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1 Introduction

Non-negative polynomials are natural objects to model various engineering
problems. Among the most representative applications are the filter design
problems [1, 2, 5]. Recently, self-concordant barriers for several cones of non-
negative polynomials have been proposed in the literature [11]. They are
usually based on results dating back to the beginning of the 20 th century [9].
Indeed, these cones and their properties were extensively studied by several
well-known mathematicians (Fejér, Riesz, Toeplitz, Markov, . . . ), as testified
by their correspondences and papers.

Nowadays, convex optimization techniques allow us to efficiently treat
these cones, which are parametrized by semidefinite matrices [12, 15]. Al-
though general semidefinite programming solvers could be used to solve the
associated problems, the inherent structure of these polynomial problems
must be exploited to derive much more efficient algorithms [1, 6]. They
are based on the matrix structure that shows up in the dual problem. In
particular, solving the standard conic formulation on cones of non-negative
polynomials using the dual matrix structure has been studied in [6].

In this article, we consider particular conic formulations, of which the
linear constraints are interpolations constraints. Indeed, natural linear con-
straints on the coefficients of a polynomial are obtained as interpolation
conditions on the polynomial or its derivatives; each of them has an unam-
biguous interpretation. We show that the associated optimization problems
can be solved very efficiently in a number of flops almost independent of
the polynomial degree. Moreover, these formulations have some interesting
properties that are worth pointing out.

In Section 2, we remind the reader of the characterization of non-negative
scalar polynomials using the cone of positive semidefinite matrices. This
step is of paramount importance before formulating the conic convex prob-
lems of interest, i.e., minimizing a linear function of the coefficients of a
non-negative polynomial subject to interpolation constraints, see Section 3.
Under mild assumptions, these problems can be solved very efficiently as de-
scribed in Section 4. Although non-negative matrix polynomials can also be
characterized using positive semidefinite matrices, closed formulas and nice
interpretations are more difficult to obtain. Section 5 shows how to extend
our previous results to this new setting. In Section 6, interpolation con-
straints on the derivatives are considered. Although we could have started
this paper with the general setting (non-negative matrix polynomials with
general interpolation constraints), this general approach and the associated

1



notation would have shadowed most of the basic ideas underlying our results.

Notation The optimization problems considered in this article are as-
sumed to be stated in terms of appropriate scalar products defined over the
space of complex matrices. For any couple of matrices X and Y , let us set
their Frobenius scalar product as follows

〈X,Y 〉F .
= Re(TraceXY ∗) ≡ Re

m
∑

i=1

n
∑

j=1

xi,jyi,j , (1)

where {xi,j}i,j and {yi,j}i,j are the scalar entries of the matrices X and
Y , respectively. Both matrices must have the same dimension m × n, but
they are not necessarily square. The above definition can thus be applied to
vectors. Since this scalar product induces the Frobenius norm, i.e. ‖X‖2

F =
〈X,X〉F , it is called the Frobenius scalar product in what follows. It also
follows from the definition that

〈X,Y 〉F = 〈Re(X),Re(Y )〉 + 〈Im(X), Im(Y )〉

where 〈·, ·〉 stands for the standard scalar product of matrices, i.e. 〈X,Y 〉 =
TraceXY ∗. Positive semidefiniteness of a matrix Y is denoted by Y º 0.
The sets of positive semidefinite real symmetric and complex Hermitian
matrices (of order n) are denoted by S+

n and H+
n , respectively. The column

vector
πn(s) =

[

1 s · · · sn
]T

,

with s = x or z, is often used to represent a polynomial by its coefficients.
The (block) diagonal matrix defined by the (block) vector y is denoted by
diag(y). The complex unit is written as , i.e. 2 = −1. The elements of the
canonical basis are written as {ek}k, i.e. In =

[

e0 . . . en−1

]

is the identity
matrix of size n.

2 Non-negative polynomials

Let us summarize a few facts about non-negative polynomials. First of all,
the characterization of such polynomials depends on the curve of the complex
plane on which they are defined. These curves are typically the real axis R,
the unit circle eR or the imaginary axis R. Optimization problems on the
latter curve are not considered in what follows; they can be reduced in a
straightforward manner to optimization problems on the real line. The set
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of non-negative polynomials on any of these three curves is clearly a convex
cone K, i.e.

K +K ⊆ K, αK ⊆ K, ∀α ≥ 0

In this article, this special structure is used to formulate various optimization
problems in conic form, based on interpolation constraints. Let us now
examine the cones of interest and their duals.

2.1 Real line

Denote the cone of polynomials (of degree 2n) non-negative on the whole
real line R by

KR = {p ∈ R2n+1 : p(x) =

2n
∑

k=0

pkx
k ≥ 0, ∀x ∈ R}

and define the inner product between two real vectors p =
[

p0, . . . , p2n

]T

and q =
[

q0, . . . , q2n
]T

by 〈p, q〉R .
=

∑2n
k=0 pkqk = 〈p, q〉. As a direct

consequence of Markov-Lukács Theorem, the cone KR can be characterized
as follows [11].

Theorem 2.1. A polynomial p(x) =
∑2n

k=0 pkx
k is non-negative on the

real axis if and only if there exists a positive semidefinite symmetric matrix
Y = {yij}ni,j=0 such that (yij = 0 for i or j outside their definition range)

pk =
∑

i+j=k

yij , for k = 0, . . . , 2n. (2)

Remark. Identities (2) can be rewritten as p(x) = 〈Y πn(x), πn(x)〉.
Remember that the dual cone K?

R is defined by

K?
R = {s ∈ R2n+1 : 〈p, s〉R ≥ 0, ∀p ∈ KR}.

Let H(s) be the Hankel matrix defined by the vector s ∈ R2n+1, i.e.,

H(s) =













s0 s1 · · · sn

s1 ..
.

..
. ...

... ..
.

..
.

s2n−1

sn · · · s2n−1 s2n













. (3)
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Then the cone dual to KR is characterized by H(s) º 0, i.e.,

K?
R = {s ∈ R2n+1 : H(s) º 0}.

The operator dual to H(·) allows us to write (2) as p = H∗(Y ), which means
that

pk = 〈Y,H(ek)〉, k = 0, . . . , 2n.

Let us now interpret the primal and dual objects. Given p ∈ intKR,
there exists a positive definite matrix Y such that p = H∗(Y ) and such that
its inverse is a Hankel matrix, say Y = H(s)−1 [11]. Remember that any
positive definite Hankel matrix H(s) admits a Vandermonde factorization
[3]

Y −1 = H(s) = V diag({pi}ni=0)
−1V T (4)

where pi > 0, ∀i and V is a nonsingular Vandermonde matrix defined by the
nodes {xi}ni=0, i.e.

V =











1 . . . 1
x0 . . . xn
...

...
xn0 . . . xnn











. (5)

Let LT be the inverse of V , i.e. LTV = In+1. It is well known that the rows
of LT are the coefficients of the Lagrange polynomials {li(x)}ni=0 associated
with the distinct points {xi}ni=0 :

li(xj) = 〈Lei, πn(xj)〉 = δij , 0 ≤ i, j ≤ n,

where δij is the Kronecker delta. Therefore, we obtain an explicit expression
of the positive definite matrix Y in terms of the Lagrange polynomials

Y = L diag({pi}ni=0)L
T . (6)

This representation is equivalent to the decomposition of p(x) as a weighted
sum of n+ 1 squared Lagrange polynomials

p(x) =
n
∑

i=0

p(xi)(li(x))
2.

