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Abstract
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1 Introduction

In most industrialized societies, one observes that the bulk of public transfers
benefits the young (through education) and the elderly (through pensions)
and that these transfers are financed by a tax on labor income. This pattern
is often justified by arguments of myopia (for pensions), liquidity constraints
(for education) and redistribution (for both transfers). There are other rea-
sons for such an intervention of the government particularly when we adopt
the dynamic setting of an endogenous growth model wherein human capital
is the engine of growth. The purpose of this paper is to abstract from con-
siderations of myopia, liquidity constraint and redistribution and to study a
three-overlapping-generations model of endogenous growth in order to verify
if the above stylized facts results from our theoretical analysis.

In a model of endogenous growth with human capital there is a double
need for public intervention. First, educational investment tends to be insuf-
ficient because its private value is lower than its social value by the positive
externality it exerts on future generations. A subsidy is called for. Second,
for a given social rate of time preference, it is likely that individual saving de-
cisions don’t generate the appropriate amount of capital accumulation. Thus
some transfers between generations are desirable. In this paper we first study
and compare the laissez-faire and social optimality solutions. Then we turn
to the issue of decentralization. First, we show the rather striking result that
social optimum decentralization is possible with a lump sum tax-transfer on
retirees and two distortionary tools, a tax on earning and a subsidy on edu-
cation. Second, instead of a subsidy on education and a tax on labor income,
we can have a wage subsidy with a tax on educational spending. Third,
there is no reason for the government to provide retired workers with public
pension benefits. Taxing the retirees can make sense to finance educational
subsidy and achieve the right amount of capital accumulation. Our analysis
will be conducted in a first-best setting. This implies that the government is
assumed to have at its disposal the appropriate instruments. In a companion
paper we are studying the second-best problem which occurs when the right
instruments are not available.

Quite surprisingly there is little work in this area. Our paper can be
viewed as an extension of Michel (1993) who studies an overlapping gener-
ations growth model where agents live for three periods. In the first, they
incur some education cost which is financed by borrowing on the financial
market. In the second period, they work with their labor supply being fixed
and their wage depending on their educational investment and also on the



overall level of human capital. Their earnings are used to finance current
consumption, refund the amount borrowed for their education and save for
retirement. In the third period, they are retired. We generalize Michel (1993)
and also de la Croix and Michel (2002) by using more general production and
utility functions and also a less restrictive human capital function. We also
develop the decentralization analysis more completely. Azariadis and Drazen
(1990) develop a model in the same vein but with human capital produced
out of forgone labor. Finally Docquier and Michel (1999) study a model
wherein human capital is produced out of financial investment and of labor
time. Because the setting of this last paper is quite complex it has to resort
to numerical simulations.

We begin our analysis with the presentation of the model in Section 2.
Then in the next two sections we characterize the laissez-faire equilibrium
and the first-best optimum. We investigate in Section 5 under which condi-
tions the first-best can be decentralized. We start with what we consider to
be the standard instruments of decentralization: a subsidy on education and
lump-sum transfers in both the second and the third period. Then we con-
sider alternative set of instruments allowing for decentralization. The paper
concludes with a short summary of the main findings.

2 The model

Individuals live for three periods: they invest in education in the first period,
work in the second one and retire in the third one. The generation at work
in period ¢, which is thus born in period ¢t — 1, is indexed by ¢. The size of
generation ¢ is given by N, = (1 + n)N;_;, where n is the constant rate of
population growth. In period ¢ the population size is thus N;_1 + Ny + Nyiq.

An individual of generation ¢ invests in education an amount e; | in pe-
riod ¢ — 1. This results in a level of (per capita) human capital or effective
labor supply that is given by h; = ®(e;_1,hy_1) where h;_; is the level of
human capital inherited from parents. Function ® is assumed to be homoge-
neous of degree 1 in its two arguments. Therefore, we can write it in intensive
form as:

. _ Ci—
ht = ht71§0<€t71) with €1 = ht ! (1)
t—1

where @(€) is positive, increasing and strictly concave, and satisfies the Inada
conditions: ¢'(0) = oo and ¢'(c0) = 0.



With ¢; and d;;; denoting consumption in the first and second periods
respectively, the preferences of generation-t individuals are represented by
the following utility function:

wp = u(cy, dygq). (2)

This function is strictly increasing, strictly concave and homogeneous of de-
gree b < 1 in its two arguments (indifference curves are therefore homo-
thetic in the (c,d)-space). It also verifies the following Inada conditions:
uc(0,d) = oo and u4(c, 0) = oo.

