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Abstract

In this contribution we study some aspects of the Riemannian geometry
induced on a convex set by a barrier function of the set. Using Noether’s
theorem, we link the symmetries of the set to invariants of the geodesic flow.
This allows to lower the dimension of the differential system defining the
geodesics and gives insights in the structure of the geodesic flow, specifically
on the configuration of geodesic submanifolds. We use the developed ap-
paratus to completely integrate the geodesic equations for the convex hulls
of the sphere, the paraboloid, the hyperboloid and the standard symmetric
cones and to obtain explicit formulae for the geodesics on these sets.
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1 Introduction

A standard problem in Mathematical Programming is that of minimizing a linear
function on a convex set X,

min{c, ). 1

mine, o) (1)
To avoid dealing with a constrained optimization problem, one usually transforms
this problem to a nearly unconstrained one. To this end, the information on the
boundary of the convex set X is condensed to a scalar function F' on X, which
tends to infinity as the argument tends to the boundary of X. This function is
added as a penalty term to the linear objective function. Thus we obtain the
nearly unconstrained problem

mgn {c,z) + F(z), (2)

where 7 > 0 is a scalar parameter expressing the weight of the penalty function.

Modern interior-point methods use a special class of penalty functions F,
namely self-concordant barrier functions. A detailed treatment of these methods
can be found in [6]. A function I’ on X is said to be a barrier function if it
is strictly convex, of class C®, tends to infinity as the argument tends to 90X,
and satisfies certain inequalities between its first three derivatives. Namely, there
should exist a constant M > 0 such that |[(F"[u]u,u)| < M{(F"u,u)*? and
((F"Y=YF"  F')is bounded on X. The Hessian F"'(z) defines a Riemannian metric
G () = %(x) on X, and thus turns X into a Riemannian manifold.

The minimizers of (2) form the central path of the problem:

2*(r) = arg glei)r}(ﬂc, z)+ F(z)).

This path tends to the minimizer of (1) as 7 — oco. The computation of z*(r) for
a particular 7 is accomplished by the Newton algorithm.

Interior-point minimization algorithms yield a sequence of points x; which
approximates a sequence of points 2*(7;) on the central path. The sequence 7y
is chosen in way such that the algorithm remains stable and 7 tends to infinity
as k — oo. This guarantees that z; tends to the sought minimizer of (1). For
details of the procedure see [6].

For some convex sets X with additional favourable structure, e.g. intersections
of an affine subspace with a standard symmetric cone, there exist tricky ways to
choose the sequence 7 such that it quickly tends to co. This results in long-step
path-following schemes [5].



If the convex set X does not possess additional favourable structure, then
short-step path-following schemes are used. They are based on the idea that the
behaviour of F in a certain neighbourhood of a point z € X is largely determined
by the Hessian F"(z) at that point. This neighbourhood can be described as an
ellipsoid around x given by {y| (F"(z — y), (x — y)) < 1}. This ellipsoid is called
the Dikin ellipsoid around z. Specifically, it is guaranteed that the Dikin ellipsoid
lies entirely in X. Short-step path-following schemes are designed in such a way
that at each step of the minimization procedure the next point lies in the Dikin
ellipsoid around the previous point [6].

The length of the path traced by such a minimization algorithm, measured
in the Riemannian metric defined by the Hessian F”(z), yields an approxiamte
lower bound on the computation time. Hence the geodesic length in this metric
allows to obtain lower bounds on the complexity of short-step path-following
schemes [7],[8]. Therefore the geodesic flow of the metric g,,(z) = %(m) is
an important object to study.

Properties of the metric defined by a barrier function on a convex set were
studied e.g. in [10],[9].

In this contribution we deal with a particular aspect of these metrics, namely
we show how symmetries of the convex set X generate invariants of the geodesic
flow of the metric. To this end we consider the geodesic equations as the equations
of motion of a dynamical system generated by the Lagrange function L(z,%) =
2(F"%, ). By applying Noether’s principle to this system, we link the Lie algebra
of the symmetry group of X to a set of invariants of the geodesic flow, provided
the barrier function F is consistent with the symmetry group. Here by consistency
we mean that the symmetries of X are isometries of X considered as Riemannian
space.

The theory developed in this contribution sheds light on the structure of the
geodesic flow associated with barrier functions on convex sets with symmetries. It
allows to lower the dimension of the system of geodesic equations for convex sets
X with symmetries and in case of especially rich symmetry groups, to completely
integrate it, as will be shown on several concrete examples.

The contribution is structured as follows. In the next section we introduce
basic concepts of Riemannian geometry and consider it from the viewpoint of
Theoretical Mechanics. In Section 3 we apply this apparatus to the metric asso-
ciated with barrier functions on convex sets. In Sections 4 and 5 we consider some
special cases with rich symmetry groups, namely the convex hulls of surfaces de-
fined by quadratic equations and the symmetric cones, which can be represented
as cones of squares for formally real Jordan algebras. In the last section we draw
some conclusions and pose some questions for further research.



2 Riemannian geometry and Noether’s principle

In this section we present a short introduction to Riemannian geometry and briefly
describe Noether’s theorem, a concept stemming from Theoretical Mechanics and
dealing with symmetries of dynamic systems. We show how the infinitesimal
symmetries of a Riemannian manifold, which are described by so-called Killing
vector fields, generate invariants of its geodesic flow. This provides us with the
necessary apparatus to investigate the Riemannian metric induced by a barrier
function on a convex set with symmetries.