To see this, we plug the expression (6) of Y into the identity p(x) =
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〈Y πn(x), πn(x)〉, which can subsequently be rewritten as

p(x) = 〈L diag({pi}n+1
i=1 )L

Tπn(x), πn(x)〉 =
n
∑

i=0

pi〈LeieTi LT , πn(x)πn(x)T 〉

=
n
∑

i=0

pi(〈Lei, πn(x)〉)2 =
n
∑

i=0

pi(li(x))
2

As {li(x)}ni=0 are the Lagrange polynomials associated with the points {xi}ni=0,
it is straightforward to check that pi = p(xi), ∀i.

2.2 Unit circle

On the unit circle, the non-negative polynomials of interest are the trigono-
metric polynomials. Remember that a trigonometric polynomial of degree
n has the form

p(θ) =

n
∑

k=0

[ak cos(kθ) + bk sin(kθ)], θ ∈ [0, 2π]. (7)

where {ak}nk=0 and {bk}nk=0 are two sets of real coefficients. Without loss of
generality, we can assume that b0 = 0.

If we define the complex coefficients {pk}nk=0 as

pk = ak + bk, k = 0, . . . , n,

the pseudo-polynomial

p(z) = 〈p, πn(z)〉F = Re(
n
∑

k=0

pkz
−k), |z| = 1, (8)

evaluated on the unit circle is equivalent to trigonometric polynomial (7).
Therefore, we can use either (7) or (8) to represent the same mathematical
object.

Denote the cone of trigonometric polynomials (of degree n) non-negative
on the unit circle by

KC = {p ∈ R× Cn : 〈p, πn(z)〉F ≥ 0, z = ejθ, θ ∈ [0, 2π)}.

and define the inner product between two vectors p =
[

p0, . . . , pn
]T ∈

R× Cn and q =
[

q0, . . . , qn
]T ∈ R× Cn by 〈p, q〉C .

= 〈p, q〉F . As a direct
consequence of Fejér-Riesz Theorem, see e.g., [14, Part 6, Problems 40 and
41], this cone can be characterized as follows [11].
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Theorem 2.2. A trigonometric polynomial p(z) = 〈p, πn(z)〉F is non-negative
on the unit circle if and only if there exists a positive semidefinite Hermitian
matrix Y = {yi,j}ni,j=0 such that (yi,j = 0 for i or j outside their definition
range)

pk =

{

∑

i−j=0 yi,j , k = 0

2
∑

i−j=k yi,j , k = 1, . . . , n
(9)

Remark. As before, identities (9) can be rewritten using the vector πn(z),
i.e. p(z) = 〈Y πn(z), πn(z)〉.

By definition, the cone dual to KC is the set of vectors s ∈ R × Cn

satisfying the inequalities

〈p, s〉C ≥ 0, ∀p ∈ KC.

Let T (s) be the Hermitian Toeplitz matrix defined by the vector s ∈ R×Cn,
i.e.,

T (s) =















s0 s̄1 · · · s̄n

s1
. . .

. . .
...

...
. . .

. . . s̄1

sn
. . . s1 s0















. (10)

Then the cone dual to KC is characterized by T (s) º 0, i.e.

K?
C = {s ∈ R× Cn : T (s) º 0}.

The operator dual to T (·) allows us to write (9) as p = T ∗(Y ), which means
that

pk = 〈Y, Tk〉, k = 0, . . . , n

where the matrices {Tk}nk=0 are defined by the identity T (s) = 1
2

∑n
k=0(Tksk+

T T
k sk), ∀s ∈ R× Cn.
As before, a better understanding of the primal and dual objects is ob-

tained by considering the decomposition of p(z) ∈ intKC as a weighted sum
of squared Lagrange polynomials.

3 The optimization problem

The problem of optimizing over the cone of non-negative polynomials, sub-
ject to linear constraints on the coefficients of these polynomials, has already
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been studied by the authors in a wider framework [6]. Remember that this
class of problems is exactly the standard conic formulation introduced in
[12]. In this section, we now focus on the particular case of scalar polyno-
mials constrained by interpolation constraints. The consequent structures
of the primal and dual problems lead to efficient algorithms for solving such
problems.

3.1 Real line

Several important optimization problems on the real line can be formulated
as the following primal problem

min 〈c, p〉
s. t. 〈ai, p〉 = bi, i = 0, . . . , k − 1,

p ∈ KR,
(11)

where the matrix of constraints A = {ai}k−1
i=0 ∈ Rk×(2n+1) is a full row

rank matrix. Clearly, the constraints Ap = b are linear constraints on the
coefficients of the polynomial p(x) =

∑2n
i=0 pix

i whereas the constraint p ∈
KR is semi-infinite. Note that the number k of linear constraints must satisfy
1 ≤ k ≤ 2n+1. Moreover, if k = 2n+1, (11) is clearly not an optimization
problem.

From a computational point of view, the problem dual to (11) has a
considerable advantage over its primal counterpart. It reads as follows

max 〈b, y〉
s. t. s+

∑k−1
i=0 aiyi = c,

s ∈ K?
R.

(12)

Since its constraints are equivalent to H(c−AT y) º 0, the Hankel structure
allows us to solve this dual problem efficiently [6].

Using Theorem 2.1, the primal optimization problem (11) can also be
recast as a semidefinite programming problem :

min 〈H(c), Y 〉
s. t. 〈H(ai), Y 〉 = bi, i = 0, . . . , k − 1,

Y ∈ Sn+1
+ .

Let us now focus on interpolation constraints. Clearly, an interpolation
constraint on a polynomial p is a linear constraint :

p(xi) = 〈p, π2n(xi)〉 = bi.
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Assume that all linear constraints of (11) are interpolation constraints, i.e.

〈ai, p〉 .
= 〈π2n(xi), p〉 = bi, i = 0, . . . , k − 1. (13)

Then the dual problem (12) is equivalent to

max 〈b, y〉
s. t. H(c)−∑k−1

i=0 yiH(π2n(xi)) º 0.

As the Hankel structure satisfies

H(π2n(x)) = πn(x)πn(x)
T , ∀x ∈ R,

we finally obtain the following formulation

max 〈b, y〉
s. t. H(c)− V diag(y)V T º 0,

(14)

where the Vandermonde matrix V is defined by the nodes {x0, . . . , xk−1},
i.e.

V =











1 . . . 1
x0 . . . xk−1
...

...
xn0 . . . xnk−1











.

Assumption 3.1. The components of the vector b are strictly positive.

Remark. Since we work with non-negative polynomials, this assumption is
not restrictive. If there exists an integer i such that bi = 0, one can factorize
p(x) as p(x) = p̃(x)(x−xi)

2 and rewrite the optimization problem using the
polynomial p̃(x).

3.2 Unit circle

Several important optimization problems on the unit circle can be formu-
lated as the following primal problem

min 〈c, p〉C
s. t. 〈ai, p〉C = bi, i = 0, . . . , k − 1,

p ∈ KC,
(15)

with linearly independent constraints. From a computational point of view,
the problem dual to (15) has again a considerable advantage over its primal
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counterpart. This dual problem reads as follows

max 〈b, y〉
s. t. s+

∑k−1
i=0 yiai = c,

s ∈ K?
C.

(16)

As in the real line setting, one can use the Toeplitz structure of its constraints
to get fast algorithms. Using Theorem 2.2, the primal optimization problem
(15) can be reformulated as the semidefinite programming problem

min 〈T (c), Y 〉
s. t. 〈T (ai), Y 〉 = bi, i = 0, . . . , k − 1,

Y ∈ Hn+1
+ .