The production side is represented by an aggregate production function
relating output Y; in period ¢ to the physical capital, K;, and the aggregate
human capital or effective labor supply, H; = N;h;, that are available in
period ¢. This function is given by Y; = F(K;, H;), which is assumed to be
homogeneous of degree 1. Therefore, we can also write:

_ _ K
Y, = H,f (k) with k, = ﬁt (3)

t

where f (k) is assumed to be positive, strictly increasing and strictly concave
in k, i.e. the ratio of physical capital to human capital.!

3 Laissez-faire equilibrium

We assume a perfect credit market. Individuals of generation ¢ borrow e;
when they get educated in t — 1 and reimburse R;e;_; when they work in ¢,
with R; = 1 4+ r; being the interest factor. With w; denoting the wage rate
per unit of effective labor, their net income in period t is therefore:

Wi = wihy — Riepq = ht—l(thO(Et—l) - Rtét—l)- (4)

Individuals use this net income for current consumption ¢; and saving s; so
that when retired they consume

dit1 = Riy15:. ()
They choose €;_; and s; so as to maximize their utility:

u(cr, dir1) = u(he—1 (wep(€—1) — Ri€1—1) — St, Rev15t).

In Michel (1993) the utility function is loglinear and both production and human
capital functions are Cobb-Douglas.



The optimal choice of education by an individual of generation ¢ is thus given
by:

¢ (€r1) = — (6)

Wy

while his optimal choice of saving satisfies:

Uc(Ct, dt+1) = Rt—i—lud(cty dt+1)- (7)

The above two conditions together yield the demand function for education
and first- and second- period consumptions: e;_q(Ry, wy, hi—1), (R, Riv,
wy, hy—1) and dy11(Ry, Ryy1, wy, hy—1) in the laissez-faire economy. Then, using
(6) the net income of an individual of generation ¢ is:

Wi = h_ywep(@-1) — @' (€—1)E-1], (8)

in which the expression in brackets is positive since the strict concavity of
©(€) implies that p(e) — e¢'(e) > ¢(0) > 0. Using (1), relation (8) can also
be written as:

Wi = hywi[1 — M@ (Er-1))] (9)

with A denoting the elasticity defined as:

Mep(e) = E:;;S) <1.

In competitive markets the remunerations of the production factors are
equal to their marginal products:

R, = f'(k)) = R(ky), (10)
wy = f(ky) — kef' (k) = w(ky), (11)

where R(k;) is decreasing and w(k;) is increasing in k;. Plugging (10) and

(11) into (6) yields:
— A | R(Et) — =(1
€1 = (w(a)> =e(k;) (12)

with €(k;) increasing in k;. Using this result the net income W; in (9) can
be written as:

W, = hep (k) (13)



where

(k) = wk)[1 — Mep(e(ky))] > 0.

Our assumption that the utility function is homogeneous in ¢; and d;q
(i.e. indifference curves are homothetic) makes saving proportional to net
income. In other words the saving rate that we denote by ¢ depends only on
the interest factor Rj:

st = 0(Rip1)Ws = 0 (Regr (kegr) ) hib (Ky). (14)

The clearing condition in the financial market, Nys; = K11 + Nyi1es, can be
written as:

St = (1 + n)Et+1ht+1 + (1 + n)htét.

Using (1), (12) and (14), this market-clearing condition is equivalent to:

b(ke) = x(kir1) (15)
with
_ . 1+n _ g iy
X(k41) = (B [ker10(@(ker)) + (k)] -

If ¢ and x are both increasing functions, the dynamic path of k; as defined
by (15) is monotonic, and k; converges towards a steady-state value? we de-

note by 7. One then obtains a balanced growth path along which the
variables chosen by individuals (s, e; 1,¢ and dyy1) grow at the same rate

as individual human capital: 1+g¢~F = hy 1 /hy = o(etF) with ebf" = E(ELF).