Riemannian geometry

In this subsection we provide the very basics of Riemannian geometry for further
reference. We introduce the metric tensor, the geodesic equation and look at co-
ordinate transformations. Detailed treatments of tensor algebra and Riemannian
geometry can be found e.g. in [11].

Let M be a differentiable manifold of dimension n.

Definition 1 A Riemannian metric on M is a symmetric covariant positive def-
inite tensor field g of second order, i.e. to any point x € M we have assigned a
positive definite quadratic form g(z) on the tangent space T, M :

g(z) : TyM X TyM — R, g(z) : (u,v) = g(z)[u,v] = g(z)[v, u].

We assume g(z) to be continuously differentiable with respect to x.

1

Fix a coordinate system z', ..., 2" on M, then g(z) is described by a symmet-

ric matrix with entries ¢, (2) dependingon z, u=1,...,n,v =1,...,n. Namely,
evaluating ¢(z) on the tangent vectors 5%, 525 € T, M, p,v € {1,...,n}, we ob-
tain

g 0
10 o 5| = 0).
This representation of g will change if we change the coordinate system. Let
y',...,y" be another coordinate system on M, y* = y*(z!,... 2"), and let 95 (y)
be the entries of the matrix representation of the tensor field ¢ in this coordinate

system. Using the relation % = Z=1 ng %, we get
) _ 0 Izt 0
ng(y(r)) - g(r)[ayp ay Zayp 8%“ Zay amy
ozt dz” dz\" Oz
= S @ =(5) w (5. )

w,v=1



Let 2(¢) be a continuously differentiable curve on M, ¢ € [ty,t1]. Its Rieman-
nian length is given by

l(to,lh):Z1\/5](»”6(10)[9‘0(%),9'6(10](1752/1 Y gula®)dn(t)ir(t) dr.

to =1

For any two points xzg, 21 € M that are sufficiently close there exists a unique arc
z(t) linking 2o, 21 which has minimal length. This arc obeys the Euler-Lagrange
equations for above functional. These can be rewritten as the following system
of differential equations,

. 1 u 89 v 89 Jg co e
7 - uh B Ba v Qs
Tt Bz-lg (c%ca T o T as ) T (4)

which are called the geodesic equations [11]. Here (¢g#%) is the inverse of the
matrix (g,3).

Noether’s theorem

In this subsection we show how a dynamical system is defined by a Lagrange func-
tion and how the symmetries of this function induce invariants of the dynamical
system. A detailed account on the underlying theory can be found in standard
books on Theoretical Mechanics [3].

Let M be a differentiable manifold and T M its tangent bundle, i.e. the set
of pairs (z,v), where x € M and v € T,M. Suppose L(z,v) is a continuously
differentiable function on TM.

Let zg, 21 € M be two points on M and let () be a continuously differentiable
curve on M, t € [to,t1], which links these two points, z(tg) = zo, z(t1) = 1. We
can define the following functional on the class of such curves:

L) = / ' L(e(r), #(r) dr.

to

It assigns to any such curve z(#) a real number.
A necessary condition for a curve z(t) to minimize the functional £ are the
Euler-Lagrange equations

) . d oL 0L
aL(m,m)_ prr T a—m_O. (5)



These equations form an implicit system of differential equations of second order.
In this way the function L, also called Lagrangian or Lagrange function, induces
a dynamical system on M.

Let now G be a Lie group acting on M such that
L(z,v)=L(G(z),DG(v)) Y GEeQG, (6)

where DG is the differential of the mapping GG. This means that the Lagrangian
L is invariant with respect to the action of G. Let g € g be an element of the Lie
algebra of G. Then we can associate the vector field

() = 5 p(0)llemo g

with g. Here for any £ € R the mapping exp(eg) is in G.
Inserting G = exp(eg) into (6) and differentiating with respect to ¢ at ¢ =0,

(L0 6} + (P40, D) =0, ©

Here DE,[v] is the derivative of £, in the direction v.
It is now easily checked that the quantity <%, &,) remains constant along the
trajectories of (5):

d /0L d (0L oL .
i(are) = (a(5) o)+ (57 o)
oL oL .

The same holds for the quantity L — <%, ac>

d(, oL NY_0b, 0L, d(oL\. dL.
dt 0:°")) 0" "0 @ \oz)" " 0"

These results are the subject of Noether’s theorem.

we obtain

Theorem 1 (Noether) Let the Lagrangian L(z, %) be invariant under the action
of the Lie group G. Then, for any element g € g of the Lie algebra of G, the
entity (%, &,) is preserved under the system dynamics defined by L. In addition,
the quantity L — <%, r> is preserved. O

This theorem is extremely important in Theoretical Physics, as it links sym-
metries of the Lagrangian, i.e. the underlying physivcal system, to invariants of

the system dynamics induced by this Lagrangian.



Remark. The first group of invariants can be interpreted as (generalized)
impulses, while the last invariant can be interpreted as energy. Theorem 1 is ac-
tually a special case of Noether’s theorem, which corresponds to a time-invariant
Lagrangian. The energy integral corresponds to the one-dimensional Lie group
of transformations ¢ — ¢ 4 const and exists independently of the presence of a
symmetry group G.

Noether’s theorem applied to Riemannian spaces

In this subsection we demonstrate how Noether’s theorem links the isometries
of a Riemannian manifold to the invariants of its geodesic flow. To this end we
define a Lagrange function which induces the geodesic flow. It turns out that by
definition it is invariant with respect to the isometry group of the Riemannian
manifold. The results of this subsection can be found e.g. in [4].

