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Abstract

Estimation of multivariate GARCH models is usually carried out by quasi maximum likelihood
(QMLE), for which recently consistency and asymptotic normality have been proven under
quite general conditions. However, there are to date no results on the efficiency loss of QMLE
if the true innovation distribution is not multinormal. We investigate this issue by suggesting
a nonparametric estimation of the multivariate innovation distribution, based on consistent
parameter estimates obtained by QMLE. We give conditions under which the semiparametric
efficiency bound can be attained. A simulation experiment demonstrates the efficiency gain
of our procedure compared with QMLE, and an application to a bivariate stock index series

illustrates the results.
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1 Introduction

When modelling comovements in financial time series multivariate GARCH models are often used.
Broadly speaking, these models are data driven in the sense that when conditioning on an in-
formation set the conditional variance covariance matrix of the process is known. In principle,
estimation of the models is straightforward if one supposes a specific parametric distribution of the
innovations. The model then becomes purely parametric and is presumed to be known completely
up to some parameters that are estimated by the maximum likelihood method. Quite problematic
is the choice of the distribution of the innovations. Usually one assumes normality, which provides
the so-called quasi maximum likelihood estimates (QMLE). It is now well-known that QMLE is
consistent even if the true underlying distribution is not normal, see e.g. Bollerslev and Wooldridge
(1992) and Jeantheau (1998). However, in the case of misspecification there may be a substan-
tial efficiency loss of QMLE compared with the correctly specified maximum likelihood estimator
(MLE). On the other hand, assuming a non-normal distribution entails the risk of inconsistent
parameter estimation if the distribution is misspecified.

In this paper we propose an alternative approach. We still assume that the variance covari-
ance matrix has a specific parameterized structure. However, we follow a nonparametric approach
in letting the data determine the distribution of the innovations. This semiparametric (SP) ap-
proach results in models that are in a more general class than the fully parametric class of models.
With the typically large data sets in finance we would expect to obtain density estimates that are
reasonably close to the true distribution of the innovations. In a univariate framework, semipara-
metric GARCH models have been proposed and discussed by Engle and Gonzalez-Rivera (1991),
Linton (1993), and Drost and Klaassen (1997). Whether or not it is possible to obtain efficient
semiparametric estimates in the multivariate case is one of the topics we investigate. It turns out
that estimators can be constructed that achieve the semiparametric lower bound and, hence, are
efficient, if the true distribution is known to belong to the class of spherical distributions. For this
case, we provide conditions under which the estimators would even be adaptive (and hence achieve
the parametric lower bound). We show that the normal distribution is the only distribution that
fulfills these conditions, so that adaptive estimation is not possible in general. We characterize
several spherical distributions with respect to their distance from the parametric lower bound. In
the general case of non-spherical distributions it seems very difficult if not impossible to construct
SP-efficient estimators. In a simulation study using leptokurtic distributions, we show that there
are substantial efficiency gains of SP over QMLE.

The paper is organized as follows. First, the model framework and the traditional estimation
method is introduced. The third section discusses the nonparametric estimation of the innovation
distribution, as well as the efficiency of SP estimators. In the fourth section, a simulation study

is provided, and the last section presents results of an application to two stock index series, the



CAC40 and the FTSE100. The proofs of the propositions are given in Appendix D.

2 The multivariate GARCH Model

Consider {y:} a vector stochastic process of dimension N with a countable index set and an

uncountable state space. We write

Yt = [t T € (1)

where (i is a vector of dimension N that may depend on past information up to time ¢ — 1. In this
paper the conditional mean p; is not of particualar interest, so we assume in the following that

e = 0. The error vector €; is factorized as
1/2
€ = Ht/ (H)Ut,

where Hy(0) is a positive definite matrix that also may depend on past information up to time
t —1, and @ is a finite dimensional parameter vector, 8§ € © C R*. Hereafter, we will suppress the

dependence of H; on 6 for notational convenience.

Assumption 1 {v:} is an i.i.d. sequence with E[v;] = 0 and Elvvy] = In where Iy is the
identity matriz of dimension N. The function g(n) is the density function of vs which is indexed
by a possibly infinite dimensional vector . The vector n can be regarded as a nuisance parameter

in our framework.

Clearly, the conditional mean of y, is just given by the vector u; and the conditional variance
matrix by H;. As usual, we condition on the sigma field generated by all the information (here
the y;’s) until time ¢ — 1. The set F;_1 contains all this information.

Several specifications are proposed for H;. See Bauwens, Laurent and Rombouts (2002) for a

survey. The so—called vec representation of a multivariate GARCH(p, ¢) model is given as

q P
hy = vech(H;) = w + Z A;vech(er_ie;_;) + Z Bjvech(H;_;), (2)

i=1 i=1
where A; and B; are N* x N* parameter matrices, and w is an N* parameter vector with N* =
N(N +1)/2.

Engle and Kroner (1995) discuss in detail a dynamic specification of the following form:

K q K p
Ht = Coc(l) + Z Z A%iEt—iggfiAki + Z Z B]I“-Ht_ini, (3)
k=11i=1 k=1 1i=1

where Cj is a lower triangular matrix and Ay; and By; are N X N parameter matrices. By
applying the vech operator to both sides of (3), it is easily seen that the BEKK specification is

a special case of the vec model. The link between the parameters is given by w = vech(CoCY),



A, = Zszl D]J(,(Aki ® Ag;)'Dy and B; = Zszl D]JQ(BM ® Byi)' Dy, where Dy is the duplication
matrix defined in (66) and D7, is its generalized inverse, see (62). However, compared with the
more general model the BEKK specification entails several practical advantages. For example,
it will often be more parsimonious. Furthermore, for given positive definite initial covariances
Hy,...,Hi_p, the BEKK representation generates sample covariances H;,t = 1,...,n, that are
positive definite under the weak (sufficient) condition that at least one of the matrices Cy or By;

has full rank (Engle and Kroner 1995).
Assumption 2 The eigenvalues of Zgzl A + Z§=1 B; have modulus smaller than one.