4 Social optimum

To characterize the first-best social optimum we use as objective of the social
planner the sum of lifetime utilities over generations discounted by a factor
v (0 < v < 1) reflecting social time preferences. This maximization is subject
to human capital equation (1) and to the following resource constraint

d
hof (ki /) = ¢, + th + (14 n)es + (14 n)ki (16)

2The monotonic sequence k; is bounded above because the limit of 1 (k)/x (k) when k
tends to oo is equal to zero.



where k;, = K,;/N, is the physical capital per worker. Notice that k, = k;/h;.
The Lagrangean problem can now be written as:

dy
1+n

maXZWt{u(ct, div1) + qelhef (ke/he) — e —
=0

— (L +n)(er + ke1)] + pelhep(ee/he) — hysa] } (17)

where ~'q, and ~'p, are the multipliers associated with the resource con-
straint and the human capital equation respectively. Maximizing the above
Lagrangean with respect to ¢, dy, e;, ki1 and hyyq yields:

Ue(cry dir1) = @ and  ug(ci-1,dy) = %7

P’ (€) = (1 +n),
(1 +n) = g1 [ (kis1),
and

pe = Y@ lf (ke1) = kesr f'(Rer)] + 1001 [0(Ee1) — Eir (Er41)).

Together with the transversality condition:
tlggo Y (qekir1 + pe)hesr = 0,
those conditions are sufficient since the problem is concave.
Eliminating the multipliers from the above conditions first yields:

Uc(Ct; dt+1)

Ud(Ct,dt+1) = f/(EtJrl)v (18)

which is satisfied in the competitive laissez-faire equilibrium as it can be
inferred from (7) and (10). Next we obtain:

Ud(Ct—hdt) _ Vf/(%tﬂ) (19)
uq(ce, diyr) l+n

This condition determines the optimal accumulation of physical capital.



One can also infer from the first-order conditions for a maximum of (17):

_ - =
W) @) = F(Fia) — (14 n)g (o) 20— Ea@ Cn) oy
@' (€r11)
which yields the optimal accumulation of human capital. It is straightforward
to infer from (6), (10) and (11) that this condition is not satisfied in the
competitive laissez-faire equilibrium. When choosing their investment on
education, individuals ignore the intergenerational externality represented
by the second term on the rhs of the above condition. Their investment does
not only affect their own income but also that of their children through the
inherited human capital. Accordingly the investment on education is socially
too low at the laissez-faire equilibrium, which is a well known feature of this
sort of model. Another way to express this point is to rewrite (20) as:

w(ker1)@' (@) = [ (k1) (1 — Agya) (21)

where the educational externality is expressed as some fraction of the edu-
cation cost, denoted by Ay ;. In the next section where policies for decen-
tralizing the social optimum will be investigated, this fraction will define the
government’s implicit subsidy to education.

Finally, the transversality condition can be written as:

_ — 1+n
tlfgo Yue(er, diga ) hea (kt+1 + W) =0. (22)
Along a balanced growth path, the per-unit-of-effective-labor variables
are constant, & = € and k; = k, while the per-capita variables ¢;, d; and
h; are growing at the constant rate g defined by 1+ g = ¢(€) (as it can be
inferred from (1)).

Since u(c, diy1) is assumed to be homogeneous of degree b < 1, u.(cy, dyi1)
and ug(cy, diyq) are homogeneous of degree b—1, which implies that ug(ci—1, d;)
Jug(ce, diy1) = [0(€)]1 0. From (19) we then have:

v/ (k)

e @) " =1+9)"" (23)

along the balanced-growth path. This is the analogue of Diamond (1965)’s
modified golden rule in our endogenous growth model. It is important to note
that along the balanced-growth path the growth factor of the expression on
the (hs of (22) is vy[p(€)]°, hence the transversality condition, given in (22),
is equivalent to v[p(€)]® < 1.



In Appendix A we prove the following proposition that states how the
socially optimal values of k and € are related to the generational discount
factor, 7. In this proposition, 7, denotes the upper bound of v for which
the transversality condition holds.

Proposition 1 There exists an upper bound 7,,,, such that the transversality
condition is satisfied if and only if v < Vyax- 1he long-run socially optimal
values of k and € are increasing with y on the interval (0, 7,...) and both tend
to 0 when v tends to 0.

In the rest of this section we investigate how the laissez-faire equilibrium
compares with the social optimum according to . Let us first recall that
in Diamond (1965)’s model of exogenous growth when underaccumulation
prevails in the laissez-faire equilibrium, the capital-labour ratio corresponds
to its socially optimal level for some v (i.e. the modified golden rule is ver-
ified). The present context is more complex since both the levels of human
and physical capital are involved in the comparison. It is however immediate
that along a balanced-growth path we cannot expect a result equivalent to
that obtained in Diamond’s model. For a given k, the presence of the inter-
generational externality mentioned above will always make the laissez-faire
level of € differ from the social optimum.