The geodesic flow of a Riemannian manifold M can be interpreted as dynam-
ical system with Lagrangian

L(a,v) = (@), 0) = 5 3 guvte”. 9)

Indeed, the reader will easily verify that inserting (9) into (5) yields (4). By
definition a mapping G : M — M is an isometry if it preserves the quadratic
form g, i.e. the quantity (9) for any vector v € T, M. Hence the Lagrangian (9)
is invariant under the action of the isometry group.

Let a be an element of the Lie algebra of the isometry group.

Definition 2 The corresponding vector field &, defined by (7) is called a Killing
vector field.

By Noether’s theorem, any Killing vector field £, induces an invariant
1, (757 *T) = Zguui#é‘g(m)
ny

of the geodesic flow. Here &% is the v-th component of the vector field &,.

In addition, we have the energy integral

oL . 1 -
b <%7m> T2 %}:gwmumu =-L.



Note that along a geodesic the quantity />_ , g a#a” = |5v|g(x) is nothing else
than the derivative of the length and thus equal to 1. Hence the energy integral
equals —%.

Let us summarize these results in the following lemma.

Lemma 1 Let M be a Riemannian manifold with metric g,,(z). Then the
quantity EW Gt = gl, 2] = 1 is an invariant of the geodesic flow. Let
G be the isometry group of M. Let a € g be an element of the Lie alge-
bra of G and let &, be the corresponding Killing vector field. Then the entity
Iy =32, 9”& (x) = g[2,&4] is an invariant of the geodesic flow on M. O

3 Application to the metric on convex sets

In this section we compute invariants of the geodesic flow on convex sets corre-
sponding to the symmetries of these sets. We investigate when a barrier function
is consistent with the automorphism group of the set. Specifically, the metric
induced by the universal barrier function is always invariant with respect to the
whole automorphism group. The universal barrier function is a barrier function
which is naturally linked to the convex set. A precise definition will be given later
on.

Let X be a convex set and F a barrier on it. Then the isometry group of

X, equipped with the Riemannian metric induced by F, consists of all diffeomor-
phisms G of X such that F"(z)[u,v] = F"(G(2))[DG(u), DG(v)] for all z € X
and for all w,v € T, X. This can be written as

F"(z) = (DG(2))"F"(G(2))(DG(z)) V€ X, (10)

where DG(z) is the Jacobian of G at z.

The results of the previous section furnish the following theorem.

Theorem 2 Let X be a convex set, equipped with a Riemannian metric induced
by a barrier . Then the quantity F"(z)[z,%] = 1 is an invariant of the geodesic
flow. Let G be the group of diffeomorphisms G' of X satisfying (10). Let g € g be
an element of the Lie algebra of G and let £, be the corresponding Killing vector
field on X. Then the entity I, = I (x)[&,&y] = (%,&) pr(z) is an invariant of the
geodesic flow on X. O

Remark. The convex structure of X is preserved only under affine transfor-
mations. Nevertheless, also nonlinear diffeomorphisms of X can induce invariants



of the geodesic flow, as long as they are isometries of the metric defined by F,
i.e. satisfy (10). In general, Riemannian geometry does not distinguish between
affine and nonlinear transformations. Therefore expressing the derivatives of the
barrier F’ in the invariant language of tensor algebra allows to extend the class of
allowable transformations also to nonlinear diffeomorphisms. Whether this will
reveal new properties of barrier functions and push forward the corresponding
optimization algorithms remains to be investigated.

Let us now focus on the group Aut(X) of affine diffeomorphisms of X. Let
G € Aut(X). Then the action of G can be described by an affine transformation
z+— Az +b and DG = A is a constant matrix. Note that under these conditions
we have %[F(G(m))] = AT P"(G(2)) A and therefore (10) simplifies to

02
da?

Hence G € Aut(X) satisfies (10) if and only if the difference F(G(z)) — F(z) is
an affine function of z, i.e. there exists a vector o and a constant 8 such that
P(G(2)) - F(z) = (a,3) + 5.

Here the quantities «, 5 depend on G € Aut(X), or, equivalently, on the pair
(A, b) representing the automorphism G. Let G,Gy € AutX be represented by
the pairs (Ay, by), (Ag, by), respectively. It is then easily checked that a(G30G,) =
a(G1) + Af a(Ga), B(G2 0 G1) = B(G1) + B(G2) + (a(G2), br).

One can also consider the infinitesimal condition of invariance. Let g be an
element of the Lie algebra of AutX. Then the corresponding vector field , is an

[F(G(z)) - F(z)] =0 Yz e€X. (11)

affine function of z, i.e. there exist a matrix A and a vector b such that &;(z) =
Az +b. In this setting (8) transforms to F"'[v, v, Az + b] 4+ 2(F"[v], Av) = 0 for
all z € X,v € T, X, which is equivalent to the system

F"A =0, F"[b]+F'A+ATF" =0. (12)
Let us summarize these results in the following lemma.

Lemma 2 An affine diffeomorphism G of X belongs to the isometry group of
the Riemannian space X if and only if it satisfies (11). An element g of the Lie
algebra of AutX, represented by the pair (A, b), belongs to the Lie algebra of the
isometry group of X if and only if it satisfies system (12). O

Convex sets X with a nontrivial Lie algebra of the automorphism group are
relatively common. Examples include

e Spheres



e Lorentz cones

e Rays, lines

e Cones

e Parabolic sets {(y,z) |y > (z,2)}

e Hyperbolic sets {(y,z) |y > 0, y* > |z|* + 1}

e Cones of positive semidefinite matrices

e Sets which contain the previous ones as a factor

o Affine images of the previous sets

Usually these sets are equipped with barrier functions that are consistent with
the whole automorphism group. This property is guaranteed for the universal
barrier function.