This is a necessary and sufficient condition for the existence of the unconditional variance matrix
of €;. The matrix is then given by ¥ = V(e;) with

-1

q P
vech(X) = | In+ — ZAi - ZBj w.
i=1 j=1

If one supposes that the distribution of v; is known then maximum likelihood estimation (MLE)
is in principle straightforward. Nevertheless, because the number of parameters is often large,
estimation can become a tedious exercise. If v is assumed to be normally distributed with zero
mean vector and Iy variance matrix then e; will be conditionally normally distributed with zero
mean vector and H; as covariance matrix. The likelihood for a sample of n observations then takes

the form
n

Nn 1 1 _

LImY(9) = —— - log(2m) — > 5 log [Hi| — el H; le,. (4)
t=1

Defining

m N 1 1 _
lf 1(9) Y log(2m) — 3 log |Hy| — §€;Ht =

we can write L™ (0) = Y7 19™(9). As shown by Bollerslev and Wooldridge (1992) in a general
conditional heteroskedasticity framework, maximizing (4) provides consistent estimates even if the
likelihood is misspecified under fairly general conditions. Therefore this method has been termed
Quasi Maximum Likelihood (QML) estimation. Again under general conditions, the asymptotic

distribution of QML parameter estimates 0 is given by
Vil —0) 25 N(0, Vapa)

with Vyp = J 1771, and

T g [82lgml‘| soB lalgml 81;}7)@f|

060006’ 00 o¢

where expectations are taken with respect to the true distribution and are evaluated at the true
parameter vector #. In the case of correct specification, i.e., the distribution of v; is indeed

multinormal, J = Z, and Vg =7 %



While QML estimates are often consistent, they are inefficient if the likelihood is misspecified.
Therefore one sometimes considers the multivariate ¢ distribution as an appropriate choice because
of potential fat tails in the innovations. The drawback of this assumption is that if the assumption
of a specific non-normal distribution is not correct, then in general the parameter estimates are
not even consistent, as shown by e.g. Bollerslev and Wooldridge (1992). Therefore, we will not
pursue the assumption of a specific parametric distribution in our paper. In the next section we

formalize our motivation for giving all the weight to the data in search for a suitable distribution.

3 Semiparametric GARCH estimation

This section describes the methodology used to obtain semiparametric GARCH estimates. A
detailed description of semiparametric estimation techniques and adaptivity is beyond the scope
of this paper. We refer to Bickel (1982), Newey (1990) and Drost, Klaassen and Werker (1997) for
details.

We consider two approaches. One approach is quite similar to the one employed by Engle and
Gonzalez-Rivera (1991) for univariate GARCH models. For practical reasons, this methodology
may be preferred, but efficiency gains might still be possible. Another approach is the one used by
Drost and Klaassen (1997) to obtain efficient estimates. It requires to modify the estimated score
by a projection on the so-called tangent set, which may not always be possible in practice. This
procedure is more ambitious but also somewhat more difficult to implement. It will be discussed
in the next section.

To obtain estimates of the parameter vector € for a given sample of n observations, we maximize

the log likelihood

n n
L) = ~1/2 log [Hy| + > logg(H, *ey), (5)
t=1 t=1

where g is an unspecified density function of standardized residuals. Note that Assumption 1
states that g is a density with mean zero and identity covariance matrix. Without this assumption
the model would not be identified. In the first approach, the idea to estimate g is to first use
QMLE (i.e. Gaussian g) to obtain standardized residuals, and then estimate nonparametrically

the density g. The steps are suggested in Algorithm 1:

Algorithm 1
1. Use QMLE to obtain a consistent estimate of 0, 0, say, that gives H,.

2. Calculate standardized residuals, Uy = ﬁ;lﬂet. Make sure that they have mean zero and

variance In.

3. Estimate nonparametrically the density g of v¢, giving §.



4. Mazimize L keeping g fized.

This procedure can be viewed as a generalization of the one suggested for univariate GARCH
models by Engle and Gonzalez-Rivera (1991).
For the nonparametric density estimation, we use kernel estimates. A general multivariate

kernel density estimator with bandwidth matrix H and multivariate kernel K can be written as
1 n
g (@) = —— Y K(H (v —x))

Since the scale of the variables should be the same (same variance in all directions), it is reasonable
to use a scalar bandwidth, H = hly, with A > 0. It is well known that by requiring nhY — oo
and h — 0 as n — oo, the multivariate kernel density estimates are consistent and asymptotically
normally distributed. The MSE-optimal rate for the bandwidth is n =1/ #+N) We use here a rule of
thumb bandwidth as proposed by Silverman (1986). Furthermore, we use a product kernel K(z) =
HzN:1 K(x;) and some univariate kernel function K such as Gaussian, quartic or Epanechnikov.

Thus, our density estimate becomes

1 < N Vit — X

For details on multivariate kernel density estimation see the excellent survey of Scott (1992).
Alternatively, one can estimate the semiparametric model using a two-step procedure that uses
the so-called influence function to correct an initial consistent QMLE estimate. The correction
is essentially a one-step Newton-Raphson algorithm based on the score vector of the likelihood.
Asymptotically, this algorithm is equivalent to the previously discussed iterative procedure. For-

mally, let us write the log likelihood as L(0) = Y_;_, l¢(f) with
1 _
1(0) = 5 log |Hi| + log g(H, 1/25t).
The next proposition provides a formula for the score vector.

