j < nand i € I(j) we define TJZ: and 'y;- as in Section 2, and
without loss of generality assume that the base inequalities are ordered in
such a way that fy} < 7]2 <...< fyj‘»l(]” forall j =0,1,---,n.
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Let U be an ordering of all the base constraints so that U (i, j) denotes the
position of constraint i of I(j). Furthermore assume that for all i%,i? € I(j),
if i' <42, then U(i',j) < U(i%, ). We define the coefficient polytope P°(U)
relative to a given partition of the base inequalities and a global ordering U
as follows:

PJ(U) — { §e RZ?:O [1(5)]
> 5+ > S < A kelI() j=1,,n (14)

U(i,5) < Uk, J) U(i,0) < U(k, j)

>y 4

J=0 U(i,5) < U(k,0)

% k€ 1(0) (15)

IN

n =0 |

Lemma 6.2 Given an ordering U of the base inequalities, and any 0 €
P)(U). The inequality

=Y Y di - ) (10

is valid for S.

Proof. See Appendix 1.

For a fixed ordering U there is a one-to-one correspondence between
extreme points of P‘;(U ) and subsets of the base inequalities that is analogous
to the correspondence between extreme points of P¢ with o = 0 and subsets
of 7 given by Lemma 4.3 . We also note that the global ordering U basically
corresponds to the lifting sequence of these subsets of base inequalities (or
functions (7} — gi(x)) ). Different subsets of base inequalities or different
orderings U may result in different inequalities (16).

We give now an example of a facet defining valid inequality (16) to
illustrate the notation used.

Example 6.3 Consider the instance of a single commodity capacitated net-
work flow problem defined by
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XCF:{(f,y)e R xBY ¢ fi+fo
s+ fa
fe + f7
fs+ fo

f5+ fio + fun
fi

9+ f3
3+ fs
3+ fs
4+ fio
7

10yi

for 1<i<11 }

where the f; variables represent the flow variables and the y; variables repre-
sent the setup for the flow variables. This problem corresponds to an instance
of a network flow problem defined on the in-tree shown in Figure 2.

f11

f3

fo

Je

e

f5 f1o

7

Figure 2: The in-tree of Example 6.3

Each equation in the definition of XF corresponds to the flow con-

servation constraint at one node of the tree.

Variables f3, f5, fs and fig

represent the flow between the nodes of the in-tree. The other flow variables

fi, i # 3,5,8,10, represent inflows at the nodes of the in-tree.

We follow now the construction of inequality (16) by giving first three
sets of base inequalities, then the ordering of the base inequalities and the

associated polyhedron P°(U).

The base inequalities constructed using the general aggregation principle
presented in section 3 are defined as (with B =10) :

I1): fl(x)=h 91(z) = yo + yu
I(1): fi(z) = h 97 (x) = y2
1(2) : fy(x) = fe g5 (x) =yr
12): f3(z)=fs 95(z) = y7 + o
10): fo(z)=fi+ fo go(x) =y
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The groups of base inequalities I(1) and I(2) are “independent” because
they are associated to the two independent branches of the in-tree. These base
inequalities give the following standard MIR inequalities (8) to be combined

J1 > 2(2—y2—va)
fi > 9(1—y2)
fo > 3(1—yr)
fo > T(1—yr—yo)
fit fo = 6(3—y2—ys—yr—yo—y11)

with f{(x) = f1, f3(x) = fo, f5(x) = fr + fo = [ ().

In order to combine these MIR inequalities we define the ordering U (i, j)
of the different terms by

U(1,1) < U(1,2) < U(1,0) < U(2,2) < U(2,1).

This ordering defines the polyhedron P°(U) as

P‘S(U):{5€Ri 0 < =2

5% < 7%:3

S+04+6 < =6

S+ +05 < =T
sl+ot+of < Ai=9 }

If we take the following extreme point of PO(U)
6i=2,00=3,6=1,0=3,6=6,
we obtain the valid inequality (16)

fitfe =2 2Q2—-—y2—ya)+3(1 —y7r) + 1B —y2 —ya — Y7 — Yo — y11) +
31 —yr —yg) +6(1 —y2)

which can be shown to generate a facet of conv(XET).

7 Conclusion.

In this paper we present a general procedure for generating valid inequalities
for a mixed-integer set S based on mixing or combining a set of mixed-integer
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rounding valid inequalities for S. The performance of the procedure strongly
depends on identifying a set of “good” starting valid inequalities (called the
base inequalities) from which the standard MIR inequalitites are generated,
and this requires some understanding of the structure of the mixed-integer
set. Since we are more familiar with mixed-integer linear programming
problems, in Section 3 we consider some well known MIP problems and
show that using the mixing procedure we can derive new facet defining valid
inequalities. The mixing procedure also provides a unifying approach to
proving validity for some known classes of inequalities (such as the (k, 1, S, I)
inequalities).