Definition 3 (Nesterov, Nemirovski [6]) Let X C R" be a convex set. Forz € X
define the polar set of X centered at x by X*(z) ={y e R"|(z —2,y) <1Vz €
X}. Then the function F(z) =log Vol,(X*(z)), where Vol, denotes the volume
in R™, is called the universal barrier function of X.

Lemma 3 Let X be a convex set and I its universal barrier function. Then the
group Aut X of affine diffeomorphisms of X is contained in the isometry group of
X, considered as Riemannian space equipped with the metric induced by F.

Proof. The lemma follows from the fact that every affine diffeomorphism G of
X can be extended to a linear automorphism A of the cone C fitted to X. If A is
a linear automorphism of a convex cone C', then for the universal barrier function
F of the cone we have F'(Az) — F'(z) = —In|det A| = const for all z € C [10].
Hence we have also F'(Gz) — F(z) = —In|det A| = const for all z € X. Here A
is the linear part of G. O

It becomes evident that Theorem 2 applies to a rich class of convex sets
and barrier functions on them, including the standard cones equipped with the
standard barrier functions used in Mathematical Programming. The applications
of Theorem 2 reach far beyond obtaining first integrals of the geodesic equations
for lowering their dimension. The theorem allows to find geodesic submanifolds
of X and thus to obtain a picture of the geometric configuration of the geodesics.
One can then identify lower-dimensional convex sets which are embedded in X
together with the structure induced by their own barriers.



4 Convex hulls of second order algebraic varieties

In this section we consider three convex sets with an especially rich symmetry
group, namely the convex hulls of a sphere, a paraboloid and a hyperboloid.
It turns out that for these sets the apparatus developed above yields enough
invariants of the geodesic flow to completely integrate the geodesic equations and
to obtain explicit formulae for the geodesics. Moreover, it allows to identify rich
families of geodesic submanifolds of different dimensions. The geodesic equations
for the two-dimensional parabolic set were found in [8].

Two-dimensional case

Before passing to the above-mentioned sets in n dimensions, let us consider their
2-dimensional prototypes, namely the convex sets

D = {(z,y)|2*+y* <1},
P = {(z,y)|y—=2*>0}
H = {(z,y)|z,y>0, zy > 1}

with the respective barriers

Fp = —In(=2*—y*+1),
Fp o= —I(y-a?),
Frp = —In(zy—1)
and Hessians
o 1 2(1+ z? — y?) dzy
b (1— 22 — y?)2 dzy 21— 22 +y?%) )’

)
"o
Fp = (y — 2?%)? ( -2z 1

"o
Iy =

Let us perform a nonlinar coordinate transformation and introduce the coor-

dinates
@q = arctani rg = +/r%+y?,
Yp = T 'p = Y— $27
ep = Ini r, = zy—1

10



on D, P, H respectively. By (3), in these coordinates the metric on D, P, H takes
the form

2r2
1_% 0 % 0 1 R+ 1 0
94 = 0 2014r2) |0 9 = 0o L |+ 9= ﬂ 0 rpt2 )

7"12) Th(Th-I-l)

respectively.

Thus in all three cases the metric tensor is diagonal and depends only on
one of the two coordinates. Let us investigate the geodesic flow for a general
2-dimensional Riemannian manifold with a metric of this type. Suppose the
manifold is parameterized by the coordinates ¢,r and the components of the
metric are given by

Gop = gnpap(r)v 9o =0,  grr = grr (T‘)
Let us apply Lemma 1. The energy integral yields
N2 N2
grr(1)" 4 gop(9)” = 1.

In addition we have a one-dimensional isometry group consisting of transforma-
tions ¢ +— ¢ + const. This group yields the invariant

gwapﬁb = ¢,

which can physically be interpreted as momentum.
Combining, we obtain

_ 2 d d
P =sgn(i) [ 222 = == = sgn() —gw_ng, =2 = sgn(f)e #,
JeeGrr dr Yoo —¢* dr Jop = CGop

where s parameterizes the length of the geodesic. Finally we have

) = sen) [ mi)f(cﬁ;)dp—h‘i(ro),

Plr) = Sgn(ﬁ)c[ \/92 (pfi(§2¢¢(p) dp + ¢ (ro).

If we insert the expressions for g,,, g, for the three considered cases and
resolve the appearing integrals, we obtain the following results.

11



The disc D
On the disc DD we obtain a special family of radial geodesics for ¢ = 0, namely
4 = const,

14+rg+V2 1—}—rd 1+ 1472 —rg
rd+£l | +5(0).

s(rq) = sgn(rq) |In
—rd+\f\/1+rd I=rqa = 2 14+r2+rg

These are exactly those geodesics which pass through the centre of the disc. For
¢ # 0 we obtain

sgn(cr 1 12
wa(ry) = g é ) In \/1—}— )pz—l)
c%—l_1 \/ c2 +1
-1
+ arctan te L ‘|‘<Pd(7°0)-

Ja+p)(E+102 - 1)

0

These geodesics cannot pass through the centre. Moreover, it is easy to check that
(g is monotone and 7y = 0 yields #; > 0. Hence any of these geodesics consists
of two branches, where 7y > 0 and 7y < 0, respectively. At the junction of these
branches r; reaches a unique minimum on the given geodesic. Let us put r¢ equal

2
to this minimum. Then we have 74(rg) = 0, which yields ¢ = sgn(¢q) 12_:‘32.
0

Inserting, we obtain

1 ra N
sgn(Fqpa) g~ To 25 +2\/(1+rd)(rg 1)

palra) = =57 roln Ly !
ro
7‘2 1
i)
+ arctan - + 5 + wa(ro),
r
Ja+rE -
7'§+1 r?i+1 + 2
5(ra) = . 1-— 7’0 I ri=rg ri=rg 1-r§
d) = sgn(rq) 1 1 + s(ro).
rd+ > + 1 T2d+ T — 1 2 p)
7" —7" Td—TO —TO

In any case, for ry — 1 the length of the geodesic tends to infinity.