Proposition 1 The score vector takes the form

o OL(0)  Ovec(Hy) [ 1 1 n 1 dlogg(vy) ,
lt(e) = 80 = 80 —§U€C(Ht ) — DNDN(IN ® Ht + INQ) vec T’Ut .
(6)

A semiparametric estimate of 6 is given by

~ ~ n . ~ . ~ 71 n . ~

=0+ <Z et(wt(@)’) RAQ) (7)
t=1

where 6 is the initial QMLE estimate and Et(é) is estimated using the nonparametric estimate of g

(g). We may expect this estimate to work asymptotically as well as the iterative estimate, but its



computational burden is much weaker. However, as already noticed by Engle and Gonzalez-Rivera
(1991), this semiparametric estimate is not likely to achieve the semiparametric lower bound in
general. As we will see in the next section, one can do better if the distribution g is known (or

cannot be rejected) to belong to the class of spherical distributions.

3.1 Efficient semiparametric estimation

In the special case where ¢ can be factorized into a term that only depends on history and another
term that only depends on the density, one can find semiparametric estimators that achieve the
semiparametric lower bound and are therefore efficient. Such a factorization does not seem to be
possible for the general score function in (6) unless one makes a symmetry assumption about the

matrix

%vg. Written elementwise, this means that Vi, j,
t

dg(x) —_ Ogx)
6$i xj o 633]‘ i (8)

which is a system of linear partial differential equations. The solutions are of the form g(z) =

f(x? + ...+ 2%), but this is just the definition of the so-called spherical distributions®.
Assumption 3 The innovation density g belongs to the class of spherical distributions.

Examples of spherical distributions are the multivariate versions of the normal, the t, the logistic

and Laplace distributions.
Proposition 2 Under Assumption 3, the score vector reduces to
1,(6) = Wy(0) Dty

with the (K x N?) matriz Wy = (vec(Wy1), ..., vec(Wyik))', where Wy; = %H;l/Q%—Ingtflﬂ, and
the (N* x 1) wvector 1y = —vech (IN + m%ft(vt)vg).

Note that Wy; depends only on past information and on the specification for H;. The other term
1y depends only on the innovation vy, so that Wy; and ¢, are stochastically independent. An
important result is that under Assumption 3, the score vector is a martingale difference sequence,
ie.,

E [lt(‘g) | -7'—t—1} =0,

which is typically used for deriving the asymptotic distribution of the parameter estimates. In the
Gaussian case, denote the score vector by Fy, with Fy = vech(vv, — Iy), and let My = E[pi)y],
Myr = E[YF], Mpy = E[Fy], and Mpp = E[FLF]]. Note that M,z = Mp, and M, = Myr.

To ensure that these matrices exist, we make the following assumption.

ISuppose X has a density g(z) = g(x1,...,ox). This is a spherical density when g(z) = f(z'z) for some function
f:Rt — Rt.



Assumption 4 All fourth order moments of v; exist, and

(7)<

Assumption 4 excludes, for example, a multivariate Student t distribution with 4 or less degrees

E

of freedom.

The efficient semiparametric estimate is now given by
n -1 5
0=0+ <Z G (0)6 (9)> > 40) (9)
t=1 t=1
where
GO) = L) -P (10)
and
Py = E[Wy(0)]Dn{pe — MyrpMppF}. (11)

If we define S(n) as the population score for the nuisance parameters then £;(6) is found by
projection of ¢, on the closure set of all linear combinations of S (n), called the tangent set.
Under regularity conditions, the asymptotic distribution of the semiparametric estimator is
given by
Vi —6) 25 N(0, Vi)
with Vi, = E[¢1¢;/]1.
By definition, adaptive estimation is possible if and only if P, = 0, which means that the

semiparametric efficient score, ¢;, is equal to the parametric score ¢; and, hence, Vs, is equal to

the parametric lower bound, V;,; = E[¢,£}]~.

Proposition 3 Under Assumptions 3 and 4,

Vi = EW:DyMyyDyW/] (12)
V' = EW.DyMyyDyW,] — EIW,]DnQD'y E[W,] (13)
Vq;@ll = E[WtDNMwFD&W{]E[WtDNMFFngWtI]_lE[WtDNMFwDﬁth'] (14)
with
Q= Myy — MyrMppMry (15)

As a corollary, we obtain that the difference of the information between the MLE and the semi-

parametric estimator is given by the positive semi-definite matrix

V= V,! = E[W,|DyQDyE[W/].



The matrix @ determines the inefficiency of the SP estimator w.r.t. MLE. Adaptive estimation is
possible if and only if @ = 0. Similar to Gonzalez-Rivera and Drost (1999) it can also be verified
that V' — Vq:nll is positive semi-definite.

The matrix Mrpr depends on the structure of fourth moments of v;. Lemma 5 implies that the

marginal kurtosis & = E[v}] is linked to any co-kurtosis ¢ = E [vfivfj], j#iby k=3¢, and Mpp

depends on only one parameter.

Proposition 4 Under Assumptions 8 and 4, we have

Mprp = ZCD]J(,D;Q’ + (¢ — V)wech(In)vech(Iy) (16)
Myy = 2TD]"{,D]"{,' + (7 — Vwech(In)vech(Iy) (17)
Myr = 2D§D} = Mpy (18)

where

T=F

(2hs) 4]

For example, in the bivariate case (N = 2) we have

2 00 3c—1 0 c¢—1
Myrp=1]1 01 0 |, Mpr= 0 c 0 )
0 0 2 c—1 0 3c—-1
and
3c—1 0 1-c
MypMppMpy = m 0 2-1 0

1-c 0 3c—1
In practice, the moment matrices My r and Mpr can be replaced by the empirical moments of the
innovations 7; and score zﬁt obtained after the first step.