.

An interpolation constraint on the trigonometric polynomial p corre-
sponds to

p(θi) =

n
∑

k=0

[ak cos(kθi) + bk sin(kθi)] = bi ≥ 0, θi ∈ [0, 2π],

and is equivalent to the linear constraint

〈ai, p〉 .
= p(zi) = 〈p, πn(zi)〉 = bi, zi = eθi . (17)

Note that the identity

T (π2n(z)) = πn(z)πn(z)
∗, ∀z ∈ T,

holds for the Toeplitz structure. If all linear constraints of (15) are interpo-
lation constraints, the dual can therefore be written as

max 〈b, y〉
s. t. T (c)− V diag(y)V ∗ º 0,

(18)

where the Vandermonde matrix V is defined by the points {z0, . . . , zk−1},
i.e.

V =











1 . . . 1
z0 . . . zk−1
...

...
zn0 . . . znk−1











.

As before, we make the next non-restrictive assumption.

Assumption 3.2. The components of the vector b are strictly positive.
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Table 1: Interiors of primal and dual cones
K = KR K = KC

p ∈ intK p(t) > 0, ∀t ∈ R and p2n > 0 p(z) > 0, ∀|z| = 1

s ∈ intK? H(s) is positive definite T (s) is positive definite

4 Solving the optimization problem

In this section, we focus on problems with interpolation conditions, see (13)
and (17). We discuss the interpretation of the so-called “strict feasibility”
assumption in our context of polynomials. Then we give the explicit solution
of three particular optimization problems (one interpolation constraint, two
interpolation constraints, property of the objective function). In the general
setting, we show that solving the dual problem can be very efficiently done,
provided that strict feasibility holds.

4.1 Strict feasibility

The standard assumption on the primal and dual problems is the so-called
“strict feasibility” assumption. This assumption is necessary in order to
properly define the primal and dual central-paths and thus to solve our pair
of primal and dual problems [10]. Moreover, it ensures that the optimal
values of both problems coincide, which is an important property to solve
our class of problem efficiently.

Assumption 4.1 (Strict feasibility). There exist points p̃ ∈ intK, s̃ ∈
intK? and ỹ ∈ Rk that satisfy the following linear systems

〈ai, p̃〉 = bi, 0 ≤ i ≤ k − 1,

ŝ+
k−1
∑

i=0

aiỹi = c.

As mentioned in Table 1, the interiors of the primal and dual cones
are characterized in terms of polynomials and structured matrices, respec-
tively. However, our particular problem classes allow us to further discuss
the interpretation of the previous assumption. More specifically, we shall
see that some information about strict feasibility of our problems is known
in advance.
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Real line

First, we analyze the strict feasibility of the primal constraints. If the num-
ber of interpolation points is less or equal to n+1, i.e. k ≤ n+1, it is clear
that there exists a strictly positive polynomial p̃ such that Ap̃ = b. Assume
that k = n+1 and let {li(x)}ni=0 be the set of Lagrange polynomials of degree
n associated with the interpolation points. By definition, these polynomials
satisfy the identities

li(xj) = δij , 0 ≤ i, j ≤ n,

where δij is the well-known Kronecker delta. The polynomial

p̃(x) =
n
∑

i=0

bi(li(x))
2

clearly satisfies all our interpolation constraints and belongs to intKR. For
the case k < n+ 1, we can add n+ 1− k “extra” interpolation constraints
and check that the (original) primal problem is always strictly feasible. If
the number of interpolation points is strictly greater that n+ 1, we cannot
say anything in advance about primal strict feasibility.

Let us now analyze the strict feasibility of the dual constraints. Because
of the structure of our interpolation constraints, the interior of the dual
space is the set of vectors s = c−AT y such that

H(s) = H(c−AT y) = H(c)−
k−1
∑

i=0

yiπn(xi)πn(xi)
T Â 0.

If k ≥ n + 1, we conclude from this inequality that there always exists
s = c − AT y ∈ intK?

R. Another simple situation arises when c ∈ intK?
R, i.e

H(c) Â 0. Then the dual problem is always strictly feasible. For instance,
this situation occurs when minimizing the integral of the polynomial p(x)
on a finite interval I ⊆ (−∞,+∞) :

〈c, p〉 =
∫

I
p(x)dx =

2n
∑

i=0

pi(

∫

I
xidx),

subject to interpolation constraints. This situation is frequent in practice
and one easily checks that c ∈ intK?

R in that case. Indeed, the inner product
〈c, p〉 is positive for all non-zero p ∈ KR.

Remark. If the dual problem is strictly feasible, one can always reformulate
the problem in order to ensure that c ∈ intK?

R.
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-
1 n+1 2n+1

Generic strict primal feasibility

Generic strict dual feasibility

Strict dual feasibility if c ∈ intK?

Figure 1: Generic strict feasibility as a function of the number of interpola-
tion constraints

We have summarized our discussion on Figure 1. Let us point out a
remarkable property of our class of problems, which is clearly exhibited on
this figure. If the number of constraints is equal to n + 1, both primal
and dual problems are strictly feasible and this property is independent of
the data. Except for that particular case, there usually exists a trade-off
between strict primal and dual feasibility.

Unit circle

Using exactly the same argument, one can show that the primal problem is
always strictly feasible if the number of interpolation constraints is less or
equal to n + 1. As in the real line, there exists a trade-off between strict
feasibility of the primal and dual constraints unless k = n+1. If c ∈ intK?

C,
i.e T (c) Â 0, the dual problem is always strictly feasible.

Therefore, the largest class of interpolation problems on non-negative
polynomials (degree 2n or n, in the real line or unit circle setting, respec-
tively) for which strict feasibility holds and does not depend on the interpo-
lation points, satisfies the following assumption.

Assumption 4.2. The number k of interpolation constraints is less or equal
to n + 1 and the objective vector c satisfies H(c) Â 0 (real line setting) or
T (c) Â 0 (unit circle setting), i.e. c ∈ intK?.

From now on, we focus on problems that fulfil this assumption. First, we
consider several problems for which explicit solutions are easily computed
from the data.
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4.2 One interpolation constraint

Real line

Suppose that one wants to solve the primal problem

min{〈c, p〉 : p(x̄) = b, p ∈ KR}.

The dual problem reads as follows

max by
s. t. H(c) º yπn(x̄)[πn(x̄)]

T .

Without loss of generality, the scalar b is assumed to be equal to 1. There-
fore, the optimal value of this problem

1

〈H(c)−1πn(x̄), πn(x̄)〉
,

is equal to the optimal value of y. Using Assumption 4.2, the optimal vector
p is thus given by

p = H∗(qqT ), q =
H(c)−1πn(x̄)

〈H(c)−1πn(x̄), πn(x̄)〉
.

One can check that

p(x̄) = 〈π2n(x̄), p〉 = 〈πn(x̄)πn(x̄), qqT 〉 = (〈πn(x̄), q〉)2 = 1,

〈c, p〉 = 〈H(c), qqT 〉 = 1

〈H(c)−1πn(x̄), πn(x̄)〉
.

As p is feasible and the corresponding objective value 〈c, p〉 is equal to the
dual optimal one, the polynomial p(x) = 〈p, π2n(x)〉 is optimal.