12
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Figure 1: Geodesics on the disc D

The parabolic set P

On the parabolic set P the special family of geodesics corresponding to ¢ = 0 is
given by |
T = const, y(s) = x2 + (y(O) _ x2)659”(y)s.

These are vertical lines whose length tends to infinity as they approach the bound-
ary of P or escape to y — +o00. For ¢ # 0 we obtain

J(z) = 36— 50)(a -+ 320) + Zsgn(i) (2 = a0}y 1 = 5 ula0) = 53) + (o).

Thus the geodesics are parabolas given by y(z) = %902 + ax + b, where a,b are
constants. If such a parabola intersects P, then it intersects the boundary of P
in two points. At these points we have r, = 0. Moreover, r,(z) = —%932 +ax +b.
Therefore r,(z) reaches a unique maximum on any such geodesic. This maximum
is given by rmax = %2 With this notation we obtain

VA
s(rp) = sgn(ry) In + 3(rmax)-
1 + 1 - 7‘1:17;)(

13



This formula allows us to compute explicitly the length of a geodesic linking two
points (z1,y1), (z2,y2) € P. We have

HQ(leryz) (z1422)> + v 21 +y2) — (21422)?)? — 16(11 —23) (y2—23)

2(y1+ys) = (21422)? = /(2(y1+y2) — (214 22)?)? — 16(y1 —27) (y2—23)

[2(y1+y2)—($1+$2)2+\/(2(91+y2) (z1+ag)?) —]6(3/1—901)(3:/2—55%)}
16(y1 — 27)(y2 — 3)

If one of the points tends to the boundary of P, then the length of the geodesic
arc tends to infinity.

= In

The hyperbolic set H

Finally, resolving the integrals for the hyperbolic set H, we obtain

—t 1y, t2=i@1] ) ) 1
ln 1+1‘ - 2—4c21 o 4c2+1:| t(ro) | <y
: [ 1=1 1 1-n/a=azz | Hrn) 1 2 1
s(ra) = s(ro)+sgn(iy) _ln 1 aE ! 1+4/2—4c2 ]t(ro) ’ 3 <t s,
VOV T I ERY
[ t(r
3t s arCtan(t\/élc—_)}tEr:)) >

where ¢t = %. For ¢? < 1 the function rj(s) is monotone. For ¢? > 1
1 1

we have rp, = 0 at rj, = CE SET
also have 7, < 0. Hence rj, assumes a unique maximum on geodesics with ¢2 > %
and these geodesics consist of two branches with different signs of 7.

Computing ¢, as function of rp and lumping the constants of integration
together, we obtain

It can be easily checked that for r, = we

: 1
cy = (Vl—}—a@y—sgn(ﬁhc))659”(’”’1“)V1"'””?/7 2= 5;
1 1
T = const, c = 5; Yy = const, c= _5;
and
VI1H(1=2¢2)r—\/2¢\/7F2 o3 m\/ﬁ+\/7
1“%"'“_1:6 2l V1+(=22)r+V2e/r 2 V220 lm\/ﬁ Vi+(-
sgn(rp) 1, V2e/r¥2-/1+(1=28%)r 9 /3 [ix(-2)r
¢ In V2o /rt24/1+(1=2e2)r V221 arctan (r+2)(2¢2-1)

14



if ¢ € (0,3)U(%, 1) or ¢ > 4 respectively. Hence we have two types of geodesics.

10 u T

Figure 2: Geodesics on the hyperbolic set H

For ¢% < % the geodesics tend on one end to the boundary of H and on the other
end to infinity. For ¢ > ]5 the geodesics tend with both ends to the boundary
of H. The geodesics with ¢? = % separate these two types. In Figure 2 they are
drawn as dashed lines. All geodesics have infinite length on both sides.

15



Multidimensional case

In this subsection we show that any geodesic on the (n + 1)-dimensional analogs
of the sets D, P, H can be embedded in a two-dimensional affine geodesic sub-
manifold, which is isomorphic to D, P, H, respectively. Thus the solution for the
two-dimensional case given in the previous subsections is sufficient to integrate
the geodesic flow on the multi-dimensional bodies.

Let us consider the convex hull of the n-dimensional sphere, D"*! = {2 ¢
R | |z] < 1}.

Lemma 4 For any geodesic on D" equipped with the barrier F(z) = —In(1 —
|z|?), there exists a 2-dimensional linear subspace of R™1 which contains this
geodesic.

Proof. 1t is easy to check that the Hessian of the barrier F' is given by

21 xxT
Fz) = 2 4y :
®) = T T = e

Let us consider the isometry group of D"t! equipped with the corresponding
metric. It is the orthogonal group O™*!. The Lie algebra of this group is given
by the space of skew-symmetric (n+1) x (n+1) matrices. Let A be an element of
this Lie algebra. The corresponding Killing vector field is given by £4(z) = Ax.
This yields the invariant

Is= :bTF"(ac)Am = (:w'vTF"(m), A).