Clearly, adaptivity is possible in the Gaussian case since then by definition ¥; = F;. Whether
there are other distributions in the spherical class that allow for adaptivity is our next concern. In
a univariate framework, Gonzalez-Rivera (1997) has shown that a class of symmetric bimodal dis-
tributions allows for adaptivity, but when restricting the distributions to unimodality, the Gaussian
distribution is the only distribution under which adaptivity is possible. The following proposition
states that this extends to the multivariate case, since spherical distributions are symmetric and

unimodal.

Proposition 5 In the class of spherical distributions, the multinormal is the only one that allows

for adaptivity.

Let us now look at three examples of spherical distributions, the Student t, Laplace and logistic
distribution. Table 1 reports the spectral norm of @ for these distributions, which for the case of

real, positive semi-definite matrices is equal to the spectral radius p(Q), i.e., the largest eigenvalue.



Distribution ¢ T p(Q) c T p(Q) c T p(Q)

t (v =5) 3.0000 0.7500 0.7500 | 3.0000 0.7778 0.8889 | 3.0000 0.8000 0.9333
t (v =28) 1.5000 0.8182 0.3117 | 1.5000 0.8333 0.3333 | 1.5000 0.8461 0.3590
t (v=12) | 1.2500 0.8667 0.1454 | 1.2500 0.8750 0.1667 | 1.2500 0.8824 0.1810
Laplace 2.0000 0.6667 0.2000 | 1.6667 0.7500 0.3000 | 1.5000 0.8000 0.2667
ES Logistic | 0.7948 5.0965 11.4005 | 0.8559 1.4431 0.9629 | 0.8960 1.2968 0.7816

Table 1: Co-kurtosis ¢, the value of 7 in (19), and the spectral norm of the matrix @ in (15)

1. The density of a symmetric standardized multivariate Student t distribution is given by

ey o\
90 = L VRN ) (1 - 2) (20)

where I'(p) = fooo xP~le~%dx is the gamma function. To ensure finite fourth moments of v;
we will assume in the following that v > 4. Under the density given in (20), ¢ = (v—2)/(v—4)
and 7 = (v 4+ N)/(v + N + 2). Note that for v — o0, since the limiting distribution is a
Gaussian, c=1, 7 =1, and Myy = Myr = Mpp = 2D;{,D;\r,’. For increasing dimensions N,

7 converges to 1 and My, converges to QDEDX}'.

. The second example is a multivariate Laplace distribution with density

(N + 1)N/21(N/2)
2nN/2(N — 1)!

g(ve) = exp(—+/ (N + 1)vjvy) (21)

For N =1,2,3wefind c = (N+3)/(N+1) and 7 = (N+1)/(N+2). Although we do not use
it here, we conjecture that these formulae for ¢ and 7 hold for any N, which would imply that
c— land 7 — 1 for N — oo, which in turn implies using Proposition 4 that the multivariate

Laplace density converges to a multinormal distribution with increasing dimension.

. The third example is an elliptically symmetric (ES) multivariate logistic distribution with

density

7
e~ C2V: vt

— 22
(]_ + e*sztvt)Q ( )

g(vt) =C

with constants ¢; and ¢z such that (22) integrates to one and Var(v;;) = 1. We calculate the
values c1, ¢z, the co-kurtosis C, and 7 by numerical integration. Note that the univariate
distribution (N = 1) is different from distribution usually called logistic. For example, the
distribution in (22) is platykurtic, whereas the usually called logistic is leptokurtic. The
reason for not considering the standard multivariate logistic is that it does not belong to the

class of spherical distributions. The ES logistic distribution is mentioned by Jensen (1985).



Note that the results reported in Table 1 generalize those for the case N = 1 listed by Gonzalez-
Rivera and Drost (1999), except for the logistic distribution which, as explained, is defined in a

different way. In the univariate case, Q is a positive scalar, so that p(Q) is just this scalar itself.

4 Monte Carlo simulation experiment

In this section we are interested in the performance of the proposed SP estimator relative to the
QML and ML estimator. Intuitively, the semiparametric method should perform better than QML,
but worse than ML, when there are strong departures from normality. The data generating process

is given in Definition 1.

Definition 1

1 0.2 0 0 6%,1&—1 0.5 0 0 h117t71
ht = 0.7 + 0 0.1 0 €1,t—1€2,t—1 + 0 0.1 0 h127t71
1 0 0 02 2, 0 0 06 || hasys

For the distributional assumption on v; we take the student t distribution, that is vy ~ t, with
density given in (20). In this exercise we take v = 5. The results are displayed in Table 2.
Concerning the bias, the three estimation procedures perform similarly, perhaps one could no-
tice that SP performs better than QML for most of the parameters. There are, however, substantial
differences between the standard deviations. Clearly ML performs best for all the parameters. SP
is as expected in between the two other procedures, also for all the parameters. The same holds
true for the MSE of . One can sce that a good part of the loss of the inefficient QML (compared
to ML) is recaptured by SP. This has implications, for example, for applications to financial data

where often a high kurtosis is observed.

