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Abstract

In the present paper we study the efficiency properties of com-
petitive equilibria in economies with hidden action and multiple
goods. We borrow the description of the economy from Lisboa
[3] and we apply a method of proof close in spirit to the one used
in the literature on incomplete financial markets economies. We
are then able to show that Lisboa’s original result of constrained
efficiency rests crucially on the assumption of separable prefer-
ences and on the structure of uncertainty.

Keywords: hidden action, separable preferences, constrained efficiency.

JEL Classification: D52, D61, D82.

1 Introduction

In the present paper we study the efficiency properties of competitive equi-
libria in a pure exchange economy with idiosyncratic uncertainty, multiple
goods and hidden action. The economy last two periods, today and tomor-
row. Tomorrow, each individual can be in one out of two idiosyncratic states
and we assume that the uncertainty affects the endowments only. The prob-
ability of being in one state is affected by an hidden action chosen by each
consumer today.
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Consumers are risk averse. Today they are offered insurance contracts by
a couple of perfectly competitive intermediaries. The action chosen by con-
sumer is affected by the level of utility they can achieve tomorrow, which
in turn depends on the insurance contracts offered and the prices arising in
the spot markets for goods.

Intermediaries know the consumers’ preferences and their ex ante distribu-
tion of endowments. Yet, they take prices as given. They can anticipate the
choice of action made by consumers, but they can only take into account its
dependence on offered contracts.

Because of the hidden action, the economy is characterized by asymmetric
information. The functioning of financial markets is then affected in a way
which may conflict with efficiency. Indeed, from the literature on incomplete
financial markets, we know that a planner’s intervention can have impor-
tant welfare effects, even when it has to take into account imperfections in
the existing markets. This result hinges crucially on the possibility for the
planner to take into account those price effects that are ignored by mar-
kets participants. The presence of multiple consumption goods is then a
necessary condition for the result.

In the economy discussed here markets are indeed incomplete because of
the hidden action and there are multiple consumption goods. In spite of
this, competitive equilibria are constrained efficient, as shown in the original
work of Lisboa [3], where it is suggested that this result follows from the
assumption of endogenous asset structure, as opposed to the exogenous asset
structure commonly assumed in models with incomplete financial markets.

In the present paper we propose a different interpretation of the original re-
sult of Lisboa [3]. We use a proof close in spirit to the one developed in the
literature on incomplete financial markets and we find indeed that no plan-
ner’s intervention can improve upon a competitive equilibrium. We make
clear that this result follows because price effects induced by the planner’s
intervention are neutralized. The wealth effects, as it is well known, are then
insufficient to induce a welfare improvement. What is more important, the
proof we propose highlights the crucial role of the assumption on consumers’
preferences in obtaining the result, as opposed to the role of the endogenous
market structure.

The paper is organized as follows. In section 2 we introduce the main char-
acteristics of the economy. In section 3 we describe the insurance market.
In section 4 we study the consumer’s choice problem. In section 5 we de-
fine the equilibrium concept. All the content of these sections is borrowed
from Lisboa [3]. Finally in section 6 we propose our original proof of the
constrained efficiency of competitive equilibria and we comment on the new
insights resulting from the analysis.



2 The economy

Let us assume a pure exchange economy with multiple goods and idiosyn-
cratic uncertainty populated with a large number N of consumers all ex
ante equal.! The economy last two periods, t = 0, 1. There is no consump-
tion nor endowments in the first period. In the second period uncertainty
is resolved and each consumer will then be in a state s € S = {1,2}. Un-
certainty affects only the individual endowments e; and not the preferences.
In particular, we assume that state-contingent endowments are es; € REF I,
with e; >> eo. State s = 1 hence qualifies as the good state.

Let w5 be the probability of being in state s at t = 1. As we assume N to
be large, we make appeal to the law of large numbers to conclude that at
t = 1 a share 7, of consumers will be in state s. It is then possible to make
use of expected feasibility constraints: for an allocation z = (z1,x2) to be
feasible it is required that

711(371 — 61) + 7T2(x2 — 62) =0,

where z, € RIJF 4. Notice that the above condition implies that there is no
aggregate uncertainty.

