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Abstract

In this paper we suggest a cubic regularization for a Newton method as applied to
unconstrained minimization problem. For this scheme we prove general convergence re-
sults. We analyze the behavior of this scheme on different problem classes, for which we
get global and local worst-case complexity bounds. It is shown that the search direction
can be computed by a standard linear algebra technique.
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1 Introduction

Motivation. Starting from the seminal papers by Bennet[1] and Kantorovich [6], the
Newton method turned into an important tool for numerous applied problems. In the
simplest case of unconstrained minimization of a multivariate function,

min f(z),

the standard Newton scheme looks as follows:

Thi1 =z — [ (26)] 7 ().

Despite to its very natural motivation, this scheme has several hidden drawbacks. First
of all, it may happen that at current test point the Hessian is degenerate; in this case
the method is not well-defined. Secondly, it may happen that this scheme diverges or
converges to a saddle point or even to a point of local maximum. In last fifty years
the number of different suggestions for improving the scheme was extremely large. The
reader can consult a 1000-item bibliography in the recent exhaustive covering of the field
[2]. However, all of them combine in one way or another the following elements.

e Levenberg-Marquardt reqularization. As suggested in [7, 8], if f”(z) is not positive
definite, let us regularize it with a unit matrix. Namely, use d = —G~1f/(z) with
G = f"(x) +~I = 0 as a search direction. This strategy sometimes is considered as
a way to mix Newton’s method with the gradient method.

e Line search. Since we are interested in a minimization, it looks reasonable to allow
a certain step size hy > 0:

Tp1 =z — hy[f" ()] 7 (),

(this is a damped Newton method [12]). This can help to form a monotone sequence
of function values: f(xg+1) < f(zg).

e Trust-region approach [5, 4, 3, 2]. In accordance to this approach, at point zj we
have to form a trust region A(xy). Then the next point x4 is chosen as a solution
to the following auxiliary problem:

zefgi({clk)[(f’(xk)y @ —xp) + 5 (" (2p) (@ — xp), @ — xp)].

Note that for A(x) = R"™, this is exactly the standard Newton step.

We would encourage a reader to look in [2] for different combinations and implemen-
tations of the above ideas. Here we only mention that despite to a huge variety of results,
there still exist open questions in this field. And, in our opinion, the most important
questions are related to the global behavior of Newton-type schemes.

Indeed, as far as we know, up to now there are absolutely no results on the global per-
formance of Newton method. Even for an easy class of smooth strongly convex functions
we can get a rate of convergence for a damped Newton method only by arguing that it is
not much worse than the gradient method. In fact, up to now the relations between the
gradient method and the Newton method have not been clarified. Quite often one reads



opinion that the Newton method is good at the final stage of the minimization process,
but it is better to use the gradient method for the first iterations. Here we dispute this
position: we show that theoretically, a properly chosen Newton-type scheme outperforms
the gradient scheme in all known situations.

In this paper we propose a modification of Newton method, which is constructed in
a similar way to the well-known gradient mapping [9]. Assume that function f has a
Lipschitz continuous gradient:

I (z) = f'WIl < Dlly —=|l, Vz,y € R"
Suppose we need to solve the problem

mig f(),

where () is a closed convex set. Then we can choose the next point x4 in our sequence
as a solution of the following auxiliary problem:

Iyrgg S (¥),  Era () = Flar) + (f'(zr),y — zi) + 3Dy — . (1.1)

The convergence of this scheme follows from the fact that & ., (v) is an upper first-order
approximation of the objective function (see, for example, [10], Section 2.2.4, for details).
If @ = R™, then the rule (1.1) results in a usual gradient scheme:

Tpp1 =z — 5 f (zp).

Note that we can do similar thing with the second-order approximation. Indeed, assume
that the Hessian of our objective function is Lipschitz continuous:

1) = f"W)ll < Lllw = yll, Vo,y€R"

Then it is easy to see that the auxiliary function

E20(y) = (@) + (f'(2),y — ) + 5(f"(@)(y — ),y — 2) + §lly — =|*

will be an upper second-order approximation for our objective function:

fly) <&u(y) VyeR™

Thus, we can try to find the next point in our second-order scheme from the following
auxiliary minimization problem:

rii1 € Argmin 6,4, () (1.2)

This is exactly the approach we analyze in this paper; we call it cubic regularization of
Newton’s method. Note that problem (1.2) is non-convex and it can have local minima.
However, our approach is implementable since this problem is equivalent to minimizing
an explicitly written convex function of one variable.

Contents. In Section 2 we introduce cubic regularization and present its main properties.
In Section 3 we analyze the general convergence of the process. We prove that under very



mild assumptions all limit points of the process satisfy necessary second-order optimality
condition. Moreover, it appears that the process cannot be attracted by a non-degenerate
saddle point. In this general setting we get a rate of convergence for the norms of the
gradients, which is better than the rate ensured by the gradient scheme. We prove also
the local quadratic convergence of the process. In Section 4 we give the global complexity
results of our scheme for different problem classes. We show that in all situations the
global rate of convergence is surprisingly fast (like O(k—lg) for star-convex functions, where

k is the iteration counter). Moreover, under rather weak non-degeneracy assumptions,

we have local super-linear convergence either of the order % or % We show that this

happens even if the Hessian is degenerate at the solution set. In Section 5 we show
how to compute a solution to the cubic regularization problem and discuss some efficient
strategies for estimating the Lipschitz constant for the Hessian. We conclude the paper
by a short discussion presented in Section 6.

Notation. In what follows we denote by (-,-) the standard inner product in R™:
n . .
(@,y) =Y 2Dy z.ye R,
i=1

and by ||z|| the standard Euclidean norm:
Iz = (@, )"/,

For a symmetric n x n matrix H, its spectrum is denoted by {\;(H)}~,. We assume that
the eigenvalues are numbered in decreasing order:

A(H) > ... > M\(H).