Unit circle Let us now solve the primal problem

min{〈c, p〉 : p(z̄) = 〈p, πn(z̄)〉R = b, p ∈ KC}. (19)

As in the real line setting, both primal and dual optimal solutions are com-
puted explicitly by making use of Assumption 4.2. They are equal to :

y =
1

〈T (c)−1πn(z̄), πn(z̄)〉
,

p = T ∗(qq∗), q =
T (c)−1πn(z̄)

〈T (c)−1πn(z̄), πn(z̄)〉
.
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Example 4.1 (Moving average system, [13]). Let h[n] be a discrete
time signal and H(eω) be its Fourier transform. The function |H(eω)|2 is
known as the energy density spectrum because it determines how the energy
is distributed in frequency. Let us compute the signal that has the minimum
energy

2πE =

∫ π

−π
|H(eω)|2dω

and satisfies |H(e0)| = 1.
This is exactly an example of the problem class (19). Since p(eω) =

|H(eω)|2 is a trigonometric polynomial,
∫ π
−π p(e

ω)dω = p0. The vector c

that defines the objective function is thus equal to c = [1, 0, . . . , 0]T = e0.
The interpolation constraint is obviously defined by z̄ = πn(e

0) = e and
b = 1.

Therefore, the optimal primal solution is given by

p = T ∗(qq∗), q =
[1, . . . , 1]T

n+ 1
.

and the corresponding Fourier transform H(eω) can be set to

H(eω) =
n
∑

i=0

1

n+ 1
e−ω.

Note that |H(eω)|2 is an approximation of a low-pass filter, see Figure 2.
The corresponding signal is exactly the impulse response of the moving av-
erage system :

h[k] =

{

1
n+1 , 0 ≤ k ≤ n+ 1,

0, otherwise.

Since convolution of a discrete signal x[n] with h[n] returns a signal y[n]
such that

y[k] =
1

n+ 1

n
∑

l=0

x[k − l],

y[n] is the “moving average” of x[n].

4.3 Two interpolation constraints

Before investigating problems with two interpolation constraints, we need
to solve explicitly a 2-dimensional semidefinite programming problem.
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Figure 2: Energy density spectrum (|H(eω)|2 – n=7)

Proposition 4.1. Let b0, b1 ∈ intR+ and α, γ ∈ R and β ∈ C. The optimal
value of the optimization problem

max b0y0 + b1y1

s. t.

[

α β
β γ

]

º
[

y0 0
0 y1

]

(20)

is reached at the optimal point

y0 = α− |β|
√

b1
b0
, y1 = γ − |β|

√

b0
b1

and it is equal to b0α+ b1γ − 2|β|
√
b0b1.

Proof. The constraints are equivalent to

α− y0 ≥ 0, γ − y1 −
|β|2

α− y0
≥ 0.

Maximizing the linear function b0y0 + b1y1 on this 2-dimensional convex
region is straightforward (see Figure 3). Clearly, the system of equations

|β|2
(α− y0)2

=
b0
b1
, y1 = γ − |β|2

α− y0
,

provides us with the optimal point (y0, y1).
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Figure 3: Feasibility region of (20) with α = 3, β = (1 + )/
√
2 and γ = 2

Real line

If the number of interpolation constraints is equal to 2, the dual problem
(12) is given by

max 〈b, y〉
s. t. H(c) º y0πn(x0)[πn(x0)]

T + y1πn(x1)[πn(x1)]
T .

Equivalently, the dual constraint can be recast as

H(c)−
[

πn(x0) πn(x1)
]

[

y0 0
0 y1

]

[

πn(x0) πn(x1)
]T º 0.

Let us define the matrix MH(c;x0, x1) by

MH(c;x0, x1) =

[

〈H(c)−1πn(x0), πn(x0)〉 〈H(c)−1πn(x1), πn(x0)〉
〈H(c)−1πn(x0), πn(x1)〉 〈H(c)−1πn(x1), πn(x1)〉

]

.

If diag(y) is positive definite at the optimum, then the previous linear matrix
inequality can be recast as

MH(c;x0, x1)
−1 º diag(y).

Indeed, this reformulation follows from the Schur complement formula. Oth-
erwise, our hypothesis on the objective function, c ∈ intK?

R, can be used so

16



as to obtain the same reformulation. We delay the proof of that fact to the
general setting, see Proposition 4.3.

Consequently, Proposition 4.1 allows us to solve our dual problem ex-
plicitly :

y0 =
1

det(MH)

[

〈H(c)−1πn(x1), πn(x1)〉 − |〈H(c)−1πn(x0), πn(x1)〉|
√

b1
b0

]

,

y1 =
1

det(MH)

[

〈H(c)−1πn(x0), πn(x0)〉 − |〈H(c)−1πn(x0), πn(x1)〉|
√

b0
b1

]

,

with det(MH) = det(MH(c;x0, x1)).
Our primal optimization problem can also be solved explicitly. To see

this, define the vector v =
[

v1 v2

]T
as the solution of the linear system

[

1 0
0 σ

]

MH(c;x0, x1)

[

1 0
0 σ

] [

v0

v1

]

=

[√
b0√
b1

]

where σ ∈ {−1,+1} is the sign of 〈H(c)−1πn(x0), πn(x1)〉. Then the vector

p = H∗(qq∗), q = H(c)−1
[

πn(x0) πn(x1)
]

[

1 0
0 σ

] [

v0

v1

]

defines a non-negative polynomial p(x) = (〈q, πn(x)〉)2 that satisfies p(x0) =
b0 and p(x1) = b1. Indeed, we have

[

q(x0)
q(x1)

]

=
[

πn(x0) πn(x1)
]T

q =

[ √
b0

σ
√
b1

]

Moreover, the inner product 〈c, p〉 is equal to the optimal dual value : the
vector p is thus optimal.

Unit circle

As in the real line setting, the dual problem can be rewritten as

max 〈b, y〉
s. t. MT (c; z0, z1)

−1 º diag(y)

where

MT (c; z0, z1) =

[

〈T (c)−1πn(z0), πn(z0)〉 〈T (c)−1πn(z1), πn(z0)〉
〈T (c)−1πn(z0), πn(z1)〉 〈T (c)−1πn(z1), πn(z1)〉

]

.

17



The optimal dual solution is now equal to

y0 =
1

det(MT )

[

〈T (c)−1πn(z1), πn(z1)〉 − |〈T (c)−1πn(z0), πn(z1)〉|
√

b1
b0

]

,

y1 =
1

det(MT )

[

〈T (c)−1πn(z0), πn(z0)〉 − |〈T (c)−1πn(z0), πn(z1)〉|
√

b0
b1

]

,

with det(MT ) = det(MT (c; z0, z1)). Let us define the vector
[

v0 v1

]T
as

the solution of the linear system

[

1 0
0 σ

]∗

MT (c; z0, z1)

[

1 0
0 σ

] [

v0

v1

]

=

[√
b0√
b1

]

where σ is equal to e− arg〈T (c)−1πn(z1),πn(z0)〉 . The vector

p = T ∗(qq∗), q = T (c)−1
[

πn(z0) πn(z1)
]

[

1 0
0 σ

] [

v0

v1

]

corresponds to a trigonometric polynomial p(z) = |q(z)|2 that satisfies our
interpolation constraints and such that 〈c, p〉 = 〈b, y〉. This vector p is thus
the (primal) optimal one.