In order to capture the effect of the hidden action on the contractual rela-
tionship between the insurance companies and the consumers, we assume
that probabilities of idiosyncratic states are not fixed, but can be altered
by an action chosen by consumers in a given set A. The action is not ob-
servable by any agent but the one who chooses it. Information is therefore
asymmetric.2 The action set is A = [0, 1] and the probability of state s is
given by 74(a) : A — (0, 1), a function satisfying the following?

Assumption 1 : 9,7 >0 > 9%r.

Notice that S = {1,2} implies 9,m = —0,m2. Therefore in the rest of the
paper we use the notation 9,7, where it is understood that 0,7 := OJ,71.
Since 0,7 > 0, choosing an higher level of action therefore increases the
probability of state 1, but this is costly: the utility function of a consumer
who chooses a bundle z = (z1,22) and an action a is

v(z,a) := mi(a) u(z) + m(a) u(z2) — c(a),

!Thanks to this assumption, all consumers will behave in the same way. Therefore we
omit any index on the consumers’ choice variables.

2This is a standard way to model the analysis of hidden action, following the tradition
of insurance economics. It is not the only possible: one could assume that probabilities
are fixed and outcomes depend on the action chosen. See e.g. Marshall [6] for an analysis
of the different formalizations.

5We let 0,g(n,m) and 82g(n,m) be, respectively, the first and the second derivative
of g with respect to n.



where the function c(a) : A — R4 measures the cost of choosing a given
action. It is assumed to satisfy the following

Assumption 2 : 9,c(0) =0, d,c,0%¢ > 0.

Notice that the utility function v is assumed to be separable in the action,
in the sense that, for a given bundle z, the expected benefit and the cost
of a are additively separable. This is a strong hypothesis, which drastically
simplifies the analysis of the consumer’s problem, for it implies that the
choice of consumption bundles and action are not interrelated. Finally, we
assume that the function u : RI; 4 — R satisfies the following

Assumption 3 : u is continuous on Ri and C* on ]RIJr+ and it satisfies
o {2/ eRY |u(z)) > u(zs)} CRY,,
o Vu(zs) e RY,
e h'D?u(xs)h < 0 for every h # 0 such that Vu(zs)h =0,

for each x4 € ]R&__P

3 Insurance Markets

At date t = 0, before idiosyncratic uncertainty resolves, consumers can sign
a contract with an insurance company, fully committing to pay an amount
Ts < 0 (respectively, to receive an amount 7, > 0) if and only if state s
obtains tomorrow. Contracts allow to transfer purchasing power from one
idiosyncratic state to another. The role of a contract is indeed analogous to
that of contingent commodities or securities with payoffs conditional on the
idiosyncratic state, but there are conceptual differences.

Given a single contract 7 = (71, 72), terms of exchange of income are defined
implicity: 7o/7 is the relative price of income for that single contract. More
generally, a contract can be of the form 7 = (71 (72), 72), where the function
T1(72) specifies the units of income that consumers have to give up in state
1 to get 7o units of income in state 2. This interpretation implies that m
is a positive number and 71(72) a negative number. If 7(72) is linear, e.g.
T1(12) = —fP19, with 8 > 0, then the relative price of income is constant
for any level of 9. If the consumer is just given the price 7i(72) from
an insurance company, then the market structure is analogous to one with
contingent commodities or securities, with possibly non-linear prices. If the
consumer can only choose a contract offered by the insurance company, as we
assume, then the specification of an admissible set of contracts does suffice.

In the rest of the paper, we will maintain the following assumptions about
the characteristics of the insurance market:



Assumption 4 (Exclusivity) : each consumer can accept only one contract.

Assumption 5 (Full commitment) : contracts are honored by consumers
and insurance companies.

Assumption 6 (Commonknowledge) : at t = 0, preferences and endow-
ments of consumers are known by all market participants; in particular they
are known by the insurance companies.