In Appendix B we prove the following proposition in which we index
variables with LF and * to distinguish their laissez-faire and socially optimal
values. Let k.. denote the limit of £ () when v tends to v«

Proposition 2 Consider a balanced-growth path in the laissez-faire economy

. . —LF -k
which satisfies k-~ < k..
0 <7 <A < Yax Such that & (3) = B and e*(7) = et For v < 7,
both the levels of k () and e (v) are lower than Y and &7 respectively;
for v >4, they are both higher; and for 7 < v < 4, we have e*(y) > e’ and

k (y) < B

Then, there are two discount factors v and 7,

The results of these Propositions 1 and 2 are depicted in the following
figure where the curve is the locus of the socially optimal combinations of k
and e for values of v in the interval (0,7,,,,) and point LF represents the
combination of k and € at the laissez-faire equilibrium. By definition the
socially optimal combination for v = 4 (and for v = 4) is located at the
vertical (and at the horizontal) of LF on the curve. For 0 < v <4 both k

and & are below &k and 2% while for ¥ < v < Ymax they are both above.
For intermediary values of v (§ < 7 < ), physical capital accumulation at
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the laissez-faire equilibrium is higher than at the social optimum while the
opposite is true for human capital accumulation. It ought to be stressed that
if for a given ~ either k or € is set at a value different from its optimal value,
it is not desirable to fix the other variable at its optimal value on the curve.
This is an application of the standard second-best argument.

e ()4
é*<’7max> ___________ |’7max
|
|
6*(;)’) ———————— 5 |
| |
=@ — — T —kLF |
| | |
| | |
| ] | .
k(%) FT'= K@) F (Ymax) (7)

Figure 1: Optimal levels of human and physical capital as functions of v

5 Decentralization of social optimum

In the exogenous-growth model the social optimum can be achieved by means
of appropriate transfers between generations. These insure that the accumu-
lation of physical capital satisfying the modified golden rule is reached. The
transfer is from the young to the old when the per-worker physical capital
in the laissez-faire equilibrium is larger than that satisfying this rule, and in
the opposite direction in the other case. In our endogenous-growth setting

9



we need an additional instrument, namely an education subsidy or alterna-
tively an earning subsidy. In the following we consider alternative sets of tax
instruments.

An individual born at time t — 1 may face five taxes or transfers during
his life span. Let o;_; denote the rate of subsidy on educational spending, 6,
the rate of subsidy on the reimbursement of the educational loan, 7, the ad
valorem tax on labor income, 7! and 77, the lump-sum taxes in the periods
of work and of retirement. With these instruments, the budget constraints
of the individual are:

(1 — Tt) wtht — (1 — et) Rt (1 — Ut—l) €t—1 — 7}1 = C + St (24)
and
dir1 = Ripase — T (25)

Subject to these budget constraints where h; is substituted from h; =
hi—1p(€;—1/hi—1) the utility function u(cy, dy11) is maximized with respect to
e;—1 and s;, which yields the following first order conditions:

(1—7)ws ¢ (&_1) =(1—0;) Ry (1 —04_1) (26)
and

U (Ct7 dt+1) = Rt+1 Uq (Ct7 dt+1) . (27)

It is important to note that while the tax 7; and the subsidy 6; occur in
the period the individual works, the subsidy o, ; occurs one period earlier
when the individual gets educated. It implies that the latter subsidy directly
affects the accumulation of physical capital. At time ¢, the market-clearing
condition for capital is

(14n) k1 =s—(1+n) (1 —o0y) e (28)

The government revenue constraint including all tax instruments can be writ-
ten as:

Ttwth,t + I—th + 7—;52/ (1 + n) = Qth (1 — Ut—l) er—1 + (1 + n) O€t. (29)

Using the individual budget constraints and the Euler equation for the ho-
mogeneous production function, this can be shown to be equivalent to the
resource constraint

F(ky,h)=c+di/(1+n)+(1+n)kas+ (14+n)e,. (30)

10



Our purpose in the rest of this section is to investigate which combinations
of policy instruments should be used in order to achieve a social optimum
in a market economy. To this end, let us denote by ¢, d;, e}, h; and k; the
optimal values of the key variables at time ¢ (t = 0,1,2,---) for a given value
of v. These optimal values satisfy the following conditions:

B = hi el /i), )
hff(k:f/h:)ch—k1§n+(1+n)ef+(1+n)kf+l, (16)
i) = F(K ol ), (1)
e, dp) = TE M)y g ), (19

and

w(ky/hy)e'(ei 1 /hiy) = [(Ki/h7)

i/hy) = (er/hy)¢'(ef /i)
—(1+n)o(er . /h plef/hy VAL t/') 20
( Jeler_1/hi—y) o (e h) (20)
At a market equilibrium, where conditions (10) and (11) — according to
which the prices of factors are equated to their marginal productivities — hold,
conditions (1), (16) and (18) are automatically satisfied. The first of these
conditions is taken into account in the individual’s optimization problem, the

second one is equivalent to the government budget constraint, and the third
one is equivalent to (27).

Therefore, it remains to satisfy conditions (19) and (20) by some proper
choice of the policy instruments. Condition (19) has to do with the accumu-
lation of physical capital (k). Let us denote by s;(0;) the saving required
at time ¢ to achieve this optimal accumulation:

s;(o) = (1 +n)ki, + (14+n)(1—oy)e;. (31)

As to condition (20), it concerns the optimal choice of education spending
(€f_1). Accordingly, from (24), (25) and (26), the policy instruments need to

11



be set so as to satisfy the three following conditions for ¢t =1,2,---:
(A) Tr=-7)w; hi —(1—=0) R (1 — o) e;y —cf —s7(00) ;
(Be) TP = Riy si(o0) —dipy
(C) (I=7)(1—-A7)=01-6)(1—041).

where from (21), A} is defined by:
(1= AN f' (ki /hi) = wlky /hy)¢ (€11 /hiy).
Int =0, given e_y, s_1, ko, hp and hence wy and Ry, one has:
(Ao) TOl:(l—TU)UJQ hg—(l—eo)Rg 6_1—08—83(0'0),
(BQ) T02 = RO S_1— dz;
This leads us to our next proposition, which is one of decentralization.

Proposition 3 If the tazx policy verifies conditions (A;) and (By) fort > 0
and (Cy) fort = 1 then the social optimum is a market equilibrium.

We now consider alternative sets of tax instruments which allow for such
a decentralization of the social optimum.

6 Alternative sets of tax instruments

6.1 The standard package

Traditionally for such a problem one expects a subsidy on education and
some intergenerational transfers to achieve the desirable capital accumula-
tion. Formally, on sees that lump-sum taxes T} and T7, if available can
be used to fulfill (A;) and (B;) i.e. to achieve the optimal accumulation of
physical capital. Then, to obtain condition (C}) one can use either one of
the three instruments 7,, o0;,_; and 6, or a combination of them as long as
they verify this condition. If one of these instruments is used alone, the three
alternative sets are (i) (o4—1,0:, 7¢) = (A},0,0), (i) (04-1,6¢, 7¢) = (0,AF,0)
and (iii) (o4_1,0:, 7¢) = (0,0, —AF(1 — A7)71). Given that A} represents the
fraction of educational cost that corresponds to the human capital external-
ity, it is not surprising that it is equal to the rate of subsidy on education
spending or on the educational loan if one of these two instruments is used

12



alone. As to alternative (iii), a negative tax on earnings is an indirect way
of fostering education.

In Appendix C we study an analytical illustration of our model in which
the following specification of our key functions is used: u(c;,divq) = Iney +
Blndiiy, p(e;) = Bep and f(k;) = AkY, with 8>0,B>0,0< A< 1, A>0
and 0 < a < 1. Our main purpose in this appendix is to investigate the
properties of the optimal policies along balanced growth paths. Let us focus
on the properties of the optimal policy that, in addition to 7" and T2, uses
the education subsidy as sole instrument to achieve the optimal accumulation
of human capital i.e. (o,0,t) = (A* 0,0). With the above specification,
this policy is characterized using (C.6) in Appendix C by o = ~(1 — \),
showing that the subsidy rate on education spending rises with the discount
factor «, which is in agreement with the discussion in Section 4. As to
the second-period lump-sum tax, it can be inferred from Appendix C using
(C.15) and (C.16) where we substitute o = v(1 — \) from (C.6) that Ty =
T?/h; rises with . This is as expected by analogy to the exogenous-growth
model: more concern given to future generations increases the required level
of physical accumulation and therefore saving, which is achieved by increasing
T? and decreasing T'. However, in our endogenous-growth model there is
no clear-cut result about the way T' = T}! /hs changes as 7 rises (see (C.19)
in Appendix C). It is because workers are subject to two fiscal instruments,
o and T'. Therefore, what matters is the aggregate tax liability of workers.
It is also possible to show that with the above specification, there exists a
critical value of ~, say 7, with 0 <% < 1, such that T is negative for v < 7
and positive for v > 7%. So when v < 7, T? can be interpreted as a pension
benefit given to retirees.

