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Abstract

In this paper we introduce the notions of characteristic and potential functions of
directed graphs and study their properties. The main motivation for our research is
the stochastic equilibrium traffic assignment problem, in which the drivers choose their
routes with some probabilities. Since the number of the strategies in this game is very
big, we need to find an efficient way of computation of the expected arc flows in the
network. We show that the characteristic functions of the graphs are very useful in this
respect. Using this technique we can form and solve numerically the equilibrium traffic
assignment problem in a reasonable computational time. As a byproduct of our results
we show that the spectral radius of a matrix with non-negative elements admits a convex
parametrization as a function of its entries.
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1 Introduction

Let us start by giving some motivation for this paper. In many models of Game Theory
with independent players it is natural to introduce some uncertainty in the decision making
process. If a player needs to choose one of M strategies with the actual cost values {cr}M

r=1,
then his/her perceptions may be affected by some random errors. As a result, the value
of the chosen strategy may be different from the optimal value min

1≤r≤M
cr. One way to

treat such a situation is as follows. We assume that the player compares the values cr

affected by some random additive errors εr. In this case, for any variant r we can speak
about some probability pr for the variant to be chosen by the player. Of course, these
probabilities depend on distribution of εr and usually it is difficult to obtain a closed-form
expression for them. However, in some cases this can be done. For example, if we assume
that the distribution for all εr is double exponential, we arrive at the following expression
(see, e.g. [3]):

pi = e−ci/µ/
M∑

r=1
e−cr/µ, i = 1, . . . ,M, (1.1)

where µ > 0 is a distribution parameter. Rule (1.1) is called the logit model. One of
the most important features of this relation is that it can be written as the gradient of
a convex function dependent on c = (c1, . . . , cM )T . Indeed, let us introduce a potential
function

ψ(c) = µ ln

(
M∑

r=1

e−cr/µ

)
. (1.2)

Let ∇ψ(c) denote the gradient of the function ψ(·). And let p = (p1, . . . , pM )T . Then
(1.1) can be written as

p +∇ψ(c) = 0. (1.3)

Note that from the computational point of view, the representation (1.2), (1.3) is ac-
ceptable only if the number of strategies M is relatively small. However, in some impor-
tant classes of models this is definitely not the case. For example, in many transportation
models the strategy of a player is a route in a network. Since the number of such routes
grows exponentially with the network size, the number of different strategies of the player
is very big1 even for relatively small networks. Thus, in such a situation any model based
on the direct formulas (1.2), (1.3) becomes computationally intractable.

The question we are trying to answer in this paper is as follows:

Is it possible to have some simple closed-form expressions for the potential
function of the type (1.2) when the set of strategies corresponds to some set of
routes in the general network?

We show that this question has a positive answer for some natural “large” sets of routes,
like “all routes in the network”, or “all routes with uniformly bounded length”. In order
to prove this claim, we develop a special technique based on characteristic functions of
directed graphs. This technique is presented in Section 2. As a byproduct of our results
we prove that a spectral radius of a non-negative matrix admits a convex parametrization
as a function of elements of the matrix. In Section 3 we present closed-form expressions

1Or even infinite, if we allow routes with cycles.
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for the expected flows in the network when the behavior of drivers is described by a
logit model. In Section 4 we apply the above technique in order to derive a stochastic
version of the Stable Dynamic Model (see [5], [6]) for equilibrium traffic assignment. In
Section 5 we discuss the possibilities for efficient computation of the gradients of the
potential functions. This is necessary in numerical schemes for finding the solutions of
the stochastic equilibrium problems. Finally, in the last Section 6 we present some simple
stochastic assignment models with incomplete data about the origin-destination flows.

In this paper we often work with log-convex functions. Note that log-convexity is a
stronger property than usual convexity. Since such functions are not very common in the
literature, we present some simple properties of log-convex functions in an Appendix.

Remark. When the paper was ready for publication, we discovered that the potential
function for all (cyclic) routes in the network was already proposed in [1, 2]. However, the
way of its derivation differs from our analysis. In any case, the notion of characteristic
function and all results related to the sets of routes with uniformly bounded length seem
to be new.

2 Characteristic functions of directed graphs

Consider a network N , which consists of n nodes and m directed arcs. Denote by A
the set of all arcs in N . For arc α ∈ A, we introduce a travel cost value t(α). In the
majority of applications it is natural to assume that t(α) ≥ 0. However, in this section
that assumption is not necessary. We treat the set of all travel cost values as a column
vector t ∈ Rm. In some applications it is important to have the possibility to link two
nodes by several parallel arcs. Denote by A[i, j] the set of all arcs which go from node i
to node j. For any α ∈ A we denote its root node by o(α) and its end node by d(α).

Let us describe first the objects we are going to work with. Consider a finite sequence
of arcs r = {αs}l

s=1 with the following property:

d(αs) = o(αs+1), s = 1, . . . , l − 1.