4.4 More interpolation constraints (k ≤ n + 1)

If Assumption 4.2 holds and k ≤ n+ 1, the previous analysis can always be
carried out. We first focus on the unit circle setting and show the connec-
tion with spectral factorization of trigonometric polynomials. The real line
problem is then solved using a similar methodology. Let us start with two
preliminary results.

Preliminary results

Proposition 4.2. Let C ∈ intHn
+ be a positive definite matrix and V =

[

V0 V1

]

∈ Cn×n be a nonsingular matrix. If the matrix W =

[

W0

W1

]

is the

(left) inverse of V with compatible partitions, i.e.

[

W0V0 W0V1

W1V0 W1V1

]

=

[

I 0
0 I

]

,

then we have

(V ∗
1 C

−1V1)
−1 = W1CW

∗
1 −W1CW

∗
0 (W0CW

∗
0 )

−1W0CW1.

18



Proof. Let us apply the well-known Schur complement identity

[

E F
G H

]

=

[

I 0
GE−1 I

] [

E 0
0 H −GE−1F

] [

I E−1F
0 I

]

to the matrix product

WCW ∗ =

[

W0CW
∗
0 W0CW

∗
1

W1CW
∗
0 W1CW

∗
1

]

.

Clearly, we obtain that

WCW ∗ =

[

I 0
(W1CW

∗
0 )(W0CW

∗
0 )

−1 I

]

[

W0CW
∗
0 0

0 W1/W0

] [

I (W0CW
∗
0 )

−1(W0CW
∗
1 )

0 I

]

with W1/W0 = W1CW
∗
1 − (W1CW

∗
0 )(W0CW

∗
0 )

−1(W0CW
∗
1 ). Because the

matrix WCW ∗ is nonsingular (by assumption), we have

(WCW ∗)−1 =

[

I −(W0CW
∗
0 )

−1(W0CW
∗
1 )

0 I

]

[

W0CW
∗
0 0

0 W1/W0

]−1 [
I 0

−(W1CW
∗
0 )(W0CW

∗
0 )

−1 I

]

.

Hence, the lower right block of the identity

(WCW ∗)−1 = V ∗C−1V =

[

V ∗
0 C

−1V0 V ∗
0 C

−1V1

V ∗
1 C

−1V0 V ∗
1 C

−1V1

]

is exactly equivalent to

V ∗
1 C

−1V ∗
1 = (W1CW

∗
1 − (W1CW

∗
0 )(W0CW

∗
0 )

−1(W0CW
∗
1 ))

−1.

Proposition 4.3. Let C ∈ intHn
+ be a positive definite matrix and V1 ∈

Cn×k be a matrix with full column rank (k ≤ n). Then the linear matrix
inequality

C º V1 diag(y)V
∗
1 (21)

is equivalent to
(V ∗

1 C
−1V1)

−1 º diag(y). (22)
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Proof. If k = n, the proof is trivial. Indeed, both inequalities (21) and (22)
are congruent. This congruence is defined by the nonsingular matrix V −1

1 .
If k < n, Proposition 4.2 must be used. Let V0 ∈ Cn×(n−k) be a matrix such
that V =

[

V0 V1

]

∈ Cn×n is nonsingular. The (left) inverse of V is denoted

by W =

[

W0

W1

]

. If the rows of W are partitioned according to the partition

of V , we have

WV =

[

W0V0 W0V1

W1V0 W1V1

]

=

[

I 0
0 I

]

.

The linear matrix inequality (21), which can be rewritten as

C −
[

V0 V1

]

[

0 0
0 diag(y)

] [

V ∗
0

V ∗
1

]

º 0,

is thus equivalent to

[

W0

W1

]

C
[

W ∗
0 W ∗

1

]

−
[

0 0
0 diag(y)

]

º 0 (23)

by congruence. Because W0CW
∗
0 is positive definite by assumption, the

previous inequality is equivalent to positive semidefiniteness of its Schur
complement in (23),

W1CW
∗
1 − (W1CW

∗
0 )(W0CW

∗
0 )

−1(W0CW
∗
1 ) º diag(y).

We complete the proof by making use of Proposition 4.2.

Unit circle

Remember that the optimization problem of interest is

min 〈c, p〉R
s. t. 〈p, πn(zi)〉R = bi, i = 0, . . . , k − 1,

p ∈ KC.
(24)

If the non-negative trigonometric polynomial p(z) is written as a square
by making use of an arbitrary spectral factor q(z), i.e. p(z) = |q(z)|2 or
p = T ∗(qq∗), the primal optimization problem can be rewritten as

min 〈T (c)q, q〉
s. t. 〈q, πn(zi)〉 =

√
bie

θi , i = 0, . . . , k − 1,
(25)

where {θi}k−1
i=0 is a set of phases.
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Define the vector σ by σi =
√
bie

θi , i = 0, . . . , k − 1 and the matrix MT

by

MT (c; z0, . . . , zk−1) =
[

πn(z0) · · · πn(zk−1)
]∗

T (c)−1
[

πn(z0) · · · πn(zk−1)
]

.

As a function of σ, the optimal solution of (25) is equal to

q = T (c)−1
[

πn(z0) · · · πn(zk−1)
]

MT (c; z0, . . . , zk−1)
−1σ (26)

and the corresponding optimal value is

〈T (c)q, q〉 = 〈MT (c; z0, . . . , zk−1)
−1σ, σ〉.

Remark. A direct consequence of (26) is that the spectral factor q(z) is
decomposed as a sum of “Lagrange-like” polynomials :

q(z) = 〈q, πn(z)〉C =
k−1
∑

i=0

eθiσili(z)

where li(zj) = δij , ∀i, j.
Finally, the optimal solution of problem (25) is obtained by minimizing

over the vector σ,

min 〈MT (c; z0, . . . , zk−1)
−1σ, σ〉

s. t. |σi|2 = bi, i = 0, . . . , k − 1.
(27)

If m > 2, an explicit solution is difficult to obtain easily from this new
formulation. However, we can solve the semidefinite relaxation of problem
(27) :

min 〈M−1
T (z0, . . . , zk−1), X〉,

s. t. diag(X) = b,
X ∈ Hk

+,

(28)

where diag(X) is the vector defined by the diagonal elements of X. In
general, a quadratic problem of the form (27) is np-hard to solve, see the
Appendix. Nevertheless, the particular structure of the quadratic objective
function yields an extremely interesting result.

Theorem 4.4. If Assumption 4.2 holds, relaxation (28) of quadratically
constrained quadratic problem (27) is exact.
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Proof. Using standard convex duality theory, the dual of problem (28) is

max 〈b, y〉
s. t. M−1

T (z0, . . . , zk−1) º diag(y),
(29)

which is exactly the dual of the original problem (24) :

max 〈b, y〉
s. t. T (c) º

[

πn(z0) . . . πn(zk−1)
]

diag(y)
[

πn(z0) . . . πn(zk−1)
]∗
.
(30)

To see this, we define the matrix V1 as V1 =
[

πn(z0) . . . πn(zk−1)
]

and
we apply Proposition 4.3 with C = T (c). Because the (dual) constraints of
(29) and (30) are equivalent, both problems are identical.

By assumption the original problem (24) has no duality gap. Since both
problems (24) and (28) have the same dual, the relaxation has also a zero
duality gap. This last observation completes our proof.