Since we can plug in any skew-symmetric matrix A, we obtain the matrix-valued

invariant

T T

1

1= 5@ 1" (z) - 1"iaT) = i

1= [z]?
Consider a point 2 in DD and a geodesic with velocity & going through this
point. These define the vector-valued quantities #, . Now let us consider z

as a point in the Euclidean space R**!. By the canonical structure of R**!, the

components of the quantities #, % define two cotangent vectors at x. Now

the (ij)-th component of I is given by

(), 0~ () @

This means that the components of I form exactly the outer product of these
two cotangent vectors, which is a 2-form. With a slight abuse of notation we can
hence write I = ﬁ AT,
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Now let us consider two cases.

i) Suppose that I = 0 on the considered geodesic. Then at any point of
the geodesic the vectors z and & are linearly dependent. Since we have & # 0
everywhere, this means that the geodesic is part of a line going through the origin,
i.e. it can be embedded in a linear subspace of dimension 1.

ii) Suppose I # 0 on the considered geodesic. Then at any point of the
geodesic the form ﬁ A & remains constant along the geodesic. Therefore

the vectors z and @ span the same two-dimensional linear subspace of R**! at
any point of the considered geodesic. It follows that the geodesic is completely
contained in this subspace, which completes the proof. O

Clearly the intersection of D"*! with any two-dimensional linear subspace is
isomorphic to ). As a by-product we obtain a family of geodesic submanifolds
described by the following lemma.

Lemma 5 7The intersection of D" with any linear subspace of R™"*! is a geo-
desic submanifold of D"t'. This submanifold is isometric to D*, where k is the
dimension of the linear subspace. O

Let us consider the convex hull of the n-dimensional paraboloid, P**t1 =
{(z,y) eR" xRy > [x|"}.

Lemma 6 For any geodesic on P"Y, equipped with the barrier F'(z,y) = — In(y—
|z|*), there exists a 2-dimensional affine subspace of R™' which contains this
geodesic and is isomorphic to P.

Proof. The Hessian of the barrier F' is given by

1" I a2 !
F(w,y)—(y_|m|2)2(_2$T 1 >+y_|x|2( 0 0>.

We shall investigate the isometry group of P"*! equipped with the corre-
sponding metric. First we derive the automorphism group of P*+1!,

Let  — agy 4+ Az + b, y — aoy + aTz + by, ap, by € R, ay,ay,b € R”,
A € R™ " be an affine transformation of R**! = R™ x R. It is easy to check
that it preserves P™*' if and only if ag > 0, ay = 0, ATA = agl,,, a; = 2A7b,
bo = bTb. Hence the automorphism group of P"t' has M + 1 dimensions.
For any such automorphism G we have

F(G(z,y)) = — In(agy + 26T Az + b1 — | Az 4 b|*) = —1In(ag) + F(2,y).

Therefore G satisfies (11) and is an isometry of P**1. Hence AutP"*! is contained
in the isometry group of P!,
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The Lie algebra of AutP"*! consists of all affine transformations z — Az +b,

y — agy + 2672 such that A + AT = 2aqI,. The corresponding Killing vector

fields are given by &, a5(z,y) = (Az + b,aoy + 2b67z). The elements of the

Lie algebra given by (ag, A,b) = (1,%171,0), (ap, A,b) = (0,5,0), S any skew-
symmetric matrix, and (ag, 4,b) = (0,0, b) yield the invariants

1 T 2 T . T) 2

|2(y'—;fc z), y_|$|2(mx —zx'),

_ i
y— |z |2

y—le
of the geodesic flow on P!, Let now ¢ € R™ be an arbitrary constant vector.
Combining the last two invariants appropriately, we obtain the new invariant
I.= ﬁ((m —c)iT — @z —o)T.

Let now z(s) be a geodesic and let 2o = 2(0) be a point on this geodesic.
If we set ¢ = =z, then the invariant I, is zero at z(0) and hence is zero at any
point on the considered geodesic. It follows that the vectors ¢ and =z — 2y are
linearly dependent everywhere on this geodesic. But then z(s) — zo lies in a 1-
dimensional linear subspace of R"™. Hence the geodesic can be embedded in an
at most 2-dimensional affine subspace with offset (z¢,0), spanned by the vectors
(£(0),0) and (0,1).

It remains to show that the intersection of P! with an affine subspace with
offset (z¢,0) and spanned by the vectors (v,0), (0, 1), v # 0, is isomorphic to the
two-dimensional parabolic set P. Indeed, the intersection is given by the set of
points P = {(z,y) |y > |z|*, Ja € R: z = zo + av}. We can introduce the
coordinates & = (a — ag)|v], § =y — |20 + agv|? on P, where ay = —TST—;. Then
we have P = {(2,7) |9 > %%} and F(&,§) = —In(§ — &%). Hence P is an affine
image of P and the restriction of the barrier F = —In(y — |z|?) to P coincides
with the barrier induced by the canonical barrier on P. This completes the proof.
O

We obtain the following lemma on geodesic submanifolds of P*1,

Lemma 7 The intersection of P"t! with any affine subspace of R™*! contain-
ing a line of the form {(z,y) |z = const, y € R} is a geodesic submanifold of
P This submanifold is isometric to P*, where k is the dimension of the affine
subspace. O

Let us consider the convex hull of the n-dimensional hyperboloid, H"+! =
{(z,y) eR" xR |y >0, y* > [z|* +1}.