5 Empirical Example

We investigate the bivariate series of daily returns to the CAC 40 (Paris stock exchange) and FTSE
100 (London stock exchange) stock indices from 1990 to 2001 (2894 observations). The two time
series are plotted in Figures 1 and 2. Summary statistics of the data are given in Table 3. Obviously,

there is excess kurtosis in both series, which is also apparent in the nonparametric density estimates

10



ML QML SP
Population | Mean  SD MSE | Mean SD MSE | Mean SD MSE
c11 =1 1.021 0.209 0.0441 | 1.043 0.286 0.0841 | 1.008 0.249 0.0624
co1 = 0.7 0.725 0.245 0.0609 | 0.739 0.309 0.0975 | 0.736 0.308 0.0967
coa =1 1.039 0.218 0.0493 | 1.060 0.285 0.0853 | 1.033 0.258 0.0677
P11 = 0.5 0.492 0.081 0.0066 | 0.483 0.113 0.0131 | 0.495 0.097 0.0096
Bo2 = 0.1 0.070  0.269 0.0735 | 0.060 0.324 0.1066 | 0.070 0.320 0.1036
B33 = 0.6 0.591 0.062 0.0040 | 0.581 0.084 0.0075 | 0.592 0.075 0.0057
ap; =02 0.201 0.038 0.0014 | 0.201 0.055 0.0030 | 0.194 0.043 0.0019
oo = 0.1 0.099 0.032 0.0010 | 0.102 0.043 0.0018 | 0.097 0.035 0.0012
az3 = 0.2 0.201 0.035 0.0012 | 0.208 0.052 0.0028 | 0.196 0.039 0.0015

ML, QML and SP Monte Carlo results based on 500 replications of the diagonal V EC' model

defined in Definition 1 with n = 2000. The innovation density is a bivariate student density

with 5 degrees of freedom. MSE means mean squared error and SD means standard deviation.

in Figures 3 and 4. For the nonparametric density estimation we used the Gaussian kernel and
biased cross validation for the bandwidth. The plots show a superimposed kernel density estimate
of data points simulated from a normal distribution with the two moments equal to their sample
counterparts. Kolmogorov-Smirnov and Chi-square tests easily reject normality. Also, the Jarque

Bera normality test clearly rejects. The unconditional correlation between the two return series is

0.71.

We first estimate a bivariate BEKK(1,1) model by QMLE, which gives us the parameter esti-

Min
Mean
Max

Std Dev.
Skewness

E. Kurt.

CAC FTSE
-0.076 -0.042
0.31E-3 0.29E-3
0.068 0.054
0.013 0.010
0.178 0.019

1.983 1.745

Table 3: Descriptive Statistics

mates, reported in Table 4, with a likelihood value of -7604.0.

11

Table 2: Monte Carlo results (n = 2000, v = 5).



QML SP

Cip | 03452 (4.012) | 0.3103  ( 3.606)
Co | 0.0316  (0.9902) | 0.0251  ( 0.7865)
Ca | 0.0706  (2.500) | 0.0695  ( 2.461)
By | 08780  (18.12) | 0.8919  (18.40)
By | 00715 (1.610) | 0.0648  (1.459)
Biy | -0.0081 (-0.4111) | -0.0067 ( -0.3400 )
By | 09836 (53.33) | 0.9830 (53.29)
Ay | 03192 (6.269) | 02958  (5.809)
Ay | -0.0558  (-0.7998 ) | -0.0599 ( -0.8585 )
Ay | 00312 (0.9381) | 0.0298  (0.8960 )
Ay | 01730 (3.981) | 0.1651  (3.799 )

Table 4: Parameter estimates with QMLE t-statistics in parentheses.

Note that the off-diagonal elements of A; and B; are not significant. However, a diagonal
BEKK(1,1) model is rejected using a likelihood ratio test statistic. From the estimated model we
obtain standardized residuals, 9y, which are not rejected to be white noise. More precisely, the
multivariate Portmanteau statistic with ten lags is 54.11, which is smaller than the 95% critical
value of a x? distribution with 40 degrees of freedom.

Although ?; is not rejected to be a white noise vector, its components do not appear to be
independent. For example, the co-kurtosisis given by 1/n ), 03,03, = 1.35, where one would expect
a value of one under independence. A formal test of the hypothesis E[v?,v3,] = 1 is not known to
us unless one uses a specific distribution. But we can use the empirical standard deviation of v%,v3,
which, divided by v/n, gives an estimate of the standard error. This value is 0.158, so that under the
assumption of an asymptotic normal distribution the estimate of 1.35 is significantly different from
1. We take this rejection of independence as support for our semiparametric procedure since the
nonparametric multivariate density estimator automatically captures the dependence among the
components of v;. This contrasts the neglect of any dependence by QMLE where by construction
the components of v; are assumed to be independent.

The estimated bivariate density of ¢; after the first QMLE estimation step is shown in Figure
5. This function § is used in the optimization of log L in (5). For the semiparametric model, we
then obtain the parameter estimates, also reported in Table 4, with a likelihood value of -7392.8.
The difference in the likelihood values indicates that the semiparametric model provides a much

better fit to the data than the Gaussian model. The multivariate Portmanteau statistic with ten

12



lags applied to the standardized residuals is 53.96, which is slightly smaller than for the Gaussian

model.

6 Conclusions and outlook

This paper has shown that efficiency gains of semiparametric GARCH models over QMLE carry
over to multivariate GARCH models. In general, the efficiency gain is higher for large sample sizes
and for a larger deviation from normality (e.g. skewness and leptokurtosis). We suggest a semi-
parametric estimator that is shown to be efficient if the true distribution is known to be spherical,
and provide conditions under which it is also adaptive. Also, we conjecture that the efficiency
gains in the multivariate case increase if the innovations are only uncorrelated but not indepen-

dent. That is, for example, if the co-kurtosis E[vZv?,] is different from 1 for some i # j. Since

't
our semiparametric procedure estimates the joint density nonparametrically, these dependencies

should be captured and yield more efficient parameter estimates.
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Appendix A: Figures
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Figure 1: Daily returns for the CAC index from 1/03/1990 to 4/12/2001
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Figure 2: Daily returns for the FTSE index from 1/03/1990 to 4/12/2001
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Figure 3: Kernel densities for the daily CAC returns index from 1/03/1990 to 4/12/2001
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Figure 4: Kernel densities for the daily FTSE returns index from 1/03/1990 to 4/12/2001
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Appendix B: Index Set Definitions

Define the index

kfj:i+(j—1)(N—%) (23)

and the index sets

0 N=1
K {k1j=1,....,N—=1; i=j+1,...,N} N>2
and

KY ={kN |i=1,...,N} (25)

The index kf}l is the position of the (7, j)-th element of an (N x N) symmmetric matrix A in the
vector vech(A). Remember that vech(A) contains N* = N(N + 1)/2 elements. IC{}Z contains all
indices of the elements below the diagonal of A in the vector vech(A), this set contains N(N —1)/2
elements. The set K contains all indices of the N diagonal elements. For example, for N = 2,
K3 = {2} and K% = {1,3}, and for N = 3, K}, = {2,3,5} and K}, = {1,4,6}. Note that
KN UKY ={1,...,N*} and K}y N K}} = 0.