6.2 More realistic packages

As mentioned in the introduction, in the real world education is subsidized,
elderly people receive some benefits and both transfers are financed by a tax
on labor income. We accordingly assume that T} = 0.

6.2.1 Package (0;,7,,T2,) with T} = 0,1 =0

We first consider the use of policy instruments 0;, 7, and T2 ;. At first sight
one could believe that the two instruments #;, and 7, are equivalent and so
do not allow to achieve the social optimum. This turns out to be wrong.
Lump-sum tax 77, is defined by (B;), and from (A;) and (C}) we have:

(L= rowihi_1[e(E1) =& 1@ ()] — ¢ = 57(0) = 0,

13



and
(]. — Tt)(l — A:) = ]. — 915,

which shows that 7, and 6, are not substitutable instruments. As a matter
of fact there is an infinity of pairs (6;, ;) that satisfy the latter condition
and so allow to achieve the optimal accumulation of human capital. Moving
from one such pair to another leads to increase (or decrease) simultaneously
the tax rate, 74, and the subsidy rate, 6;, that both affect the first-period
income available to workers. Therefore, by choosing the appropriate pair
(0¢,7¢) and the appropriate level of T2, it is possible to induce workers to
save the amount that is needed to reach the optimal accumulation of physical
capital.

With the specification of the analytical illustration in Appendix C, there
again exists a critical value of v between 0 and 1 such that along the balanced
growth path, T is negative and positive for values of v below and above this
critical value respectively; furthermore, T is monotonically increasing with
~. It is also the case that the tax rate 7 monotonically decreases with . For
some parameter values of the key functions as specified in Appendix C, it is
quite possible that both # and 7 are negative.

6.2.2 Package (0,74, T7,) with 0, =T,'! =0

Instead of §; we now use o as policy instrument. As before, 77 is defined by
(B;) and we infer from (A;) and (Cy):

(1= &))" (¢} + 5,(04))

wihi [e(Er_ ) — 5:—190/(5:—1)]

l—041=

and

(1 - Tt)(l - A:;) =1- O¢_1-
Using o; instead of #; makes the problem more complicated since we now
have a dynamic equation in o;. This is because contrary to 6;, o;_; directly
affects the market-clearing condition for capital.

7 Conclusions

In OLG models of exogenous growth the long-run level of capital accumu-
lation at the laissez-faire equilibrium is easily compared to the one at the

14



social optimum. If underaccumulation prevails in the former, capital-labor
ratio k*F is too low with respect to the modified golden rule. This occurs
when 7 > 4 where 4 < 1 is such that the optimal capital-labor ratio, k£*(%),
is equal to k*¥. On the other hand, if overaccumulation prevails at the
laissez-faire long-run equilibrium, that is &% > k*(7y), this equilibrium is
dynamically inefficient, which happens when v < 4. In both cases, the social
optimum can be achieved by lump-sum intergenerational transfers.

However in our endogenous growth model with education the comparison
between the laissez-faire equilibrium and the social optimum has to do with
two variables, namely the capital-labor ratio (E) and the education-human
capital ratio (€). In the absence of altruism there is always underinvestment
in education at the laissez-faire equilibrium because the impact on future
generations of this investment is not internalized by individual decision mak-
ers.

In this paper we have focused on situations in which the capita-labor

ratio at the long-run laissez-faire equilibrium is such that ELF<E*(7maX),
where 7,,., is the upperbound of the values of « for which a long-run social
optimum exists. Quite intuitively, in the long run the optimal levels of both
ratios, & () and & (7), increase in . Furthermore, for 4 low enough there is
overaccumulation of both physical and human capitals at the long-run laissez-
faire equilibrium (ELF >k (v) and e*F >*(7)) while for ~ high enough there
is underaccumulation of both capitals. For intermediate values of ~, at the
long-run laissez-faire equilibrium there is overinvestment in physical capital

(ELF >% (7)) and underinvestment in education (e%F <&*(v)).