The optimal coefficients p can be obtained from the solution X of (28)
via the identity

p = T ∗(T (c)−1V1M
−1
T XM−1

T V ∗
1 T (c)

−1)

where V1 =
[

πn(z0) . . . πn(zk−1)
]

and MT = MT (c; z0, . . . , zk−1). To see
this, note that

〈c, p〉 = 〈T (c), T (c)−1V1M
−1
T XM−1

T V ∗
1 T (c)

−1〉
= 〈T (c)−1V1M

−1
T XM−1

T V ∗
1 , I〉

= 〈V ∗
1 T (c)

−1V1M
−1
T XM−1

T , I〉
= 〈X,M−1

T 〉
and that, for all i,

〈p, πn(zi)〉 =〈T (πn(zi)), T (c)−1V1M
−1
T XM−1

T V ∗
1 T (c)

−1〉
=〈πn(zi)πn(zi)∗, T (c)−1V1M

−1
T XM−1

T V ∗
1 T (c)

−1〉
=〈(πn(zi)∗T (c)−1V1M

−1
T )X(M−1

T V ∗
1 T (c)

−1πn(zi)), I〉
=〈eie∗i , X〉 = bi.

Real line

Remember that the optimization problem of interest is

min 〈c, p〉
s. t. 〈p, π2n(xi)〉 = bi, i = 0, . . . , k − 1,

p ∈ KR.
. (31)
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If we use any complex spectral factor q(x) of our unknown polynomial p(x) =
|q(x)|2 as a variable, the previous analysis can be carried out in the real line
setting. It leads exactly to the same formulae provided that the following
substitutions are performed :

1. T (c) is replaced by H(c);

2. the interpolation points {zi}k−1
i=0 are replaced by {xi}k−1

i=0 ;

3. the matrix MT (c; z0, . . . , zk−1) is replaced by its “Hankel counterpart”

[MH(c;x0, . . . , xk−1)]ij = πn(xi)
∗H(c)−1πn(xj).

Let us summarize the most important steps. First, the primal optimiza-
tion problem (31) is reformulated as

min 〈H(c)q, q〉
s. t. 〈q, πn(xi)〉 =

√
bie

θi , i = 0, . . . , k − 1,
(32)

which is equivalent to

min 〈MH(c;x0, . . . , xk−1)
−1σ, σ〉

s. t. |σi|2 = bi, i = 0, . . . , k − 1.
(33)

In practice, this last optimization problem is solved using the following re-
laxation

min 〈M−1
H (x0, . . . , xk−1), X〉,

s. t. diag(X) = b,
X ∈ Hk

+.

(34)

As before, the structure of quadratic problem (33) leads to an exact
semidefinite relaxation.

Theorem 4.5. If Assumption 4.2 holds, relaxation (34) of quadratically
constrained quadratic problem (33) is exact.

Proof. Using standard convex duality theory, the dual of problem (28) is

max 〈b, y〉
s. t. M−1

H (x0, . . . , xk−1) º diag(y),
(35)

which is exactly the dual of the original problem (31) :

max 〈b, y〉
s. t. H(c) º

[

πn(x0) . . . πn(xk−1)
]

diag(y)
[

πn(x0) . . . πn(xk−1)
]∗
.

(36)
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To see this, we define the matrix V1 as V1 =
[

πn(z0) . . . πn(zk−1)
]

and we
apply Proposition 4.3 with C = T (c) and V1. Because the (dual) constraints
of (35) and (36) are equivalent, both problems are identical.

By assumption the original problem (31) has no duality gap. Since both
problems (31) and (34) have the same dual, the relaxation has also a zero
duality gap. This last observation completes our proof.

Complexity

The complexity of solving relaxation (34) or (28) is only a function of the
desired accuracy ε and the number of interpolation constraints k. If Assump-
tion 4.2 holds and if the original problem has been pre-processed, it can be
solved in a number of iterations that does not depend on the degree n. In-
deed, solving the dual problem (35) or (29) using a standard path-following
scheme requires O(

√
k log 1

ε ) Newton steps. At each iteration, computing
the gradient and the Hessian of a barrier function of the type

f(y) = − log det(M−1 − diag(y))

requires O(k3) flops. Note that the pre-processing can be done via fast
Hankel or Toeplitz solvers, see [8].

4.5 Still more interpolation constraints (m > n + 1)

If the number of interpolation constraints is strictly greater than n + 1,
strict feasibility of the primal problem depends on the data. Therefore, a
general procedure that solves efficiently the primal problem and uses the
structure of the interpolation constraints is not likely to exist. Indeed, the
primal problem might be infeasible ! Let us illustrate this fact by a simple
example.

Example 4.2. Consider the set of polynomials of degree 2n = 4, non-
negative on the real line, and four interpolation points x = [−2,−1, 1, 2].
The vector b = [1, 1, 1, 1] gives a strictly feasible primal problem. Indeed,
the polynomial p(x) = 1

3(x
4−5x2 +7) satisfies our interpolation constraints

and belongs to intKR. If the vector b is equal to [1, 10, 1, 1], the polynomial
family that satisfies our interpolation constraints is p(x;λ) = 1

4((λ− 7)x4 +
6x3 +(29− 5λ)x2− 24x+4λ), λ ∈ R. If p(x;λ) belonged to intKR, λ would
be greater than 7. As p( 5

4 ;λ) = 1
1024(−371λ − 3255), ∀λ > 0, these data

correspond to an infeasible primal set. . .
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Of course, the dual structure can still be exploited to try reducing the
computational cost. For instance, consider a problem on the unit circle with
m > n + 1 interpolation constraints. Clearly, the corresponding Vander-
monde matrix V can be divided into a nonsingular square Vandermonde
matrix V0 and a rectangular one V1

V =
[

V0 V1

]

, detV0 6= 0.

If the dual vector is divided accordingly, the dual constraint can be recast
as T (c) º V0 diag(y0)V

∗
0 + V1 diag(y1)V

∗
1 . Since V0 is nonsingular, it is

equivalent to

V −1
0 T (c)V −∗

0 − V −1
0 V1 diag(y1)V

∗
1 )V

−∗
0 º diag(y0).

Therefore, an appropriate preprocessing leads to the following dual con-
straint

Ĉ − V̂ diag(y1)V̂
∗ º diag(y0).

Since the Toeplitz structure of the dual is lost, the resulting algorithm cannot
use the underlying displacement operator nor a divide-and-conquer strategy
to evaluate the gradient and the Hessian of the self-concordant barrier func-
tion. This strategy will thus be slower than the one designed in [6]

4.6 Property of the objective function

If H(c) or T (c) is not positive definite, the corresponding dual problem can
sometimes be solved explicitly.

Real line If the vector c is such that H(c) can be factorized as

H(c) =
[

V W
]

[

diag(λv) 0
0 diag(λw)

] [

V T

W T

]

(37)

where V ∈ Rk×(n+1) is the Vandermonde matrix defined by the interpolation
constraints and W ∈ R(n+1−k)×(n+1) is such that

[

V W
]

is full rank, one
can easily compute an explicit solution of the optimization. From a theoret-
ical point of view, there exist vectors c such that the proposed factorization
does not exist. From a computational point of view, it may also be difficult
to compute accurately.

The dual constraints now reads as follows
[

diag(λv − y) 0
0 diag(λw)

]

º 0.
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If diag(λw) is not positive semidefinite, the dual optimization problem is
infeasible and the primal problem is unbounded. Otherwise, the solution is
obtained by setting the dual variables yi to their upper bounds, i.e. y =
λv. This provides us with either a lower bound or the exact value of the
optimization problem, depending on whether the problem has a duality gap.

Unit circle The same factorization technique can be applied to T (c), i.e.