Suppose two intermediaries, o and (3, compete in offering insurance con-
tracts to consumers before the resolution of uncertainty. As each insurance
company can always offer no contract and make zero profits, it will never
offer a contract that does not at least break even. Since assumptions 4,
5 and 6 imply that the intermediaries can anticipate the choices made by
consumers, and that they can calculate the function a(7), it is reasonable
to assume that they will use this information to identify the set of contracts
guaranteeing non-negative profits. It follows that the set of admissible con-
tracts is
T = {(11,7) € R?|m1(a) 11 + ma(a) 7 < 0} .4

4 Consumers’ problem

At t = 0, consumers choose a contract 7 among those offered by the insur-
ance companies. After signing the contract, they choose the action a. At
t = 1, they choose a bundle of goods, given prices p € R{; . and income
p-es + Ts. Since preferences are separable across idiosyncratic states and in
the cost of action, it is possible to solve the consumers’ problem stepping
backwards from ¢ = 1.

In the first step, taking prices p and a contract 7 as given, consumers choose
a state-contingent consumption vector xs € ]RI;_ . such that

xs € argmax{u(zs) |p-zs=p-es+715, s=1,2}. (1)

Let z4(7s) := zs(p,p - es + 75s) be the consumer’s demand in state s if he
accepts a contract 7. The maximum utility he can get in state s is therefore
u(1s) = u(xs(7s)). Notice that the proposed notation hides on purpose the
dependence of indirect utility on prices so as to emphasize the fact that the
reasoning is made for a fixed price vector.

In the second step, given 4(7s), consumers choose an action such that

a € argmax {m(a) U(m) + m2(a) a(m2) — c(a) |a € A}. (2)

“With some abuse of notation we let 75(7) = 7s(a(7)).



Given a price vector p and a contract 7, the function to be maximized
is strictly concave in a. The optimal level of action is then completely
characterized by the following first order condition

Ogmu(m) — u(12) ] — Dae <0, a>0. (3)

When (3) holds with equality, it defines an implicit function a(7), which
gives the incentive compatible level of action for any contract 7.

In the third step, given @(7s) and a(7), consumers choose a contract

7 € argmax {m1(7) @(m) + mo(7) (1) — () |7 € T'}, (4)

where 77 C T is the set of contracts offered by the insurance companies.®

Remark. In the following discussion, we assume that the function v(7) =
> s Ts(T) U(75) — (1) is concave. We do not give the detailed conditions
which are sufficient for this assumption to be satisfied. Yet, notice that it
is easy to prove that, when prices are kept fixed, the concavity of u implies
the concavity of 4.5 As for the concavity of m4(7)@(7s), what is crucial is
that the curvature of the indifference curve be higher that the elasticity of
the probability with respect to the optimal level of action.”

5 Equilibrium

In order to define the competitive equilibrium, first of all we need the con-
tracts offered by each insurance company to be a best response to the con-
tracts offered by the opponent. Let P(7%,77) be the profit of insurer a
when he offers a contract 7@ and his opponent offers a contract 7°. The
equilibrium concept for the competition among insurance companies is then
described by the following

Definition 5.1 A (Nash) equilibrium in the supply of insurance with hidden
action is a pair of contracts (7%,7%) € T' such that P(7*,7°) > P(r%,79)
and P(7%,7%) > P(7,77), for all 7,75 € T".

Notice that from assumption 4 it follows that

—(m () T+ m(r) 1) if w(r?) > v(FP)
P(r%,7%) = — 2 (m(r) e + ma(rY) 78) i w(r®) = v(FP)
0 if o(r®) <v(7%).

Equilibrium contracts are characterized by the following

®For consistency with the previous notation, we we let c(7) = c(a(7)).
5See Mas-Colell et alii [7], exercise 6.C.5.
"For a discussion of this property, see Arnott [1].



Proposition 1 A pair of contracts 7 = 77 = 7 is an equilibrium in the
supply of insurance with hidden action if and only if it satisfies

7 € argmax {m (1) a(71) + ma(7) U(72) — (7)) |7 € T'}.