Lemma 8 For any geodesic on the set H™' | equipped with the barrier F(z,y) =
—In(y? — |z|* = 1), there exists a 2-dimensional linear subspace of R"* which
contains this geodesic and is isomorphic to H .
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Proof. The Hessian of the barrier F’ is given by

4 zaT  —yz 2 L, 0
Ja — _ n .
o= (e ) (50

Let us investigate the isometry group of H”*! equipped with the correspond-
ing metric. First we derive the automorphism group of H"*!,

Let y — agy+al z4by, x — agy+Az+b, ag,by € R, ay,ay,b € R*, A € R**"
be an affine transformation of R®T1. It is easy to check that it preserves H"+!
if and only if ag > |ag|, (ag — |ag|*) I, + aral = AT A, a2 — |aq|* + b3 — bTb = 1,
apa; = ATay, aghy = agb, boa; = ATb. It follows that A must be regular since
AT A » (ak — |a2|?)I. By combining the other equalities we obtain by = b = 0,
ay = s=ATay, af — |agf* =1, ATA - ;—SATQQQZTA =1.

Hence the automorphism group of H"t! consists only of linear mappings and

has % dimensions. For any such automorphism G we have

F(G(z,y) = —In(ady®+ 2apyal 242" ayal 2 —y?|ay]? — 2yal Az —2T AT Az — 1)
= —In(y* = [2]” = 1) = F(z,y).

Therefore G satisfies (11) and is an isometry of H"*!.

It is readily seen that the Lie algebra of Aut H"T! consists of all linear trans-
formations of R x R given by z + ay + Az, y — a’z, where A = —A" is any
skew-symmetric matrix and ¢ € R" is any vector. The Killing vector fields cor-
responding to @ and A are given by &, (z,y) = (ay,a’z) and &4(z,y) = (Az,0).
They yield the invariants

2 T T)

2 . . . .
ﬁ(_y:p+y$)’ m(mm — I

y? — |z

of the geodesic flow on H”*!. Combining these invariants, we get that the 2-form

=1 (3)2(5)

remains constant along any geodesic. Here the wedge product should be inter-
preted in the same way as indicated in the previous subsection. By a reasoning
similar to that in the proof of Lemma 4 we have that the geodesic is completely
contained in the at most 2-dimensional linear subspace spanned by the vectors
(2(0), y(0)) and ((0), §(0)).

It remains to show that the intersection of H"*! with any 2-dimensional linear
subspace is isomorphic to the two-dimensional hyperbolic set H. Indeed, let H
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be a non-empty intersection of H”*! with a 2-dimensional linear subspace. Then
there exists a vector (z,y) € H with y > 0, y2 > |z|> + 1. Tt follows that we
can choose a basis {(z1,1), (z2,y2)} of the linear subspace generating H such
that without restriction of generality y; = 0, yo > 0, |21|*> = 1, 2l2z; = 0,

ys — |z2|*> = 1. We can then represent H as H = {(z,y)|3a,8 € R: (z,y) =

a(zi,y) + Bz, y2),y > 0,4° = |2* > 1} = {(z,y) = a(zr, 1) + B(z2,92) [ B >
0,32 — a? > 1}. The restriction of the barrier /" to H is given by

F(z,y) = —In((ays + By2)* — |azy + Baa|* = 1) = —In(B* — o® — 1).

Note that the 2-dimensional hyperbolic set H can be represented as the set of
points H = {(a,8) | 8> 0,3% — a? > 1} with barrier —In(8%* — a* — 1). Thus H
is isometric to H. This completes the proof. O

We obtain the following lemma on geodesic submanifolds of H"t!.

Lemma 9 The intersection of H™! with any linear subspace of Rt is a geo-
desic submanifold of H™*'. This submanifold is isometric to H*, where k is the
dimension of the linear subspace. O

5 Symmetric cones

In this section we apply the results obtained in Section 3 to the standard sym-
metric cones used in Mathematical Programming. These cones have a symmetry
group rich enough to allow a complete integration of the geodesic flow. In addi-
tion, we consider a general symmetric cone generated by a formally real Jordan
algebra. The geodesic flow on the cone of squares of a formally real Jordan al-
gebra can also be integrated departing from the structure of the Jordan algebra.
A complete derivation was recently performed by Michel Baes. The geodesics
on the standard symmetric cones were also computed in [8]. Departing from the
structure of the Jordan algebra one can also find geodesic submanifolds of sym-
metric cones corresponding to sets of elements with the same Jordan frame, as
was also shown by M. Baes [1].

Cone of positive semidefinite matrices

Consider the cone ST = {X € Sym(n)| X > 0} of positive semidefinite matrices
with the standard barrier function F'(X) = —In|X|. The symmetry group of this
cone is isomorphic to G = GL(n) and acts as X — STXS for any S € GL(n).
The Lie algebra of this group is the space of all n X n matrices, g = M(n,n).
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The Killing field £4(X) = XA + AT X corresponding to a matrix A € M(n,n)
generates the invariant

*r i
. " T vo_ -1 -1 ) T
i = e X XA+ ATX)Y = (XTI XX XA+ ATX)

= 2(XX~1 A).
Since we can plug in any A, we have the following lemma.
Lemma 10 The matriz X X' is constant on any geodesic of the metric defined

by the barrier F(X) = —In|X| on the positive semidefinite cone. O

This allows us to integrate the geodesic equations. We obtain
X (s) = exp(X(0)X~1(0)s) X (0)

with s being the parameter of the length.