Hence, we write H > 0 if and only if A,,(H) > 0. In what follows, for a matrix A we use
the standard spectral matrix norm:

1A = A (A4T)! 2,

Finally, I denotes a unit n X n matrix.

2 Cubic regularization of quadratic approxima-
tion
Let 7 C R"™ be a closed convex set with non-empty interior. Consider a twice differentiable

function f(x), z € F. Let xy € int F be a starting point of our iterative schemes. We
assume that the set F is large enough: It contains at least the level set

L(f(z0)) ={z e R": f(z) < f(zo)}
in its interior. Moreover, in this paper we always assume the following.

Assumption 1 The Hessian of function f is Lipschitz continuous on F:

1) = f" Wl < Ll —yll, Vz,yeF. (2.1)

for some L > 0.



For the sake of completeness, let us present the following trivial consequences of our
assumption (compare [12, Section 3)).

Lemma 1 For any x and y from F we have
17 (y) = f'(2) = f"(@)(y — 2)|| < 5Ly — |, (2.2)

[f(y) = fz) = (f(2),y — 2) = 3{f"(2)(y — 2).y — )| < §lly — 2| (2.3)

Proof:
Indeed,
1
1f'(y) = f'(2) = @)y —2) =] Of[f”(x +7(y — ) — f"(@)|(y — z)dr||
1
< Llly — 2| OdeT = 5 L[ly — x[*.
Therefore,

f(y) = fla) = {f(2),y —2) = 5(f"(@)(y — 2),y — )|

1

| J(F' @+ Ay —2)) = f/(2) = Af"(@)(y — 2),y — z)d]

0

1
sLlly — = ({ Ndh = glly — .

IN

Let M be a positive parameter. Define a modified Newton step using the following
cubic regularization of the quadratic approximation of function f(z):

Ti(z) € Argmin[(f/(z),y—2)+ 3 @) -2)y—2) + Lyl (24)

where ”Arg” indicates that Ths(z) is chosen from the set of global minima of the corre-
sponding minimization problem. We postpone discussion of the complexity of finding this
point up to Section 5.1.

Note that the point T)s(z) satisfies the following system of nonlinear equations:

f'(@) + f(2)(y = 2) + 5M|ly — 2] - (y — 2) = 0. (2.5)

Denote ras(x) = |[z—Ta(z)]]. Taking in (2.5) y = T (z) and multiplying it by T/ (z) —x
we get the following equation:

{f'(2), Tn () — @) + {f"(2)(Trr (2) — @), Tar(z) — @) + 3 Mri (z) = 0. (2.6)
In our analysis of the process (3.3), we also need the following fact.
Proposition 1 For any x € F we have

f(z) + 2 Mry ()] = 0. (2.7)



This statement follows from Theorem 10, which will be proved later in Section 5.1. Now
let us present the main properties of the mapping Ty (A).

Lemma 2 For any x € F, f(x) < f(xo), we have the following relation:
(f'(z),x — Ty (x)) > 0. (2.8)
If M > 2L and x € int F, then Ty(z) € L(f(z)) C F.

Proof:
Indeed, multiplying (2.7) by = — Tas(x) twice, we get

(f"(x)(Ta(z) — ), Tag (z) — ) + 2 M3 (2) > 0.

Therefore (2.8) follows from (2.6).
Further, let M > 2L. Assume that Ty/(z) ¢ F. Then rp/(z) > 0. Consider the
following points:
yla) =z + o(Ty(z) — ), «o€l0,1].

Since y(0) € int F, the value
a: yla) € OF

is well defined. In accordance to our assumption, @ < 1 and y(a) € F for all a € [0,a].
Therefore, using (2.3), relation (2.6) and inequality (2.8), we get the following:

fy(@) < f@)+ (f'(2),y(a) = 2) + 3{f" (@) (y(@) — ), y(e) — @) + G2, (@)

< fl@)+ (f'(@),y(a) —2) +
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< flo) - UM (o).

Thus, f(y(@)) < f(z). Therefore y(a) € int L(f(z)) C int F. That is a contradiction.
Hence, Ty (z) € F and using the same arguments we prove that f(Ty(z)) < f(z). O

Lemma 3 If Ty (x) € F then
1F"(Tar ()| < 5(L+ M)ri; (). (2.9)

Proof:
From the equation (2.5) we get

1 (2) + f"(@)(Tar(z) — )| = 3 M1 (z).

On the other hand, in view of (2.2), we have
£ (T () = f'(2) = f"(2)(Tu(2) — )| < 5Lk ().
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Combining these two relations, we obtain inequality (2.9). O

Define
Pa(@) = min (@) + (' @),y = 2) + 3" (@)~ 2),y = ) + Flly - 2]

Lemma 4 For any x € F we have

P (@) < min [ £(y) + 58 |ly - ] (2.10)
f(a) = Fu(a) > 95 i (). (2.11)

Moreover, if M > L, then Ty (z) € F and
F(Tu(x)) < fu(). (2.12)

Proof:
Indeed, using the lower bound in (2.3), for any y € F we have
F@) + (@), y — @) + 5" (@) (y = 2),y — ) < f(y) + glly — 2.

and inequality in (2.10) follows from the definition of fy;(x).
Further, in view of definition of the point Th/(z), relation (2.6) and inequality (2.8),
we have

f@) = fu(z) = (f(2),2 — Tae(x)) — 3{f"(2) (T (@) — 2), Tar () — x) = G (2)

= 5(f'(2),2 — Tar(2)) + f3 ¥ (@) > T3 iy (@).