Proof. See the Appendix.®m

Notice that at an equilibrium in the supply of insurance insurance companies
make zero profits, i.e. m1(7) 7 + me(T) T2 = 0.

In a competitive equilibrium with hidden action, consumers maximize their
expected utility and insurance companies maximize their profits, given the
incentive compatible level of action chosen by consumers. Prices then ensure
that markets for goods clear at date 1. These properties are summarized by
the following

Definition 5.2 A competitive equilibrium with strategic insurance interme-
diaries is a 4-tuple (x,a,p,T) such that

o z, cargmax{u(zs)|p- (xs —es) =75} fors=1,2,

e a € argmax {7 (a) () + m2(a) a(r2) — c(a)|a € A},

o 7 € argmax {m(7) (1) + mo(7) U(r2) — (1) |7 €T},

o mi(a) (1 —e1)+m(a)(z2 —e2) =0.

Notice that we have made use of a market clearing condition in expected
terms, following the reasoning proposed at the beginning of section 2.

6 Constrained efficiency

We now propose a new proof of the constrained efficiency of a competitive
equilibrium in the above economy with hidden action close in spirit to the
one used in models with incomplete financial markets.?

Imagine that, starting from a competitive equilibrium, the planner redis-
tributes income across consumers under an appropriate balanced budget
constraint. Consumers then adjust their demands and spot markets clear.
Following the literature on incomplete financial markets, we say that a com-
petitive equilibrium is constrained efficient if this planner’s intervention can-
not increase the consumers’ welfare.

8The proposition is borrowed from Lisboa [3], while the proof is original.
9This type of analysis dates back to Stiglitz [9]. For a survey of its applications to
economies with incomplete financial markets, see Magill and Shafer [4].



Consider then a competitive equilibrium (z,a,p,7) and let (dri,drs) be
change in income transfers, to which is associated a change dp in the equi-
librium price vector.'® The income transfers are budget balanced, or feasible,
if

md7 + modm +YDa =0, (5)
where 1) := 9,7 (11 —T2) is the change in expected transfer due to the change
in probabilities and Da = 0;,admy + 0r,adm + Jpadp is the total change in
the optimal action.!!

To any (dri,drs) we can associate the total change in expected utility
m1Duy + mDug, where Dug is the change in utility in state s evaluated
at the competitive equilibrium.'? Feasible income transfers improve upon a
competitive equilibrium if 71Du; + mDug > 0. We summarize these prop-
erties in the the following

Definition 6.1 A competitive equilibrium (x,a,p, T) is constrained efficient
if there does not exist any feasible income transfer which improves upon it.

The efficiency properties of competitive equilibria are then summarized in
the following

Proposition 2 Fvery competitive equilibrium is constrained efficient.

Proof. We proceed in steps. The idea of the proof is to show that if (d7y, d72)
satisfies (5), then it satisfies

m1Dui + mDug = 0. (6)

e Let z; be the excess demand in state s. By using Roy’s identity, first of
all we notice that at equilibrium the following equality holds true

Flapul + WQBPUQ = —(maﬁulzl + 7728721@22) . (7)

e We now show that, when preference are separable, the price effect and the
income effect on the optimal choice of action are related via the following
equality

Opa = — (07,0421 + Oryaz2) . (8)

ONotice that dp = > Or,pd7s, where in this section Ong(n,m) is always evaluated
at equilibrium. For dp to be well defined, we assume that the economy is regular at the
equilibrium under consideration. See Siconolfi and Villanacci [8] for an analysis of regular
economies with idiosyncratic uncertainty and symmetric information.

NRecall that 9q7 := Oqm1 = —0Oam2. Therefore ¢ = %7‘1 + %7—2.

12Notice that the first order effect of Da on expected utility is zero at a competitive
equilibrium and therefore it does not appear in the above expression.