In Sections 5 and 6 we have investigated how to generalize and strengthen
the inequalities generated by this mixing procedure. In particular, in section
5 we have studied the generalization of the mixing procedure to cases where
the set of base inequalities do not satisfy our initial assumptions. This leads
to a class of valid inequalities obtained by combining scaled versions of the
mixed-integer rounding inequalities. In section 6, we have presented a first
approach for strengthening the mixed inequalities when the base inequali-
ties contain some more structure (i.e. when the continuous part of the base
inequalities satisfy additional requirements). In this direction, we are cur-
rently investigating the extension of these ideas to generate valid inequalities
for capacitated network flow problems on directed in-trees (see example 6.3)
or out-trees.

Finally, apart from the work on (k,[,S,I) inequalities for production
planning problems, the valid inequalities generated by the mixing procedure
have not yet been used as cutting planes in the solution of optimization
problems by branch and cut approaches. For applications where a separa-
tion procedure for mixed-integer rounding inequalities (as the flow-cut-set
inequalities for the capacity expansion problem mentioned in section 3) is
available, one way to generate our mixed inequalities would be to try to com-
bine the mixed-integer rounding inequalities that are satisfied at equality at
the current fractional point, and that have already been generated during
the cutting plane phase (see example 3.2). This merits further investigation.

Acknowledgement. We are very grateful to Laurence A. Wolsey for bring-
ing the question of studying these mixing procedures to our attention.
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Appendix 1: Proof of Lemma 6.2

As in the proof of Lemma 2.1, for any fixed Z € S, let 3; = max;c ;) {h}(Z)}
and v; = max{i € I(j) : B; = hé( z)} for 7 =0,...,n. Without loss of gen-
erality, we can assume that 3; > 0 for j = 0,---n, because otherwise the
validity of (16) at Z is implied by the validity at Z of the inequality (16)
obtained by removing all sets /(j) with 3; < 0 from the set of base inequal-
ities and using the coefficients &} for i € I(k) and all k with 8 > 0. Note
that if Gy < 0, the validity of (16) follows from Lemma 4.1 and the fact that
f@) =T fi@. |

If we let Aj =3 icr(;) 05 and € = 3 rie(jyi<v,) 05 for 7 =0,...,n, then

YD &y EI Aj+ 6]+ (Bo — DAg + €
J=04:€I(j) j=1

and using Ag + A; < mam{fyll(] O)l} <Bforj=1,---,n,

Z Z (5th < Z —1 B Ao) (ﬁo—l)Ao—i—eo—i—Zej
J=04el(j) Jj=1 Jj=1
= Z Bi —1)B + Ao 50-25; +n—1|+e+ Y €
j=1 j=1 j=1

We next define V.= {j : U(vj,5) > U(vo,0) },
Y = {j: Uvj,j) >U(]1(0)],0) } and note that Y C V.

If [ﬁo =2 Bt 1} > |Y[+1, then

ZZ&%’ < B(Zﬂj—n>+Ao Bo—> Bi+n—1—(Y|+1)| +e
J=04el(j Jj=1 Jj=1

+Z(A0+€j)+ A0+Z€j

jey gy

and, using B > 74)1(0)‘ > Ao+ Zj¢y €, B> 'y;)j > Ag+eforaljey,
and €y < 7,°,
Z > ihi(z gB(Z@-—n) +B |fo—> Bitn—1-(Y|+1)| +e
J=04€l(j) J=1 J=1

+Y|B+ B < B(fy— 1) +° < f5(2) < f(2).
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On the other hand, if [ﬁo Y B tn— 1} < |Y|—1, then, as €y < Ao,

(B —1)B+Ag[[Y] =1+ e+ D€

M-

> Y A <

J=0iel(j) j=1 j=1
< Y B -1)B+D> (Ao+e)+ > €
j=1 jey jey
< DB -DB+Y 7+ <) @S
j=1 jeYy jey j=1

Therefore, the only remaining case is when [ﬂo =>4 Bj+n— 1} =
|Y[. In this case, if V =Y, then using €o + >4 €5 < 7’

50—Zﬁg+n—1—\V\

ZZ&’h’ < B(Zﬁ]—n)—i-Ao

J=04el(j) j=1

Z(AO =+ Gj) =+ (60 =+ Z Gj)

JEV A%

< Z Bj—n|+B
j=1
< BB -1+ < fo(7) < f(f)-
Finally, if [V \ Y| > 1, then we note that ey +¢€; < ’y;»)j for all j € V and
Ag+e; < 'y;»)j for all j € Y, and write,

ﬁo—Zﬁj +n—1- V]| +[VIB+7"

Z Z Shi(z) < En:(ﬂj—l)B+AolYl+ZEj+(€o+ > fj)+zeﬂ'

J=04el(j j=1 jeYy JjEV\Y A%

Bi =B+ (Dote)+ Do v+

= JEY JEV\Y 1%

IN
|M:

n

< znj —1B+Z zij z) < f(z)

This completes the proof. "
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