Finally, if M > L, then Ty/(z) € F in view of Lemma 2. Therefore we get inequality
(2.12) from the upper bound in (2.3). O

3 General convergence results

In this paper the main problem of interest is:

min f(), (3.1)

where the objective function f(x) satisfies Assumption 1. Recall that the necessary con-
ditions for a point z* to be a local solution to problem (3.1) are as follows:

fl@)=0, f'@z") =0 (3.2)

Therefore, for an arbitrary x € F we can introduce the following measure of local opti-
mality:
_ 2 / 2 A "
MM(x) = max L+M||f (:E)H, LM n(f (‘T)) )
where M is a positive parameter. It is clear that for any = from F the measure pps(z) is

non-negative and it vanishes only at the points satisfying conditions (3.2). The analytical
form of this measure can be justified by the following result.

7



Lemma 5 For any x € F we have pp(Tyr(x)) < rar(z).

Proof:
The proof follows immediately from inequality (2.9) and the relation (2.7) since

F"(Tu (@) > f"(x) = Lrag(@)] > —(5M + L)rag(2)1.

Let Ly € (0, L] be a positive parameter. Consider the following regularized Newton
scheme.

Cubic regularization of Newton method

Initialization: Choose zg € R™.

Iteration k, (k > 0): (3-3)

1. Find My, € [Lo,2L] such that
f (T, (er)) < foay (k)

2. Set zpy1 = Ty, (zx).

Since fus(x) < f(x), this process is monotone:

f(@ry1) < flzg).

If the constant L is known, we can take M, = L in Step 1 of this scheme. In the opposite
case, it is possible to apply a simple search procedure; we will discuss its complexity later
in Section 5.2. Now let us make the following simple observation.

Theorem 1 Let the sequence {x;} be generated by method (3.3). Assume that the objec-
tive function f(x) is bounded below:

flx) > f* VxeF.

[e.°]
Then Y 3, (2;) < %(f($0) — f*). Moreover, lim pur(x;) =0 and for any k > 1 we have
i=0 i—00

. 3(F(za)— £\ 1/3
min TCHES = ((f(%oiiof)) . (3.4)
Proof:
In view of inequality (2.11) we have
. s i "= Lo ,.3
f(xo) — f* > ,;J[f(wz‘) — f(@is1) > Z:O 1o, (@) = 137y, (@)

8



It remains to use the statement of Lemma 5 and the upper bound on M}, in (3.3):

rag, () > g, (1) > Spn(wign).

Note that inequality (3.4) implies that

. r(o -2/3
Jin [[f (i)l < O(K™).

It is well known that for gradient scheme a possible level of the right-hand side in this

1/2

inequality is of the order O (k* ) (see, for example, [10], inequality (1.2.13)).

Theorem 1 helps to get the convergence results in many different situations. We
mention only one of such possibilities.

Theorem 2 Let sequence {x;} be generated by method (3.3). Assume that for somei > 0
the set L(f(x;)) be bounded. Then there exists a limit

lim f(z;) = f*.

1—00

The set X* of the limit points of this sequence is non-empty. Moreover, this is a connected
set, such that for any z* € X* we have

fa*)y=f*  fl(a*)=0, f'@")=0.

Proof:
The proof of this theorem can be derived from Theorem 1 in a standard way. O

Let us describe now the behavior of the process (3.3) in a neighborhood of a non-
degenerate stationary point, which is not a minimum point.

Lemma 6 Let & € int F be a non-degenerate saddle point or mazimum point of function
f(x):
fl@) =0, M(f"(2)) <O0.

Then there exist constants €, § > 0 such that whenever a point x; appears to be in a
dangerous neighborhood of stationary point T:

i =2 <€ flz:) = f(2),

the next point x;+1 leaves the neighborhood:

f(ziv1) < f(2) — 0.

Hence, the process (3.3) can only escape from the neighborhood of point .



Proof:
Let for some d with ||d|| = 1 and for some 7 > 0 we have

(f'(z)d,d) =-0<0, Tx7deEF.

Define ¢ = min {%, 7} and § = %62. Then in view of inequality (2.10), upper bound on
M; and inequality (2.3), for |7| < 7 we get the following estimate

flziv) < f@+7d)+ 5|2+ 7d — 2|

< f(@)—or?+ %\7‘|3 + % (€2 +27(d,Z — ;) + 7'2]3/2.
Since we are free in the choice of the sign of 7, we can guarantee that
fi) < f(@) —or2+ LirP+ L[+ 727, 7 <7
Let us choose 7 = ¢ < 7. Then
fig) < f(@) —or? + 33 < f(7) —or? + 5 - 5 77 = f(7) — §or.

Since the process (3.3) is monotone in the objective function, it will never come again in
a dangerous neighborhood of the point Z. O

Note that the above theorem works even if z; = z and f'(z;) = 0.

Consider now the behavior of the regularized Newton scheme (3.3) in a neighborhood
of a non-degenerate local minimum. It appears that in such a situation assumption Lg > 0
is not necessary anymore. Let us analyze a relaxed version of (3.3):

wpt1 = Ty (2k), k20 (3.5)

where M, € (0,2L]. Denote
S = )\Lzllf’lgzk)ll _
2 (" (zx))
Theorem 3 Let f"(xg) = 0. Assume that §y is small enough: &y < i. And let points
{zr} be generated by (3.5). Then:
1. For all k > 0 the values 0, are well defined and they converge quadratically to zero:

2
Okt <5 (%) <30 k>0 (3.6)
2. Minimal eigenvalues of all Hessians f"(xy) lie within the following bounds:

e Na(f"(20)) < An(f" () < €/ N (" (0))- (3.7)

3. The whole sequence {x;} converges quadratically to a point x*, which is a non-
degenerate local minimum of function f(x). In particular, for any k > 1 we have

)l < X207 @) 2 (1) (3.8)
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Proof:
Assume that for some k£ > 0 we have f”(xx) > 0. Then the corresponding 0y is well
defined. Assume that & < 1. From equation (2.5) we have

rag (wr) = 1 Tag (@) = aill = [ (@) +rag (en) D)7 @) | < S5 (3.9)
Note also that f"(xg11) = f"(xr) — rar, (xk)LI. Therefore

Mn(f"(e1) = A" (2r) = rog (x) L

> n(f"(2x)) — W = (1= )2 (£ ().