Recall that the optimal action is the implicit solution of the single equation
(3), from which it follows that

Opa = —1(Opur — Opu2) ,

O

where ¢ := e craps

oz Using again Roy’s identity, we find that
—1(Opu1 — Opuz) = (L0 u1)2z1 — (L0 u2)22 .

Since (3) also implies that 0, a = —10-,u1 and Or,a = 10y, u2, we can con-
clude that (8) is indeed true when preference are separable.'?

o Let 5pu = m10pu1 + me0pus. We now use (7) to rewrite the total change
in utility as follows

mDuy + mDuy = (MmO ui + 5pu Or,p)dr1 + (m20r,u2 + 5pu Or,p)dTo
= mO0nurdr + m0-,ueds + 5pudp
= mAdr + mAedm — (71’1)\121 + 7T2)\1z2)dp,

where ) is the multiplier associated to the constraint in (1). Let Ao be the
multiplier associated to the constraint in (4). Then Ay := ﬁ—; is the value of
one unit of income in state s measured in units of income at t = 0. In the
Appendix we show that at a competitive equilibrium Tshs = s + YOr.a. It

follows that

m\dr + modedre = mdr + madm + Y(0radr + Or,adre),

(7?15\121 + 7T25\2z2)dp = (mz1 + m2z2)dp + (0, a z1 + Orya ze)dp.

e Let Du := /\—10(7T1Du1 + mDug). We now use (8) and the fact that at a
competitive equilibrium 21 + w229 = 0 to write the total change in utility
as follows

Du = mdm + medme + ¢¥Da.

The above expression implies that when (d7i, dr2) satisfies (5), it also satis-
fies (6), so that no welfare improvement is possible. m

13To our knowledge, (8) has never been used in the way proposed here. It has been
discussed by Arnott and Stiglitz [2] in their analysis of optimal taxation with moral hazard.



7 Interpretation

Following the planner’s intervention, there are two effects on the utility, a
direct one, due to the change in the state-contingent transfers drs, and an
indirect one, due to the change in the price level dp. After recognizing that
the substitution effect has no impact on utility, we find that the indirect
effect depends only on the two state-contingent income variations z,dp, see
(7). Following this intuition, we can rewrite the total change in utility as

mDuy + mDuy = wlﬁﬁuldn + 7T267—2’u,2d7'2 + épudp
= mOnui(dr — z1dp) + 0, uz(dTe — 2odp)

= wlﬁﬁuldﬁ + 7T2(9-,—21L2d7~'2 ,

where d7s := d7s — z,dp is the net wealth change in state s.

Since preferences are separable, the action depends on the level of utility in
both states, see (3). By applying the reasoning of the previous paragraph,
we find that the planner’s intervention has two effects on the choice of action
and that the indirect one depends again only on the two state-contingent
income variations, see (8). It follows that Da can be rewritten as

Oradr + Ory,adry 4+ Opadp = Ora(dm — z1dp) + Orya (dme — 22dp)
= aﬁadﬁ + 87-2ad7~'2 .

Let Da := 0r,ad7| 4+ 0-,adTy and rewrite the planner’s budget constraint
(5) as follows

0 = mdm + mdr +YDa
= md7 + medT + ¢Dd + (7‘(‘121 + 7T222)dp

= md7 + med7 + ¢¥Da,

where we used the fact that at equilibrium 7121 +7229 = 0 because of market
clearing. Substituting once again for msAs = Ag(7s + ©¥0r,a), we get that

mDui + mDuy = 7r187-1u1d7~'1 + 7r2872u2d7~'2
= )\0(7T1d7~'1 + modTo + ¢D(~L) R

10



which again implies that a feasible planner’s intervention cannot improve
upon a competitive equilibrium.

Remark. If there is only one consumption good, then dp = 0 and therefore
d7s = drs. As it is still true that at a competitive equilibrium wsAs =
ms+10-,a, the above proof is still valid and we conclude that the competitive

equilibrium is constrained efficient.

Remark. If there is no hidden action, then 75(a) = 75, an exogenously given
probability. Information is then symmetric and the model corresponds to a
simplified version of Malinvaud’s [5].}4 By repeating the above proof with
1 = 0, it is possible to conclude that competitive equilibria are unconstrained
efficient. Notice that in this case we get ;\1 = ;\2, i.e. full insurance.