For given ~, decentralizing the social optimal now requires, in addition
to lump-sum intergenerational transfers (for adjusting k), some subsidy to
education (for adjusting €). This subsidy internalizes the positive externality
that an education investment exercises on future generations. Alternatively
a subsidy to labor earnings can be used. We have also considered the case
where the available instruments were a tax-transfer to the retirees, a tax on
earnings and a subsidy on education. With these intruments a first-best can
be achieved but possibly with a tax on the retirees, a subsidy on wage income
and a tax on educational spending. In this paper we have only considered
instruments allowing for first-best decentralization. In a companion paper
we plan to study the second-best problem which arises when there are not
enough appropriate instruments to achieve the social optimum.

In the introductory paragraph we question the rationale for the observed
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pattern of public transfers and taxes; the working generation financing the
education of the young and the pension of the old. Within the limits of
our model we have shown that quite different patterns can result even in a
first-best framework.
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Appendix A: Proof of Proposition 1

From (23) we can write:
e@)" = (1 +n)p@)/f (k) (A1)
and hence the transversality condition, v[¢(€)]’ < 1, is equivalent to:
f'(k) — (14 n)p(e) > 0. (A.2)
We also have from (20):
F'(k) = (L+n)e(e) = ¢'(@)(f(k) — kf'(k) — (1+n)e) (A.3)
and thus the transversality condition is also equivalent to:
f(E) —kf'(k) — (1 +n)e>0. (A.4)

Total differentiation of (A.3) with respect to k and € yields:

dk _ ¢"@[f (k) — kf'(k) — (1 + n)e]
de (k) [k¢' () + 1] ’
which is positive when the transversality condition is satisfied. This means

that k() and €(v) vary in the same direction. On the other hand, differen-
tiating (23) yields:

(A.5)

f'(k)dy + ~f"(k)dk — pde = 0 (A.6)
with = (1 +n)(1 —b)[p(€)]b¢'(€) > 0, and hence:

de '(k
fy (7.

_ L) —

p=f k)=

is positive. Therefore, both k() and &(y) are increasing in . From this,
one infers that the ¢hs of (A.2) is decreasing in 7. So if the transversality
condition holds for v = =, it does also for v < 7,. Also, the transversality
condition is satisfied for v € (0, y,,.<), Where the upperbound of the interval
is the value of v for which the left-hand side of (A.2) or equivalently of (A.4)
becomes nil. The values of k(7,,,,) and €(7y,,..) are obtained by solving the
system of two equations (A.2) and (A.4) where the inequalities are replaced

by equalities.
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We now show by contradiction that lim, ok(y) = 0. Suppose that
it were positive. Then, since f'(k) > 0 for k > 0, relation (23) would
imply that lim,_.o@(é(y)) = 0, which in turn implies that €(y) and so
w(e(y)) —e(v)¢'(e(y)) have their limits equal to zero. However, from re-
lation (20) written along the balanced-growth path we infer that ¢'(€(0)) =
f'(k)[f (k) — kf'(k)]~* would thus be finite. This contradicts our assumption
that limg . ¢'(€) = oo. Consequently, lim, o k(y) = 0. The same reasoning
applies to show that lim.,_,o€(y) = 0. If this limit were positive, the limit of
f'(k(v)) would be infinite from (23) while it would be finite from (20).

Appendix B: Proof of Proposition 2

Given Proposition 1, since B o< Fmax Dy assumption, there is a value
5 < Yumax such that k'(7) = k; moreover, for v < 4, k(1) <k and
for v >3, &'(7) > k.