,

Appendix C: Lemmata

Lemma 1 For a given matriz A(m x m), let Z =1, ® A+ A® I, nonsingular. Then

DD} Z'D,,D}, = D,,D;} 7! (26)
Proof. Indeed
D,D}Z'D,.D}7Z = D,D} (27)
DD}z 'zD,D} = D,D} (28)
D,.D}D,.D} = D,D (29)

by using (70) and the fact that Djf Dy, = Ly, (m1y/2- O

Lemma 2 For given matrices A, B(m x m),

D.,(A® B)D,,D;}, = %D;(A®B+B®A) (30)
Proof: Indeed
1
D! (A® B)D,,D, = 5D;W{A®B+(an(AeaB)Cmm} (31)
1
(DD} @ D! )vec(A® B) = 3 (Iyze @ D), + Crm @ D1, Crm ) vec(A @ B)

17



using first (65) and then vectorizing both sides. But

1 1
§(Im2 ® D!, + Copm @ D}, Crn)) = §(Im2 @ D!, + Cpm @ D) (32)
1
= 5(Imz + Cpmm) ® D), (33)

where (32) uses (68), (34) uses (67). O

Lemma 3 The matriz D DY/ is a (N* x N*) diagonal matriz with 1 at the (i,i)-th position,

i € KJY, and 1/2 at the (j,j)-th position, j € K, where K[} is defined in (24) and K} in (25).

7

Proof: The statement holds for D" D" = 1. Noting that k) ** = kN, i—1 + N + 1, where k
defined in (23), and using the recursive equation for D, D}/, in (72), the statement follows by

induction. Q.E.D.

Lemma 4 The matriz vech(In)vech(In) is a (N* x N*) matriz with 1 at the (i,j)-th position,

i,j € KY, and 0 elsewhere, where KY is defined in (25).

(X

Proof: By definition, ICY contains the positions of the diagonal elements of a (N x N) matrix A in
the vector vech(A). Therefore, K contains the positions of the ones in the vector vech(Iy). The
matrix vech(Iy)vech(Iy)" then contains ones at pairs of any permutations of these positions, and

zeros elsewhere. So there is a total of N2 ones in the matrix. Q.E.D.
Lemma 5 For any spherical distribution,

ﬂ % 0 if one (or more) a; is odd

K, H] 1 aj/g), if all oy are even
where oo = Z;VZI o and K, depends on a only.

Proof: see Box and Hunter (1957).

Appendix D: Proofs

Proof of Proposition 1:

Let us write the likelihood as L(6) = Y"1, 1;(6) with
Iy = ——log|Ht| +logg(H, "%e).

The score vector is given by

Ol(6) _ 1dlog|H,|  dlogg(H; =)

00 2 09 80

18



where the first term has components

_1.,0vec(Hy) _,0H, _1/20H;
~ veo(H] 1)/Tit Ty (Ht 1 80;) Ty (Ht 1/2 ae;Ht 1/2)

Olog |Hy
00;

using (78). With the chain rule for matrix differentiation (73), we can write

dlog g(H, —1/2 €t) _ 0log g(x) 0(H;1/25t) Ovec(Hy)
801- ox' Ovec(H,)' 00;

Applying (75) and (77) we can further write

6(H;1/25t) —1/2 1/2 0vec(H1/2)
—_— = I H, —_ 35
Ovec(Hy)' ~(E @ ) (H, e )8vec(Ht) (35)
Then, 28U canh iately defined by noting that Hj i ic and by the definiti
en, W(H)' can be appropriately defined by noting that H; 1s symmetric and by the definition

of the matrix square root (60) Htl/2 is symmetric as well. By (76) we know that in this case

Ovech(Hy)

et DHH* @ Iy + Iy ® H/*)Dy (36)
Ovech(H 1/2) M

D% ZDxy (37)

with Z = (H, 1/2®IN +In ®H1/ ), where D denotes the generalized inverse (62) of the duplication

matrix Dy. If the matrix Z is invertible, a natural definition for the derivative of the matrix square

root is
Ovech(H 1/2) _
Tvean(my | PNEDN) 33)
= D}\Z 'Dy, (39)
where (39) uses (71). Using (74) we then obtain
dvec(H,'? _
W DnDLZ'DyD} (40)
= DyDLZ7! (41)
by Lemma 1.
Plugging (41) into (35), we obtain
O(H'/?
égvetc(HtE)t') = —(E e L) 9 H ) Dy byz™! (42)
= —(vj®In)(H? @ Iy)(H,"* @ H *) 27 Dy D}, (43)
= —(y®Iy) Iy H )27 DyD}; (44)
= —( @ {2y H)} " DnD}; (45)
= (’Ut®IN)(IN®Ht+IN2) 1DND$ (46)

where (43) uses (69), (45) uses (61). Thus,

Ovec(Hy)
06;

Ologg(ve) _ 0Ologg(vy) (
90; o]

U; ® IN)(IN ® H; + IN2)71DND]T[
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Ovec(Hy)

- e Rogaled, (.