Positive orthant

Consider the positive orthant R? = {z|z; > 0} with the standard barrier func-
tion F = =) Inz;. Its symmetry group is given by § = R7} and acts like
c€ RY} :x; = ¢w;. It is easily seen that these transformations satisfy (11) and
are also isometries. The Lie algebra of this group is g = R", the Killing vector
field corresponding to a € R" is {.(z) = vec(a;z;). This yields the invariants
[a, = 22 aii—:.

Since we can plug in any a, we get that ;—: is constant on any geodesic for any
i. This allows to integrate the geodesic flow completely. Let z(s) be a geodesic, let

the invariant £ have the value ¢; on this geodesic. Then we have z;(s) = z;(0)e%.

Lorentz cone

Consider the Lorentz cone L, = {(t,7) € R x R"™" |t > |z|} with the standard
barrier function F(t,z) = —In(t* — %). Its symmetry group is given by

T
_ _ [ uo uy | 0 _ 1 0
g_{U_(u2 U)|EIC>O.U (0 _n_l)U_c<0 _n_l)}.

and acts like
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The Lie algebra of this group is given by

T
g:{A: ( O;? Oj4 ) |2a0[n_1:A+AT}.

The corresponding Killing fields are

B t - agt + olz
§A(t7x)_A(x)_( ta+ Ax )
Hence we obtain the general invariant

2 .
Ia = 55— (ot - fa"z — 200"z + ta” i + 27 Az).

Writing this in matrix form, we obtain the invariants

P e . L et N e A
Ty 2T g ST e g
The first two invariants can be joined to a skew-symmetric matrix which defines
a 2-form, in the same way as explained above. Let us summarize this in the
Lemma 11 The 2-form

following lemma.
1 t ¢
o=mmm (1) ()
tt—iTx

and the scalar =375 are constant on any geodesic of the metric defined by the
barrier F'(X) = —In(t* — 2?) on the Lorentz cone. O
These invariants allow us to integrate the geodesic flow on the Lorentz cone.

The invariance of the 2-form €2 implies that the intersection of the Lorentz cone
with any one-dimensional or two-dimensional linear subspace is a geodesic sub-

manifold. But these intersections are easily shown to be isometric to the positive
orthant in R or R?. Hence the geodesic flow on the Lorentz cone reduces to the
geodesic flow on these orthants.

Cone of squares of a general Jordan algebra

A well studied object which is of great interest in Convex Optimization is the cone
of squares of a formally real Jordan algebra, which possesses many advantageous
properties. Details on the theory of Jordan algebras and its cones of squares can
be found in [2]. In this section we provide brief definitions of a Jordan algebra and
associated objects. We single out a subgroup of the automorphism group of the
cone of squares which furnishes invariants with an especially compact description.
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Definition 4 A commutative algebra A is called Jordan algebra if for any ele-
ments z,y € A we have z*(zy) = z(z%y).

To any z € A we can associate linear mappings L., (). defined by
L.z = zz, Q.r = 2z(zz) — 22 Ve A

A special subclass of Jordan algebras is constituted by the formally real Jordan
algebras. The cone K = {2?|z € A} of squares of a formally real Jordan algebra
is a convex set, which can be equipped with the standard barrier function F(z?) =
—Indetz2. The determinant of an element of a formally real Jordan algebra is
well-defined. A definition can be found e.g. in [2]. The cones of squares of formally
real Jordan algebras comprise all previous examples of this section.

A classical result [2] characterizes the automorphism group AutK of the cone
K as follows. Any linear diffeomorphism of the cone of squares K of a formally real
Jordan algebra A can be decomposed into a product of the quadratic mapping @,
for some z € A and an automorphism of A. Moreover, any linear diffeomorphism
of K is an isometry of K if K is considered as Riemannian manifold equipped with
the metric induced by F.

Corollary 1 The Lie algebra of the isometry group of K is the product of the Lie
algebra of the automorphism group of A and the linear space {L,|a € A}. O

The element L, of the Lie algebra generates the Killing vector field &,(z) = ax
and the invariant )
0O°F
— S e\
1, = Dot (az)”.
These invariants can be joined into the vector valued invariant
o*r
_ T
Lemma 12 Let K be the cone of squares of a formally real Jordan algebra A
equipped with the barrier function I'(z?) = —Indeta?. Let L, be the matriz of

TI2F
82L

the linear operator z — zz, x,z € A. Then the vector & « 18 an invariant

of the geodesic flow on K. O

6 Conclusions

In this contribution we have shown how to exploit the symmetries of a convex set
and its barrier function for obtaining information about the geodesic flow on this
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set. Namely, when considering the geodesic equations as Hamiltonian dynamical
system, the theorem of Noether furnishes an invariant of this system from any
element of the Lie algebra of its isometry group. These invariants allow to lower
the dimension of the geodesic equations by passing to geodesic submanifolds.

We have computed these invariants for several special convex sets, namely
the convex hull of a sphere, a paraboloid and a hyperboloid and for the standard
symmetric cones. All these sets have a rich symmetry group which allows to
completely integrate the geodesic flow.

In order to yield an invariant of the geodesic flow it is necessary for a symmetry
group of a convex set to be consistent with the barrier function on this set. It is a
nearly trivial fact that the universal barrier function of a convex set is consistent
with the full automorphism group of this set. Hence the geodesic flow generated
by the universal barrier function enjoys the full set of invariants.

Open questions for further research would be the following. Let a convex
set be given. Is the infimum of the self-concordance parameter over all barrier
functions on this set equal to the infimum over those barrier functions which are
consistent with the symmetry group of the set? Given a barrier function on a
convex set with self-concordance parameter v, does there exist and how to obtain
a barrier function with self-concordance parameter v that is consistent with the
symmetry group of the set?
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