From (20), we have

where the equality comes from (10), (11) and & (§) = B by definition of 4.
Therefore, we have: e < €*(¥). Since Proposition 1 states that €* rises with
7, it implies that there exists a ¥ < 4 such that *(7) = €. Furthermore,
for v < 7, we have e*(y) < €', and for v > 7, e*(y) > et

Appendix C: Analytical illustration of Sections
5 and 6

In this analytical example we use the following specification of the key func-
tions:

u(ct, div1) = Iney + flndiy, (C.1)
p(e) = Bey, (C.2)
f(ke) = AR,

with 3>0,B>0,0<A<1,A>0and 0 < a < 1.
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Optimality condition (19) along the balanced growth path can then be
written as:

’yf = ¢(e") (C.4)

since (C.1) implies that uq(c;_;,dy)/ua(c, diy1) = dy,,/df = ¢(€) along the
balanced growth path. As to optimality condition (20) it yields using (C.4)
and (C.2):

w(k )¢ (@) = f'(k) |1 - %(@(5) —ep(@)| = f(k)[1 - A7 (C5)

A* =~(1—6). (C.6)

From (10), (11) and (C.3) we infer

w(k") l-a
== (©7)

which we substitute in (C.5) to obtain

—* «Q 1—A*_ a 1-—A*F
Cl-a (@) 1—a AB

(E*)l_)\

where we have also used (C.2). From this expression we obtain by means of

(C.4) and (C.3):

e = 1= A*k (")
11—« A =k .
= —Q— 1= A*k (") using (C.2)

= (1-a)~ A*HLnA(E*)a using (C.4) and (C.3).  (C.8)

Let us denote by v* the fraction of production used for education along the
balanced growth path, that is:
_ (40

e (C.9)

(%
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We then infer from (C.8):

A

m. (C.lO)

vt =7(1-a)

Let us denote by C" the aggregate consumption per worker of h; and unit
of h; along the balanced growth path:

¢ =9 (Ct + H—tn)

= fE)—-(1+ne —(1+ n)%?

Since hy,,/h; = p(€) = Eyf (k) (14n)"! from (C.4), we then obtain using
(C.3) and (C.9):

C" = AE)*(1 — v —a). (C.11)

To determine how this aggregate consumption is shared between first- and
second- period consumptions, let us first remark that along the balanced-
growth path, optimality condition (18) yields using (C.1):

17* uc(ct’ dt+l) d:+1 @(E*)a*
k)= = = : C.12
F&) ug(cy, dipr)  Bc; ge* ( )

with @ = ¢ /b and d = d,/h?. Using (C.4) allows to infer from (C.11):

%k

d I}
| 1
— 7( +n) (C.13)
and therefore
% Y= —% 6(1 + n)—*
¢=—C andd = —~2C. C.14
6+ B+ ( )

We also have using (C.4) and (C.9):

30)=2 = (1+n)e@E +(1+n)(1—o)E

*

= [ya+(1-o)]Ak )" (C.15)

The above results will enable us to obtain an expression for the value of
Tz, i.e. the lump-sum tax T2, divided by h; that must be levied on retirees
for decentralizing the social optimum along the balanced growth path.
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From condition (B;) we have

—%k

2 * =k —x
T (’%U) :na—l/ht = RS (U) —(,0(6 )d )

which, using the above results in (C.10), (C.13) and (C.14), can be rewritten
as:

=2

T'(v,0) = R*A(F)*v(7, 0) (C.16)
with
. (l-—o)(1-a)) B By (1 - a)A
Y(v,0) =a+ 1—~(1—N\) ‘5+7+5+7<0‘+m)'

(C.17)

It is easily verified that dy/dy > 0, 0 < < 1. We also have 1(0,0) = « +
(1—0)(1—a)A=1 < 0iff o > —(1-M)A"'and ¥(1,0) = a+(1—0)(1—a) >
Therefore, iff ¢ > —(1 — M)A, there exists a unique value 0 < F(0) < 1
such that 72(7,0) < 0 for v < F(o) and 72(0) > 0 for v > 75(0); otherwise
TQ(% o) is positive for anly 0 < v < 1. On the other hand, T° falls when o
rises.

Likewise, an expression for T can be found. Using condition (C;) we
infer from condition (A;):

Substituting from (C.7), (C.13) and (C.14) this expression can then be writ-
ten as:

=1

T (v,m0)={1-7)(1—a)(1-))
gl o
T [1—ov+ B(ya+ (1— o)) JAK )™ (C.18)

The derivative of T' w.r.t. v is of ambiguous sign while those w.r.t. 7 and o
are negative and positive respectively.

We can finally find an expression for the value of (1 — 7) that must be
chosen to decentralize the social optimum. From condition (A4;) we obtain:

—0OR*(1—0) ¢
(I—mw"  ©(e)

e 150)+T = (1—nw |14
= (1—-7nw*(1-=2x)



where we have used (26) and (C.2). From this expression we then derive by
means of (C.14), (C.15) and (C.3):

1 T
(C.19)
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