Thus, f”(zx41) is also positive definite. Moreover, using inequality (2.9) and the upper
bound for M, we obtain

_ Llf @)l 3L (@) BL2|f (a)ll2 3 & \2 o2
it = TP S WO S mieiae = § () < 8

Thus, dx+1 < § and we prove (3.6) by induction.
Further, as we have already seen,

R 2 S0 -0 2 - 5 2 oy 3 sz 1

In order to get an upper bound, note that f”(zjxy1) < f”(xx) + ra, (xx)LI. Hence,

An(f"(rg1) < Ma(f" (k) + 7ag, (2x) L < (14 0) A (f7 ()

Therefore

8
NS

)\n(f”(x )) x ) ‘
IHW/(IS)) < g:oln(1+52) < ' 057’ <

<
I

It remains to prove Item 3 of the theorem. In view of inequalities (3.9) and (3.7) we
have
3/4
ran(ex) < LA (@)8k < S-An(f" (0)) 0.
Thus, {z;} is a Cauchy sequence, which has a unique limit point z*. Since the eigenvalues
of f"(x) are continuous functions of z, from (3.7) we conclude that f”(z*) > 0.
Further, from inequality (3.6) we get

5 16 52

Denoting Sk = %51%, we get 5k+1 < 3,3 Thus, for any k > 1 we have

Using the upper bound in (3.7), we get (3.8). O

11



4 Global efficiency on specific problem classes

In the previous section we have already seen that the modified Newton scheme can be
supported by a global efficiency estimate (3.4) on a general class of non-convex problems.
The main goal of this section is to show that on more specific classes of non-convex
problems the global performance of the scheme (3.3) is much better. To the best of our
knowledge, the results of this section are the first global complexity results on a Newton-
type scheme. The nice feature of the scheme (3.3) consists in its ability to adjust the
performance to a specific problem class automatically.

4.1 Star-convex functions

Let us start from a definition.

Definition 1 We call a function f(x) star-convex if its set of global minimums X* is not
empty and for any x* € X* and any x € R™ we have

flaz®™+ (1 —a)z) < af(z*)+ (1 —a)f(x) VreF, Yae|0,1]. (4.1)

A particular example of a star-convex function is a usual convex function. However, in
general, a star-convex function does not need to be convex.

Theorem 4 Assume that the objective function in (3.1) is star-conver and the set F is
bounded: diam F = D < co. Let the sequence {xy} be generated by method (3.3).

1. If f(zo) — f* > 3LD3, then f(z1) — f* < $LD3.
2. If f(zo) — [* < %LD?’, then the rate of convergence of the process (3.3) is as follows:

flaw) = 1) < 53875 k>0, (4.2)

Proof:
Indeed, in view of inequality (2.10), upper bound on the parameters My and definition
(4.1), for any k > 0 we have:

f@ren) = f@*) < min[f(y) = @) + §lly — 2l - y = 0o + (1~ a)ep,a € [0,1]

< min (@) - f(@*) = a(f(@r) = @) + 5o — | |

a€(0,1]
< min [ £(an) = f(%) = alf(or) = f(2) + §o°D* |

The minimum of the objective function in the last minimization problem in o > 0 is

achieved for

S pIIET Y (T}

If ag > 1, then the actual optimal value corresponds to o = 1. In this case
f(zhy1) — f(a*) < SLD3.

12



Since the process (3.3) is monotone, this can happen only at the first iteration of the
method.
Assume that ay < 1. Then

(f (zr) = f(2"))

:|3/2 1
LD3"

F@ryn) = F@) < flaw) = fa*) - |

Wi

Or, in a more convenient notation, that is ai 11 < a% ak < ozk Therefore

2_ 2 2_ 2
1 1 =01 YY1 DT %41 5, 1
agt1 ag | apagp1r | agpogpi(agtagp) = 203 = 3°
k
Thus, - ar 2 0%0 +§ >1+ %, and (4.2) follows. O

Let us introduce now a generalization of the notion of non-degenerate global minimum.

Definition 2 We say that the optimal set X* of function f(x) is globally non-degenerate
if there exists a constant v > 0 such that for any x € F we have

where f* is the global minimal value of function f(x), and p(x, X™*) is the Fuclidean
distance from x to X*.

Of course, this property holds for strongly convex functions (in this case X* is a
singleton), however it can also hold for some non-convex functions. Moreover, if the set
X* has a connected non-trivial component, the Hessians of the objective function at these
points cannot be non-degenerate. However, as we will see, in this situation the modified
Newton scheme ensures a super-linear rate of convergence. Denote

_ 3
=53

Theorem 5 Let function f(x) be star-conver. Assume that it has also a globally non-
degenerate optimal set. Then the performance of the scheme (3.3) on this problem is as
follows.

1. If f(xo) — f(a*) > % then at the first phase of the process we get the following rate
of convergence:

Flan) - @) < [(F(eo) — F Y — &y f2014) " (44)

This phase is terminated as soon as f(xg,) — f(z*) < % for some ko > 0.