8 Appendix

(Proposition 1) Let ¢ := 9,7 (11 —72), b5 := 7sA\s and (s := A\o(7s+v 0 a),
where \; is the multiplier associated to the constraint in (1) and Ag is the
multiplier associated to the constraint in (4). As both the objective and the
constraint functions are continuous, it is easy to prove that the constraint of
the maximization problem must hold with equality, i.e. m1(7) 71 +m2(T) T2 =
0 for any

7 € argmax {m (1) (1) + mo(7) @(m) — c(7) | T € T'} 9)

As for the admissible deviations with respect to a given contract, we consider
only local deviations, in the sense that, given 7, a deviating contract will be
of the type 7 = 7 + dr, where dr = (dry, d7m2).

Notice that the first order necessary and sufficient conditions for an interior
maximum of the above problem are

TsAs = Ao(ms + ¢Y0r,a) . (10)

e We first prove that if 7 is an equilibrium in the supply of insurance, then
it satisfies (9). If 7 does not satisfy (9), then there exist a deviation dr such
that
> (s +9p0r,a)dry <0, (11)
S

and
ZwsaTsﬂde >0, (12)

4Notice that Malinvaud introduced insurance intermediaries in his model, but he as-
sumed they were bound to an institutional zero-profits constraints, whereas in the present
model they make zero profit at equilibrium as a consequence of competition.

11



where all the functions are evaluated at 7. Notice that, thanks to the en-
velope theorem, the first order effect on utility of a change in the optimal
action is zero and therefore does not appear in the above expression. Fix a
v < 0 and consider a d7 such that (;dm + (ad7e = 7. Rewrite (12) as

o
Ordrs — 0,5 dr 4+ 422 (13)
G2 G2
If % > %, then (13) is positive for dm; > 0 and ~ sufficiently small, while
if (% < %, then (13) is positive for dm; < 0 and ~ sufficiently small. There-
fore if 7 does not satisfy (9), there exists a feasible deviation, which is a
contradiction with 7 being an equilibrium in the supply of insurance.

e We now prove that if 7 satisfies (9), then it is an equilibrium in the
supply of insurance. If 7* = 78 = 7 is not an equilibrium in the supply of
insurance, then there is a feasible deviation 7 such that P(r,7°) > P(7%,77).
Moreover, since a deviating contract is accepted only if it gives a higher
utility, 7 must also satisfy (12). It then follows that 7 does not solve (10)
and hence it does not satisfy (9).

References

[1] R.J. Arnott. Moral hazard and competitive insurance markets. In
G. Dionne, editor, Contributions to Insurance Economics, pages 325—
358. Kluwer Academic Publishers, 1992.

[2] R.J. Arnott and J.E. Stiglitz. Moral hazard and optimal commodit tax-
ation. NBER Working Paper Series, 1154, 1983.

[3] M.B. Lisboa. Moral hazard and general equilibrium in large economies.
Economic Theory, 18:555-575, 2001.

[4] M. Magill and W. Shafer. Incomplete markets. In W. Hildebrand and
H. Sonnenschein, editors, Handbook of Mathematical Economics, vol-
ume IV, pages 1523-1614. Elsevier Science, 1991.

[5] E. Malinvaud. The allocation of individual risk in large markets. Journal
of Economic Theory, 4:312-328, 1972.

[6] J. Marshall. Moral hazard. American Economic Review, 66:380-890,
1976.

[7] A. Mas-Colell, M.D. Green, and J.R. Green. Microeconomic Theory.
Oxford University Press, 1995.

[8] P. Siconolfi and A. Villanacci. Real indeterminacy in incomplete financial
market economies without aggregate risk. Economic Theory, 1:265-276,
1991.

12



[9] J.E. Stiglitz. The inefficiency of stock market equilibrium. Review of
Economic Studies, XLIX:241-261, 1982.

13