!
ut) (In ® Hy + In2) " 'DyDY
avt

and the score vector can be written as

A
Ol(9) _ Ovec(H:) {%VGC(Ht_l) - DND?\_](IN ® Hy + In2) tvec <7810gg(vt)’02) }

o0 06 vt
Q.E.D.
Proof of Proposition 2
Under Assumption 3, we have Vec(al%g(vt) vy) = DNvech(m%ft(“)vg). Furthermore, if we

define Z = (Hl/2 ® In + In ® H, 1/2 ) and using Lemma 2 in Appendix C, we can write,
DIy ® HY*)DyDhz ' = %ng(IN QH P+ H Y o Iy)Z2
- %D?V(H V2@ HY?),
by noting that
(I ®Ht_1/2 +Ht—1/2 © In) = (Ht—1/2 ®Ht—1/2)(H1/2 © In + In ®H1/2)

So we have that

dlogg(vt) 1 dlogg(ve) v, 1/2 1/2, Ovec(Hy)
TR = vee(—= 2y (H, H; /A2
20, 3oy, W T e )y
1 —1/20H; _1/20logg(ve)
= oy (H7VREER g8 9\Vt)
r< t e, ov
using (59). The components of the score are
; 1 —120H; __1/2 dlogg(ve) ,
(0) = —-TviH VP Iy + 22890
ltz(e) 2 I'{ ¢ 801 ¢ N+ (%t Yt
= Tr(With)
with W, = 1H, ?2He g7 and ¢, = (I + Qlogglv) g) Defining the (K x N?) matrix
Wi = (vec(We), ..., vec(Wik))', we obtain
1;(8) = W;(8) Dy vech(ty).

Q.E.D.

Proof of Proposition 3

L Vo' = Eliydi] = B[Wyghbi W] = B[W, My W]

2.

V! = Eliill] - E[i,P}] - E[Ri}] + E[P.F]].
The second term is
Eli.P]] = E[WDnvi(v) — F/MgpMpy) DyE(W])]
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E[WiDNE[We; — 1 F{ Mg Mgy DNE[W/]

= E[WiDy (Myy — MypMppMpy) DyE[W]]
Similar calculations show that E[l, P/] = E[P;l}] = E[P,P/], which then gives the stated result.

3. Recall that Vg, = J 'ZJ !, and thus VoL = 77717 with

qml
27qml gml o;qgml
gow[] s fotont]

00 oy

o19m!
and —%— = W; Dy F;. We have

T = E[W,DnF,F,DyW/] = E[W, Dy Mpp D) W/]

and
J = f/ (z) o dr = / @algml dx (47)
= T 0000 T Jn 00 00
log g(x) D™ log g(x) Ol{™
- O8I Tt gy — g | 2BIT) T 4
/,RN 9@ =55~ g7 0 of (48)
= E[W.DnF;DyW{] = E[Wi;DnMyrDyW,] (49)
Q.E.D.
Proof of Proposition 4
1. MyF: Note first that
Myr = fE[vech(m%g(x)z’)vech(xx’)’] — vech(Iy)vech(Iy)
T

Writing the first term elementwise, one obtains using integration by parts

- /RN agg(;) ridr = 3E[z?] =3

for the (i,)-th element, i € K, and

dg(x) 2 21 _
/RN oz, rivjdr = Elzj] =1

for the (i, j)-th element, 4,7 € K, and i # j. All other elements are zero, because moments
containing odd orders are zero for spherical distributions, see Lemma 5. Thus, Lemma 3 and

4 imply that Myp = 2D D}/
2. Mrr: Note that
Mpp = E|vech(zz")vech(zx')'] — vech(Iy)vech(Iy)’

Using Lemma 5, the (4,4)-th element, i € K, of the first term is E[z}] = 3¢, and the (i, j)-th
element, i,7 € KN, i # j, is E[x%ac?] = c¢. All other elements are zero. Together with Lemma
4, this implies that (,i)-th element, i € K of Mpp is 3c — 1 and the (i, j)-th element,

i,j KN, i#j,isc
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3. My, Note that

I
Myy =E lvech (al%j(x)x') vech (al%j(x)x') 1 — vech(In)vech(Iy)’

A typical element of the first term can be written as

SN 2
- [é)loagxgi(x) al(ggxi(x) $k$l:| _JE lf—z(m/x) (%) injkal‘|

because g(x) = f(z'x), which is equal to

’ 2
4 . fﬁl(x’l') (%) I’il‘jl‘kl'lda: (50)

;N2
Now the function h(z'z) = 4f~1(a'x) (BJ;(;;)) depends on x only through z’z, is positive
and integrable by Assumption 4. Thus, it is itself a spherical density up to some scale and
(50) is just the fourth order moment structure with respect to h. Therefore, Lemma 5 applies

to h and we obtain the same structure as for Mpp. That is, for i # j,
dlogg(x)\? , dlogg(x)\* ,
E|l ———— ‘| = 3E | | —=2< :
[< 6331 i 3 6331 xj

- [é)logg(x) dlogg(r) (E?loagixgi(x))Q x?‘| : (51)

8a:i aZCj
Note that (51) also follows immediately by the symmetry assumption (8). Q.E.D.

and

acixj] =E

Proof of Proposition 5 Adaptivity in the class of spherical distributions is possible if and
only if P, = 0. To prove that this occurs only for the multinormal distribution, consider first the
case N = 2. Then P; in (11) is a vector with three components. Writing the equation system

P, = 0 elementwise, the second equation becomes

~ Ologg(x)
8931

1
Tog — —X1Xg = 0.
C

Using the symmetry of spherical distributions, this yields

W) _ Ly (2)

whose unique solution is given by g(z) = const exp(—5-2'x), which is the multinormal with co-
variance matrix cln. But since we restricted g to have identity covariance matrix, ¢ = 1.