2. For k > kg the sequence converges superlinearly:

Flapin) = f@*) < 3(flap) — fa))y/ Lot (4.5)
Proof:

13



Denote by z; the projection of the point ; onto the optimal set X*. In view of inequality
(2.10), upper bound on the parameters M}, and definitions (4.1), (4.3), for any k > 0 we
have:

floren) = fa*) < min [fan) = F@7) = a(f () = [(7) + o¥|of — 2] |

a€l0,1]

< mm[ﬂma—ﬂﬂ»—dﬂm»—ﬂﬂ»+§w%3uwm—f@ﬂn

3/2}
a€gl0,1] '
Denoting Ay = (f(z) — f(x*)) /@, we get inequality

. . 1,.3A3/2
Ay < ozren[%)I,ll] [Ak alp + 50 Ay } . (4.6)

Note that the first order optimality condition for o > 0 in this problem is

ap = /20,1

Therefore, if Ay > %, we get
3/2
Appr < Ap — (%) Aim'

Denoting up = %Ak we get a simpler relation:

2 3/4
Up+1 < Uk — 35Uy

which is applicable if u; > 1. Since the right-hand side of this inequality is increasing for

ug > %6, let us prove by induction that

Indeed, inequality

clearly is equivalent to

A O A [ AT

T [ub B = ] [ B [l - 5] - ],

which is obviously true.
Finally, if uj < 1, then the optimal value for a in (4.6) is one and we get (4.5). o
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4.2 Gradient-dominated functions

Let us study now another interesting class of problems.

Definition 3 A function f(x) is called gradient dominated of degree p € [1,2] if it attains
a global minimum at some point x* and for any © € F we have

fl@) = f(@) < 7l f ' @)7, (4.7)
where 77 is a positive constant. The parameter p is called the degree of domination.

Note that we do not assume that the global minimum of function f is unique. For p = 2
this class of functions has been introduced in [13].
Let us give several examples of gradient dominated functions.

Example 1 Convex functions. Let f be convex on R"™. Assume it achieves its minimum
at point z*. Then, for any = € R", ||z — 2*|| < R, we have

J@) = 1) < (f/@)e —a) < If' @) R

Thus, on the set F = {z : ||z —2*|| < R}, function f is a gradient dominated function of
degree one with 7 = R. O

Example 2 Strongly convexr functions. Let f be differentiable and strongly convex on
R™. This means that there exists a constant v > 0 such that

fy) = f(@) + (f'(2).y — ) + 37lly — )%, (4.8)
for all z,y € R™. Then, (see, for example, [10], inequality (2.1.19)),

fl@) = f@@*) < 55 llf (@) Vo e R™

Thus, on the set F = R", function f is a gradient dominated function of degree two with
TF= % (N

Example 3 Sum of squares. Consider a system of non-linear equations:

9() =0 (4.9)

where g(7) = (g1(), ..., gm(z))T : R* — R™ is a differentiable function. We assume that
m < n and that there exists a solution z* to (4.9). Let us assume in addition that the
Jacobian

J(@) = (91 (), gm (@)
is uniformly non-degenerate on a certain convex set F containing x*. This means that

the value
o = inf \, (J7(2)J ()

zeF
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is strictly positive. Consider the function

Clearly, f(x*) = 0. Note that f'(x) = J(x)g(z). Therefore
I ()1 = <(JT($)J($)) 9(x), 9(x)) = ollg(@)|* = 20(f(x) - f(2)).

Thus, f is a gradient dominated function on F of degree two with 77 = % Note that,
for m < n, the set of solutions to (4.9) is not a singleton and therefore the Hessians of
function f are necessarily degenerate at the solutions. O

In order to study the complexity of minimization of the gradient dominated functions
we need one more auxiliary result.

Lemma 7 At each step of method (3.3) we can guarantee the following decrease of the
objective function:

Lo-ll £/ (x 3/2
Far) = flaonn) = GofEalis k0. (4.10)

Proof:
In view of inequality (2.11) and (2.9) we get

M, M. (2|f 32 Myl 3/2
Flaw) = Flann) > Kk (o) > 5 ()™ = Sl

It remains to note that the right-hand side of this inequality is increasing in M} < 2L.
Thus, we can replace My by its lower bound L. O

Let us start from the analysis of the gradient dominated functions of degree one.

Theorem 6 Let us apply method (3.3) to minimization of a gradient dominated function
f(x) of degree p=1.

1. If the initial value of the objective function is large enough:
f(@o) = f(a") zw = }7%7;’ (L + Lo)?,
then the process converges to the region L(&) superlinearly:

I (L(Fan) — 7)) < (2) I (L0 (o) — fla®)). (4.11)

2. If f(xo) — f(z*) < 420 for some v > 1, then we have the following estimate for the
rate of convergence:

k> 0. (4.12)



Proof:
Using inequalities (4.10) and (4.7) with p = 1 we get

. T — f(x*))3/2 o %
Jx) = flansn) 2 BT = 07V (fang) = f(@®)¥>.
f

Denoting 0 = (f(xg) — f(x*))/&, we obtain
8 — Op1 > 67 (4.13)

Hence, as far as d; > 1, we get

Ind, < (%)k In dg,

and that is (4.11).
Let us prove now inequality (4.12). Using inequality (4.13), we have

, . St 1+8, % —\/Ors1
6 - - >

1

v

1 1
Ok

v/ Okt1

1

,/1+\/5k+1'<1+\/1+\/5k+1) 1+ 5k+1+\/1+ Ok+1

> L > 4.
- 2+%\/5k+1 - 2"1‘%\/%

Thus, é > %—I— ﬁ, and this is (4.12).

Let us look now at the gradient dominated functions of degree two.