T (c) =
[

V W
]

[

diag(λv) 0
0 diag(λw)

] [

V ∗

W ∗

]

, (38)

and leads to the same results and drawbacks.

5 Matrix polynomials

In this section, we show that most of the previous results still holds in the
context of non-negative matrix polynomials. As before, these non-negative
polynomials could be defined on the real line, on the imaginary axis and on
the unit circle. To avoid redundancies, we only consider the cone of matrix
polynomials non-negative on the real line, which is again denoted by KR,

0 ¹ P (x) =
2n
∑

k=0

Pkx
k, ∀x ∈ R; Pk = P ∗

k ∈ Rq×q, ∀k. (39)

Theorem 2.1 can then be extended to the matrix case [6].

Theorem 5.1. A matrix polynomial P (x) is non-negative on the real axis
if and only if there exists a positive semidefinite symmetric block matrix
Y = {Yij}ni,j=0 such that (Yij = 0 for i or j outside their definition range)

Pk =
∑

i+j=k

Yij , for k = 0, . . . , 2n. (40)

As shown in [6], the dual cone is the set of Hermitian matrix coefficients
S =

[

S0 S1 . . . S2n

]

such that the corresponding block Hankel matrix

H(S) =













S0 S1 · · · Sn

S1 ..
.

..
. ...

... ..
.

..
.

S2n−1

Sn · · · S2n−1 S2n













, (41)

is positive semidefinite, i.e. K?
R = {S : H(S) º 0}.
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5.1 The optimization problem

Using matrix interpolation constraints, our optimization problem (11) could
be extended to

min 〈C,P 〉 ≡∑2n
`=0〈C`, P`〉

s. t. P (xi) =
∑2n

`=0 P`x
`
i = Bi, i = 0, . . . , k − 1

P (x) º 0, ∀x ∈ R
. (42)

where {Bi}k−1
i=0 is a set of positive definite matrices. Its dual is readily seen

to be equal to

max 〈B, Y 〉 ≡∑k−1
i=0 〈Bi, Yi〉

s. t. S` +
∑k−1

i=0 x
`
iYi = C`, ` = 0, . . . , 2n

H(S) º 0,

. (43)

5.2 Strict feasibility

As before, primal strict feasibility holds if the number k of matrix inter-
polation constraints is less or equal to n + 1. To see this, consider n + 1
distinct interpolation points {xi}ni=0 and the associated Lagrange polynomi-
als {Li(x)}ni=0 of degree n. These polynomials are defined by the identities

Lj(xi) = δijIm, 0 ≤ i, j ≤ n.

Then the polynomial

P (x) =
n
∑

i=0

Li(x)P (xi)L
T
i (x) =

n
∑

i=0

Li(x)BiL
T
i (x)

can be rewritten as

P (x) = 〈L diag({P (xi)}k−1
i=0 )L

TΠn(x),Πn(x)〉
where L is nonsingular and diag({P (xi)}k−1

i=0 ) is positive definite. By con-
struction, we see that P (x) ∈ intKR and P (xi) = Bi, ∀i.

Since the dual constraints (43) are equivalent to

H(C) º
k−1
∑

i=0

Πn(xi)YiΠn(xi)
T ,

the dual is strictly feasible if k ≥ n+ 1.
Let us state the matrix counterpart of Assumption 4.2 for future use.

Assumption 5.1. The number k of interpolation constraints is less or equal
to n+ 1 and the objective block vector C satisfies H(C) Â 0.

Hereafter, we focus on problems satisfying this assumption.
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5.3 One interpolation constraint

Let us consider a matrix interpolation problem with one constraint :

min 〈C,P 〉
s. t. P (x̄) =

∑2n
`=0 P`x̄

` = B Â 0,
P (x) º 0, ∀x ∈ R

.

Without loss of generality, B is assumed to be the identity matrix, i.e.
B = Im. Using the dual matrix variable Y , the dual problem reads

max 〈I, Y 〉
s. t. H(C) º Πn(x̄)YΠn(x̄)

T .

Because H(C) Â 0, a standard Schur complement approach shows that the
optimal dual variable is

Y = [Πn(x̄)
TH(C)−1Πn(x̄)]

−1.

The spectral factor

Q = H(C)−1Πn(x̄)[Πn(x̄)
TH(C)−1Πn(x̄)]

−1

allows us to compute the optimal primal variable P

P (x) = Q(x)Q(x)∗ ⇐⇒ P = H∗(QQ∗).

It is easy to check that this value of P is optimal, i.e.

〈C,P 〉 =
2n
∑

`=0

〈C`, P`〉 = 〈H(C)Q,Q〉 = 〈I, [Πn(x̄)
TH(C)−1Πn(x̄)]

−1〉 = 〈I, Y 〉

and
P (x̄) = Πn(x̄)

TQQ∗Πn(x̄) = Im = B.

5.4 More interpolation constraints

If the number of matrix interpolation constraints is less or equal to n + 1,
we can again use an arbitrary spectral factor to get an efficient algorithm,
the complexity of which mainly depends on k and m.

Indeed, let Q(x) be an arbitrary spectral factor Q(x) of our unknown
polynomial P (x), i.e P (x) = Q(x)Q(x)∗. Then the optimization problem
can be rewritten as

min 〈H(C)Q,Q〉
s. t. Q(xi) =

∑2n
`=0 Q`x

`
i = B

1/2
i Ui, i = 0, . . . , k − 1

(44)
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where {Ui}k−1
i=0 is a set of unitary matrices, i.e. U ∗

i Ui = Im, ∀i.
If the definition of MH is adapted to the matrix case,

[MH(C;x0, . . . , xk−1)]ij = Πn(xi)
∗H(C)−1Πn(xj),

then the optimal solution of (44), written as a function of

U =







U0
...

Uk−1






,

is equal to

Q = H(C)−1
[

Πn(x0) · · · Πn(xk−1)
]

MH(C;x0, . . . , xk−1)
−1 diag({B1/2

i }k−1
i=0 )U.

As in the scalar case, the optimal solution of the original problem is obtained
via the quadratic optimization problem

min 〈diag({B1/2
i }k−1

i=0 )MH(C;x0, . . . , xk−1)
−1 diag({B1/2

i }k−1
i=0 )U,U〉

s. t. U∗
i Ui = Im, i = 0, . . . , k − 1.

(45)
The associated semidefinite relaxation is

min 〈MH(C;x0, . . . , xk−1)
−1, X〉

s. t. Xii = Bi, i = 0, . . . , k − 1
X ∈ Hmk

+

(46)

where Xii is the ith m×m diagonal block of X. Its dual is given by

max 〈B, Y 〉
s. t. MH(C;x0, . . . , xk−1)

−1 º diag({Yi}k−1
i=0 )

(47)

and is equal to the dual of the original problem. Therefore, we could proceed
as before to obtain the following theorem :

Theorem 5.2. If Assumption 5.1 holds, relaxation (46) of quadratically
constrained quadratic problem (45) is exact.

Provided that the original problem has been pre-processed, solving the
dual problem (47) does not depend on the degree 2n of P (x). This re-
sult is similar to the scalar case. As Assumption 5.1 guarantees that strict
feasibility holds, we obtain an efficient algorithm to solve our problem class.
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6 Interpolation conditions on the derivatives

In this section, we present the straightforward extension of our previous
results to interpolation conditions on the derivatives. We only consider the
scalar case to keep our equations as small as possible.