To prove the statement for any dimension N, we have to analyze the structure of the matrix
MwFM;}. By Lemma 3, Myr is a (N* x N*) diagonal matrix with 2 at the (4, ¢)-th position,
i € KN, and 1 at the (4, j)-th position, j € IC{}[

Lemma 3 and 4 imply that Mpp is a (N* x N*) matrix with 3¢ — 1 at the (¢,)-th position,
i€ KN; ¢ — 1 at the (i,5)-th position, 1,7 € K&, i # j; ¢ at the (i, )-th position, i,j € KN;

(X (A 17
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N

i of Mpr contains a c at the

and zeros elsewhere. Thus, the i-th row and ¢-th column, ¢ € K
i-th position and zeros elsewhere, and the same row and column of M, }ﬂ contains a 1/c at the
i-th position and zeros elsewhere. This proves that the i — th element, i € ICf}[ , of the vector
MyrMyg }Ft is equal to vy /c. One then obtains the same differential equation (52) with unique

solution the N-variate normal distribution. Q.E.D.

Appendix E: Derivatives of the VEC model

For the sake of notational simplicity we take the VEC model with p=¢g =1
ht =w + A??t,1 + Bht,1 (53)

where 7;_1 = veche;_1€,_;. Deriving with respect to the parameters in w, A and B we get

% = In + Bohi_10u' (54)
aht / aht—l
Tt Iv + A—t=1
Ovec(A) M1 & AN Ovec(A) (55)
Ohy o, Ohy_1
dvec(B) o1 @ I Bavec(B)’ (56)

where (54) is a (3 x 3) matrix and (55) and (56) are matrices of dimension (3 x 9) in the bivariate

case.

Appendix F: Matrix algebra and calculus

The main part of the following results come from Liitkepohl (1996), abbreviated L hereafter.

1. For matrices A, B, C, D of appropriate dimension, we have

vec(ABC) = (C'® A)vec(B) (57)
(AC)(B®D) = (AB)® (CD) (58)
Tr(ABCD) = vec(D')'(C' @ A)vec(B) (59)

2. Matrix square root: The square root of a symmetric positive definite matrix X is defined as
X2 =AY (60)

where the columns of I contain the eigenvectors of X and A'/2 is diagonal with the positive
square roots of the eigenvalues on its diagonal. Note that X'/2 is symmetric and positive

definite.
3. L 351 (1), p.27: X,Y (m x m) nonsingular:

(Xy)t=y tx! (61)
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4. The (Moore-Penrose) generalized inverse of an (m x n) matrix X can be defined as
Xt =(X'X)"'X' (62)
if X’X is nonsingular.
5. The (mn x mn) commutation matrix Ci,, is defined by
Crnvec(A) = vec(A") (63)

for every (m x n) matrix A. Let E[?™ be the (m x n) matrix with 1 in its ij-th position and

zeros elsewhere. Then an explicit expression for C,,, is given by

Conn = Y Y _(BJ™ @ EZ™). (64)

i=1 j=1
For example, Cys is given by
10 0 0
0 010
Coy =
01 00
0 0 01
L 9.2.2 (5b), p.117: A(m x n), B(p x q):
B®A=Cpn(A® B)Cpq (65)

6. The (n? x n(n+1)/2) duplication matrix D,, is defined so that
D, vech(A) = vec(A) (66)

for every symmetric matrix A of order n. For example, D5 is given by

Do

o O O =
S = = O
= o o O

An explicit expression is given by
n n
D, = Z(Z vec(Efj" + Eﬁ")vech(Efj")' + Vec(EZﬂ)vech(EZn)’).
J=1 i>j

7. L 9.5.2 (1), p.123: The matrix DD is linked to the commutation matrix by

DD} = (L2 + Crum) /2 (67)

24



10.

11.

12.

13.

14.

15.

16.

17.

18.

L 9.5.2 (2), p.123:
CrimDm = Dy (68)
L 9.54 (1), p.124: A(m x m):
DD (A® A) = (A® A)D,,D; (69)
Theorem 3.11 (iii) Magnus (1988, p.49): A, B(m x m):
DD} (A® B+ B® A)D,,D}, = D,D}(A® B+ B® A)
= (A® B+ B® A)D,, D}, (70)

L 9.5.4 (8c), p. 125: A(m x m):

(Df: (Imy @ A+ A®1,)Dp) " =D (In @ A+ A® I,) " Dy (71)
L, p. 125:
1 0 0
DD =10 i, 0 (72)
0 0 DD
Chain rule for matrix differentiation, L 10.7(2), p.203: X (m x n), Y/(X)(p, xq), Z(Y)(r x s):

ovec(Z(Y (X)) _ ovec(Z(Y)) Ovec(Y (X))
Ovec(X)! ovec(Y)  Ovec(X)

(73)

Magnus (1988, p.129): X (m x m) symmetric, Y (X) symmetric matrix function: Using (66),

the differential of vec(Y) can be written as

B Ovech(Y)
dvec(Y) = m@vech(X)’dveCh(X)
B Ovech(Y) .
= Dvech(X) D, dvec(X) (74)
L 104 (3), p.183: X(m x n), A(p x m), B(n x q):
Ovec(AX B)
—————~=B'®A
Ovec(X)! © (75)
L 10.5.3 (2), p. 194: X, A(m x m) symmetric:
Ovech(X AX)
———————2 =D XA® Iy + I, ® XA)D,,
Ovech(X) m(XA® I + Im @ ) (76)
L 10.6 (1), p.198: X (m x m) nonsigular:
Ovec(X 1) _ _
— *X/ 1 X 1
Ovec(X)! © (77)
L 10.3.3, p.182: X(m x m), | X| > 0:
alOg |X| n—1
%A (x
X~ () (78)
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