Theorem 7 Let us apply method (3.3) to minimization of a gradient dominated function

f(x) of degree p = 2.
1. If the initial value of the objective function is large enough:
4
Ly (4.14)

f(zo) = f(z7) Z@EW;

at its first phase the process converges with the following rate:
flag) = f(a*) < (f (o) = f(z")) - e,
This phase ends on the first iteration kg, for which (4.14)

(4.15)

[;,1/4
where o = BV (f(wo)—f (@) /A
does not hold.
2. For k > kg the rate of convergence is super-linear:
f(@ps1) — flx*) <@- (w

)4/ ? (4.16)
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Proof:
Using inequalities (4.10) and (4.7) with p = 2 we get

. T — f(x* 3/4 - «
Fx) = flanin) > OG0 = GV (f (i) = f@") P
f

Denoting 6 = (f(xr) — f(z*))/© we obtain

8 > 1 + 604 (4.17)
Hence,
e B R L
and we get (4.15). Finally, from (4.17) we have 541 < (52/3, and that is (4.16). 0

Comparing the statement of Theorem 7 with other theorems of this section we see a
significant difference: this is the first time when the initial gap f(xg) — f(z*) enters the
complexity estimate of the first phase of the process in a polynomial way; in all other
cases the dependence on this gap is much weaker.

4.3 Nonlinear transformations of convex functions
Let u(z): R™ — R™ be a non-degenerate operator. Denote by v(u) its inverse:
v(u): R" — R", wv(u(x)) = =.
Consider the following function:
f(@) = o(u(x)),

where ¢(u) is a convex function with bounded level sets. Denote by z* = v(u*) its
minimum. Let us fix some xg € R™. Denote

o = max{|['(w)]|: d(u) < f(xo)},

D = max{[ju—u*[|: ¢(u) < f(zo)}-
The following result is straightforward.
Lemma 8 For any z,y € L(f(xo)) we have
[z =yl < ollu(z) —uy)l- (4.18)

Proof:
Indeed, for z,y € L(f(x0)), we have ¢(u(zx))
trajectory z(t) = v(tu(y) + (1 — t)u(x)), t € |

f(xo) and ¢p(u(y)) < f(zg). Consider the

<
0,1]. Then

y—a= [ (t)dt = (g‘ o (tuly) + (1 t)u(x))dt> (uly) — u(=)),

0
and (4.18) follows. O

The following result is very similar to Theorem 4.
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Theorem 8 Assume that function f has Lipschitz continuous Hessian on F O L(f(xo)).
And let the sequence {zy} be generated by method (3.3).

1. If f(xo) — f* > %L(O’D)3, then f(x1) — f* < %L(O‘D)g.
2. If f(xo)— f* < %L(O‘D)S, then the rate of convergence of the process (3.3) is as follows:

o 3
flaon) = @) < 357005, k>0 (4.19)

Proof:
Indeed, in view of inequality (2.10), upper bound on the parameters My and definition
(4.1), for any k > 0 we have:

Flarsr) = f(2%) <min[ - f(y) - f(2%) + Flly —zxl® -

y = v(ow* + (1 — a)u(zy)), o € [0,1] ].

By definition of points y in the above minimization problem and (4.18), we have

fly) = f@*) = élau+ (1 —a)u(zy)) — o(u*) < (1 —a)(f(zk) — f(2)),
ly — 2l < aolu(zy) —u*|| < aoD.

This means that the reasoning of Theorem 4 goes through with replacement D by o D. O

3
Let us prove a statement on strongly convex ¢. Denote & = % (ﬁ) .

Theorem 9 Let function ¢ be strongly convex with convexity parameter v > 0. Then,
under assumptions of Theorem 8, the performance of the scheme (3.3) is as follows.

1. If f(xo) — f(a*) > %w, then at the first phase of the process we get the following rate
of convergence:

Flaw) = Fa) < [(Flao) = )/t = &y ZoV1] (4.20)

This phase is terminated as soon as f(xg,) — f(z*) < %d) for some ko > 0.

2. For k > kg the sequence converges superlinearly:

Flapp) — fla%) < 3(f(ap) — flar))y/ Lol (4.21)

Proof:
Indeed, in view of inequality (2.10), upper bound on the parameters M and definition
(4.1), for any k > 0 we have:

fwrr) = f(a%) <minl - f(y) = f(27) + Flly — 2l

y =v(au* + (1 — a)u(zy)),x € [0,1] ].
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By definition of points y in the above minimization problem and (4.18), we have

fy) = r@) = olau” + (1 - Julzr)) — o(u”) < (1 —a)(f(zk) — fz¥)),

IN

ly =il < aclular) —u|| < aoy/2(f(wo) — f(a¥)).

This means that the reasoning of Theorem 5 goes through with replacement L by ¢3L. O

Note that the functions discussed in this section are often used as test functions for
non-convex optimization algorithms.

5 Implementation issues

5.1 Solving the cubic regularization

Note that the auxiliary minimization problem (2.4), which we need to solve in order to
compute the mapping T/ (), namely,

i 1 Mypi
in [(g,) + S(HR, ) + &I, (5.1)

is substantially nonconvex. It can have isolated strict local minima, while we need to find
a global one. Nevertheless, as we will show in this section, this problem is equivalent to
a convex one-dimensional optimization problem.