6.1 Real line

In the real line setting, interpolation constraints on the derivatives are for-
mulated as

p(`)(xi) = 〈p, π(`)
2n (xi)〉 = bi

where π
(`)
2n (·) is the component-wise `th derivative of π2n(·). Such constraints

will be called “interpolation-like” constraints.
If all the linear constraints of (11) are interpolation-like constraints, i.e.

〈ai, p〉 .
= 〈π(`i)

2n (xi), p〉 = bi, i = 0, . . . , k − 1,

the dual problem (12) reads now as follows

max 〈b, y〉
s. t. H(c)−∑k−1

i=0 yiH(π
(`i)
2n (xi)) º 0.

(48)

Let us now prove that H(π
(`i)
2n (xi)) has a special structure.

Proposition 6.1. Let ` ≥ 0. Then

H(π
(`)
2n (x)) =

∑̀

r=0

Cr
` π

(r)
n (x)(π(`−r)

n (x))T , ∀x ∈ R (49)

and the rank of this matrix is min{`, 2n− `}+ 1.

Proof. Since H(π2n(x)) = πn(x)πn(x)
T and H(·) is a linear operator, equa-

tion (49) is a direct consequence of the chain rule. The rank condition

originates from the fact that π
(n+1)
n (x) = 0.

This proposition allows us to improve the formulation (48) of the dual
problem. First of all, assume that the interpolation points are distinct and
that `i ≤ n, ∀i. Let us define a block diagonal matrix

∆(y) = diag({∆0(y), . . . ,∆k−1(y)})
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where ∆i(y) is a (`i + 1)× (`i + 1) matrix defined by

∆i(y) =





0 C`i
`i
yi

..
.

C0
`i
yi 0



 , i = 0, . . . , k − 1.

Using the above proposition, the dual problem can be written as

max 〈b, y〉
s. t. H(c)− V∆(y)V T º 0,

(50)

where V is the non-square confluent Vandermonde matrix

V =
[

π
(0)
n (x0) . . . π

(`1)
n (x0) | . . . | π

(0)
n (xm) . . . π

(`m)
n (xm)

]

.

If the interpolation points are not distinct or if there exists at least one
index i such that `i > n, the matrix V and the block-diagonal matrix ∆(y)
must be redefined in order to get a dual problem similar to (50). Because the
appropriate reformulation is evident, but cumbersome, it has been omitted.

If H(c) Â 0 and the numbers of rows of V is greater than its number of
columns, the dual constraint (50) is easily recast using Proposition 4.3 :

(V TH(c)−1V )−1 º ∆(y).

The complexity of solving the dual problem (50) depends mostly on the
dimension of ∆(y). That is, an appropriate preprocessing tends to elim-
inate the dependence on the degree 2n. Because primal strict feasibility
cannot be guaranteed from the knowledge of k, we cannot guarantee that
the semidefinite relaxation is exact.

6.2 Unit circle

In the unit circle setting, interpolation constraints on the derivatives, p(`i)(θi) =
bi, are equivalent to the linear constraints

p(`i)(zi) = 〈(−N)`ip, πn(zi)〉 = 〈p, (N)`iπn(zi)〉 = bi, zi = eθi (51)

where N = diag(0, 1, . . . , n).
If all linear constraints of (15) are interpolation-like constraints, i.e.

〈ai, p〉 .
= 〈p, (N)`iπn(zi)〉 = bi, zi = eθi , i = 0, . . . , k − 1,
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the dual problem (16) reads now as follows

max 〈b, y〉
s. t. T (c)−∑k−1

i=0 yiT ((N)`iπn(zi)) º 0
. (52)

Note that T ((N)mπn(z)) has a special structure.

Proposition 6.2. Let ` ≥ 0. Then

T ((N)`πn(z)) =
∑̀

r=0

Cr
` (N)rπn(z)[(N)`−rπn(z)]

∗ (53)

and the rank of this matrix is min{`, n}+ 1.

Proof. Since T (πn(z)) = πn(z)πn(z)
∗, ∂

∂θ (πn(z)|z=eθ) = N(πn(z)|z=eθ)
and T (·) is a linear operator, it is straightforward to check equation (53).

Assume that the interpolation points are distinct and define the block
diagonal matrix

∆(y) = diag({∆0(y), . . . ,∆k−1(y)})

as before. Using the above proposition, the dual problem can be written as

max 〈b, y〉
s. t. T (c)−W∆(y)W ∗ º 0.

where W is the non-square matrix

W =
[

(N)0π(0)
n (z0), . . . , (N)`1π(`1)

n (z0)| . . . |

(N)0π(0)
n (zk−1), . . . , (N)`k−1π

(`k−1)
n (xk−1)

]

.

If `i ≤ 1, ∀i, the matrixW is the product of a confluent Vandermonde matrix
V and a diagonal scaling D, i.e. W = V D. If T (c) Â 0 and the numbers of
rows of V is greater than its number of columns, the complexity of solving
the reformulated dual problem

max 〈b, y〉
s. t. (W ∗T (c)−1W )−1 º ∆(y),

depends mostly on the dimension of ∆(y). That is, an appropriate prepro-
cessing tends to eliminate the dependence on the degree n. However, primal
strict feasibility cannot be guaranteed from the knowledge of k so that the
exact semidefinite relaxation cannot be certified in general.
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7 Conclusion

Conic optimization problems on several cones of non-negative polynomi-
als, with linear constraints generated by interpolation-like constraints, are
studied in this article. They naturally induce semidefinite programming
problems

min 〈C,X〉
s. t. 〈Ai, X〉 = bi i = 1, . . . ,m

X º 0
(54)

with low-rank matrices {Ai}mi=1. Conditions which guarantee that strict
feasibility holds are investigated, see Assumption 4.1 and the associated
discussion. Using Proposition 4.3, the associated dual problems can be re-
formulated efficiently; the complexity of solving the reformulated duals is
almost independent of the primal space dimension. Finally, new classes of
quadratically constrained quadratic programs with exact semidefinite relax-
ation are described.

A Appendix

The proof presented in Appendix is based on ideas of A. Nemirovskii.

Proposition A.1. Let A = A∗ be a Hermitian matrix of order 2n+1. Then
the quadratic optimization problem

min 〈Az, z〉
s. t. |zi| = 1, i = 0, . . . , 2n

(55)

is np-hard.

Proof. Let {ai}ni=0 ⊆ Z be a finite set of integers. Checking whether there
exist {xi}ni=0 ⊆ {−1,+1} such that the equality

2n
∑

i=0

aixi = 0 (56)

holds is related to the subset sum problem [4, SP13] and is thus np-complete.
Let {z`}2n`=0 ⊆ C be a finite set of complex numbers of modulus one and

define the quadratic functions

P`(z) = |z0 − z2`−1|2 + |z2`−1 − z2`|2 + |z0 − z2`|2, ` = 1, . . . , n.
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Figure 4: Solution of max{P`(z) : |zi| = 1, ∀i}

Assume that z0 is equal to 1 without loss of generality. Then the optimiza-
tion problem

max{
n
∑

`=1

P`(z) : |zi| = 1, ∀i}

can be solved explicitly, see Figure 4. Note that the inequality

max{
n
∑

`=1

P`(z)− |
n
∑

`=0

a`(z2`+1 − z2`+2)|2 : |zi| = 1, ∀i}

≤ max{
n
∑

`=1

P`(z) : |zi| = 1, ∀i}

is tight if and only if Problem (56) is solvable. Since its left hand side is an
instance of (55), this quadratic problem is hard to solve.
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