Before we present an “algorithmic” proof of this fact, let us provide it with a general
explanation. Introduce the following objects:

&(h) = (g.h) +5(Hhh), &(h) = ||h]?,

Q = {e=(EW.)T: €W =), € =& (), he R} € R,

3/2
L

p(§) = &V + ()

where (a)+ = max{a,0}. Then

min [{g,h) + SRR+ IRIE] = min [6(0) + &)
= rgéiéw(ﬁ)-

Theorem 2.2 in [14] guarantees that for n > 2 the set @ is convex and closed. Thus we
have reduced the initial nonconvex minimization problem in R™ to a convex unconstrained
minimization problem in R?. Up to this moment, this reduction is not constructive, be-
cause () is given in implicit form. However, the next statement shows that the description
of this set is quite simple.
Denote
valh) = (g.h) + S (Hh, ) + Y0P, he R,
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and .
u(r) = —3((H+41) " g,g) — %%

For the first function sometimes we use the notation v, (g; h). Denote
D={reR: H+%¥rI >0, r>0}

Theorem 10 For any M > 0 we have the following relation:

min v, (h) = sup v(r).
i v, (k) = sup (1)

~1
For any r € D, direction h(r) = — (H + %I) g satisfies equation

0 < vu(h(r)) = v(r) = F(r + 2 INURE = 7)2 = 537 - okl - vy ()2,

Proof:
Denote the left-hand side of relation (5.2) by v}
show that vy > v/. Indeed,

w?

 _ . 41 M 3
vi = min [{g.h) + §(Hhh) + 5 0]

. 3/2
= min [{g.h) + F(HR ) + ()77
r=||h|2

= + 1 + M3 M 2 _
= i suplo.8) + it + 30+ A (1P =)

> sup min |(9,h) + §(HA b) + ()37 + 2 (0] = 7)| = of

heR™
reD e

Consider now an arbitrary r € D. Then

g=—Hh(r)— %rh(r).

Therefore
va(h(r)) = {g,h(r)) + 3(HA(r), h(r)) + [h(r)]?

(Hh(r), h(r)) = rla@)l* + Fllhr)]?

D=

= —H{(H+M21) h(r), n(r)) = Yrll()]2 + 2 |a ()|
= u(r) + %rd = Lra)|? + Llae)|?

= u(r) + 550+ 2] - (Ia)] = )%

Thus, relation (5.3) is proved.
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Note that
vi(r) = F(Ih@)]? = r?).
Therefore, if the optimal value v} is attained at some r* > 0 from D, then v)(r*) = 0
and by (5.3) we conclude that v} = v}. If r* = Z(=\,(H))+, then equality (5.2) can be
justified by continuity arguments (since v} = v}(g) is a concave function in g € R"; see
also the discussion below). O

Note that Proposition 1 follows from the definition of set D.
Theorem 10 demonstrates that in the non-degenerate situation the solution of the
problem (5.2) can be found from the one-dimensional equation

r=| (H + %1)71 gll, 7> Z(=M(H))+ (5.4)

A technique for solving such equations is very well developed for the needs of trust region
methods (see [2], Chapter 7, for exhaustive expositions of the different approaches). As
compared with (5.4), the equation arising in truss region schemes has a constant left-
hand side. But of course, all possible difficulties in this equation are due to the non-linear
(convex) right-hand side.

For completeness of presentation, let us briefly discuss the structure of equation (5.4).
In the basis of eigenvectors of matrix H this equation can be written as

ey B > 2N (5.5)
= a2’ - M nt :

where \; are eigenvalues of matrix H and g; are coordinates of vector g in the new basis.

If g, # 0, then the solution 7* of equation (5.5) is in the interior of the domain:

T > %(_)\n)'fv

and we can compute the displacement h(r*) by the explicit expression:
-1
M *
51 ) g.

If g, = 0 then this formula does not work and we have to consider different cases. In
order to avoid all these complications, let us mention the following simple result.

hgir) = — (H +

Lemma 9 Let g, = 0. Define g(e) = g+e€ey, where ey, is the nth coordinate orth. Denote
by r*(e) the solution of equation (5.5) with g = g(e). Then any limit point of the trajectory

h(g(e);r*(€)), €—0,
is a global minimum in h of function vy, (g;h).

Proof:
Indeed, function v} (g) is concave for g € R"™. Therefore it is continuous. Hence,

vi(9) = lim v (9(9)) = lim vu(g(): hg(e): ().

It remains to note that the function v, (g; h) is continuous in both arguments. O

In order to illustrate the difficulties arising in the dual problem, let us look at an
example.
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Example 4 Let n =2 and

g:(‘é), M=0, l=-1, M=1.

Thus, our primal problem is as follows:

min {w(h) = 10 — 1 (h®)" 4+ 3 {\/(hu))2 + (h(2))2r} .

heR?

Following to (2.5), we have to solve the following system of non-linear equations:

B2\ (h0) + (h@) = 1,

BE J(h0)? 4 (h2)? = B,

Thus, we have three candidate solutions:!

o-(13) we( 4): 5e(.

By direct substitution we can see that

) |

o

W(hy) = —B2 > T = p(hg) = »(h3).

Thus, both h3 and h3 are our global solutions.
Let us look at the dual problem:

Note that ¢'(r) = —% + 4. Thus, ¢/(2) = —3 < 0 and we conclude that
2, T,

However, r* does not satisfy the equation ¢'(r) = 0 and the object h(r*) is not defined.
O

Let us conclude this section with a precise description of the solution of primal problem
in (5.2) in terms of the eigenvalues of matrix H. Denote by {s;}"" ; an orthonormal basis
of eigenvectors of H, and let k satisfy the conditions

gD £ 0 for i < k,

g =0 for i > k.

!This example demonstrates the reason why the equation (2.5) can have up to 2n candidate solutions.
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Assume that r* is the solution to the dual problem in (5.2). Then the solution of the
primal problem is given by the vector

it Y 1OPS
h* = — +os
M mny
1=1 Ai + 2 :
where o is chosen in accordance to the condition ||h*|| = r*. Note that this rule works

alsofor k=1ork=n+ 1.

We leave justification of above rule as an exercise for the reader. As far as we know,
a technique for finding A* without computation of the basis of eigenvalues is not known
yet.

5.2 Line search strategies

Let us discuss the possible computational cost of Step 1 in the method (3.3), which consists
of finding My, € [Lo, 2L] satisfying the equation:

F(Tag (@) < gy ()
Note that for My > L this inequality holds. Consider now the strategy
while f(TMk(l‘)) > f(xk) do My := 2My; Miyq == M. (56)

It is clear that if we start the process (3.3) with any My € [Lg,2L], then the above
procedure, as applied at each iteration of the method, has the following advantages:
o M, <2L.
e The total amount of additional computations of the mappings Ty, () during the
whole process (3.3) is bounded by
logs %
This amount does not depend on the number of iterations in the main process.

However, it may be that the rule (5.6) is too conservative. Indeed, we can only increase
our estimate for the constant L and never come back. This may force the method to take
only the short steps. A more reasonable strategy looks as follows:

while f(Ta, (x)) > f(xy) do My, := 2Mj;
(5.7)
Tht1 = TMk (J:‘k), Mk+1 = max{%Mk, Lo}

Then it is easy to prove by induction that Nj, the total number of computations of
mappings T (x) made by (5.7) during the first k iterations, is bounded as follows:

M,
Ni, <2k + log, e
Thus, if N is the number of iterations in this process, then we compute at most
2L
2N +logy 7¢
mappings Ths(z). That seems to be a reasonable price to pay for the possibility to go by
long steps.
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6 Discussion

Let us compare the results presented in this paper with some known facts on global
efficiency of other minimization schemes. Since there is almost no such results for non-
convex case, let us look at some simple class of convex problems.

Assume that function f(x) is strongly convex on R™ with convexity parameter v > 0
(see (4.8)). In this case there exists its unique minimum z* and condition (4.3) holds for
all z € R™ (see, for example, [10], Section 2.1.3). Assume also that Hessian of f(x) is
Lipschitz continuous:

1) = f"W)ll < Ll = yll, Vz,y€R"

For such functions, let us obtain the complexity bounds of method (3.3) using the results
of Theorems 4 and 5.
Let us fix some zg € R™. Denote by D the radius of its level set:

D =max{|le 2" : f(z) < f(xo)}.

From (4.3) we get
2 * 1/2
D < [2(f(z0) - f(z))]
We will see that it is natural to measure the quality of starting point x¢ by the following
characteristic:
LD

k= Kk(xg) = el

Let us introduce three switching values

~ _ 3 2 _ 3 3
w, wy=37vD* we=35LD".

Il
Ol

Wo = 1812

In view of Theorem 4, we can reach the level f(zo) — f(z*) < $LD3 in one additional
iteration. Therefore without loss of generality we assume that

f(@1) = f(27) < wa.

Assume also that we are interested in a very high accuracy of the solution. Note that the
case k < 1 is very easy since the first iteration of method (3.3) comes very close to the
region of super-linear convergence (see Item 2 of Theorem 5).

Consider the case k > 1. Then wy < wy < wy. Let us estimate the duration of the

following phases:
Phase I: w; < f(z;) < wo,

Phase 2: wy < f(x;) < wi,

Phase 3: € < f(x;) < wp.

In view of Theorem 4, the duration of the first phase is bounded as follows:



Thus, k1 < 3y/k. Further, in view of Item 1 of Theorem 5, we can bound the duration of
the second phase:

s’ < (Flann) = SV = Rt < Gy = e

This gives the following bound: ky < 3%/42'/2,/k < 3.25\/k.
Finally, denote 8 = -2 (f(xx) — f(z*)). In view of inequality (4.5) we have:

dwg
5k+1§(52/27 k>k=k +ky+ 1.

At the same time f(zz) — f(2*) < wp. Thus, §; < 1 and the bound on the duration of
the last phase can be found from inequality

z)k3

4(3)7 < e,

Thus, k3 < logs logy 925%32' Putting all bounds together, we obtain that the total number
2
of steps N in (3.3) is bounded as follows:

3
N <6.25,/22 + log, (logy L +1ogy 572 ) (6.1)

It is interesting that in estimate (6.1) the parameters of our problem interact with
accuracy in an additive way. Recall that usually such an interaction is multiplicative.
Let us estimate, for example, the complexity of our problem for an optimal method for
strongly convex functions with Lipschitz continuous gradient (see [10], Section 2.2.1).
Denote by L the largest eigenvalue of matrix f”(z*). Then can guarantee that

NI < f"(z) < (L+LD)I Vz, |z —z*|| < D.
Thus, the complexity bound for the optimal method is of the order

O<M?Dm@H?W>

iterations. For gradient method it is much worse:

0 (£+LD In (£+LD)D2) _
Y

€

Thus, we conclude that the global complexity estimates of the modified Newton scheme
(3.3) are incomparably better than the estimates of the gradient schemes. At the same
time, we should remember, of course, about the difference in the computational cost of
each iteration.

Note that the similar bounds can be obtained for other classes of non-convex problems.
For example, for nonlinear transformations of convex functions (see Section 4.3), the
complexity bound is as follows:

2 3
N <6.25,/2LD +logs (log, X +log 5272 ) (6.2)

To conclude, note that in the scheme (3.3) it is possible to find elements of Levenberg-
Marquardt approach (see relation (2.7)), or a trust-region approach (see Theorem 10 and
related discussion), or a line-search technique (see the rule of Step 1 in (3.3)). However, all
these facts are consequences of the main idea of the scheme, that is the choice of the next
test point as a global minimizer of an upper second-order approximation of the objective
function.
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