We call this sequence the route in N connecting the nodes o(α1) and d(αl). The value
l is called the length of the route; sometimes for this length we use notation L(r). Note
that such a route can contain cycles. Further, for a route r we can introduce its travel
cost function:

cr(t) =
∑
α∈r

t(α).

Note that cr(t) is a linear function of t.
Let us fix two nodes p and k and denote byR some set of routes inN (finite or infinite),

which connect these two nodes. We can introduce formally the following characteristic
function:

gR(t) =
∑

r∈R
e−cr(t). (2.1)

If R = ∅, we set gR(t) ≡ 0. Thus, if this function is well defined, either gR(t) > 0 for all
values of t, or it is identically equal to zero. Let us mention some simple properties of
characteristic functions.
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• If R = R1
⋃R2 then gR(t) = gR1(t) + gR2(t), dom gR = dom gR1

⋂
dom gR2 .

• If R1 ⊆ R2, then gR1(t) ≤ gR2(t), dom gR1 ⊇ dom gR2 .

• If t̄ ∈ dom gR and t ≥ t̄ then t ∈ dom gR.

Note that for any finite R the characteristic function is well defined and it is a continuous
infinitely times differentiable function of t ∈ Rm.

Finally, for the above set of routes R we can also formally define the corresponding
potential function:

ψR(t) = ln gR(t).

Define ψ∅(t) ≡ −∞. For R = R1
⋃R2 we have ψR(t) = ln

(
eψR1

(t) + eψR2
(t)

)
.

Lemma 1 If R 6= ∅, then ψR(t) is a convex function of t.

Proof:
In other words, we need to prove that gR(t) is log-convex. Indeed, any non-zero charac-
teristic function gR(t) is a sum of functions of the form e−cr(t). Since cr(t) is linear in t,
each of these components is log-convex in t. Therefore, the characteristic function itself
is also log-convex in t (see Item 3 in Appendix). 2

There is an interesting relation between the potential functions and the shortest path
distances in the network N . Denote by SPR(t) the shortest path distance computed for
the routes r ∈ R:

SPR(t) = inf{cr(t) : r ∈ R}.
Let 〈·, ·〉 be the standard inner product in Rm:

〈x, y〉 =
m∑

i=1

x(i)y(i), x, y ∈ Rm.

For a function φ(t), t ∈ Rm, we use notation ∇φ(t) in order to denote its gradient with
respect to 〈·, ·〉. Note that the gradient is a vector in Rm.

Lemma 2 Let R be non-empty and finite. Then for any t, t̄ ∈ Rm we have

〈∇ψR(t̄), t〉 ≤ −SPR(t), (2.2)

SPR(t) = − lim
µ→0

µψR(t̄ + t/µ) = − lim
µ→0

〈∇ψR(t̄ + t/µ), t〉. (2.3)

Proof:
In order to prove (2.2), note that cr(t) is a linear homogeneous function of t. Therefore

〈∇ψR(t̄), t〉 = − ∑
r∈R

cr(t)e−cr(t̄)/

[
∑

r∈R
e−cr(t̄)

]
≤ −SPR(t).
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Further, gR(t̄ + t/µ) =
∑

r∈R
e−cr(t̄)−cr(t)/µ and the set R is finite. Let us fix some t ∈ Rm.

Denote c∗ = SPR(t) and R∗ = {r ∈ R : cr(t) = c∗}. Then

−µ ln gR(t̄ + t/µ) = −µ ln
∑

r∈R
e−cr(t̄)−cr(t)/µ

= −µ ln

[
∑

r∈R∗
e−cr(t̄)−c∗/µ +

∑
r∈R\R∗

e−cr(t̄)−cr(t)/µ

]

= c∗ − µ ln

[
∑

r∈R∗
e−cr(t̄) +

∑
r∈R\R∗

e−cr(t̄)−(cr(t)−c∗)/µ

]
.

Note that cr(t) > c∗ for all r ∈ R \ R∗. Therefore, taking in the last expression the limit
in µ → 0 we get the first equality in (2.3). The second one follows from l’Hopital’s rule.
2

Finally, let us describe some properties of the gradient of the potential functions.
(These properties are non-trivial only if the set R is infinite.). For each route r ∈ R we
can introduce its incidence vector ar ∈ Rm. Each entry of this vector corresponds to an
arc α ∈ A and it is equal to the number of times the arc α is presented in this route.
Hence, the definition (2.1) can be rewritten as follows:

gR(t) =
∑

r∈R
e−〈ar,t〉.

Lemma 3 Let t ∈ int (dom gR). Then the gradient of the potential function ψR(t) is well
defined by the following expression

∇ψR(t) = − 1
gR(t)

∑
r∈R

are
−〈ar,t〉, (2.4)

where the series is absolutely convergent. Moreover, for such t we have:

A∇ψR(t) = ek − ep, (2.5)

where ei is the ith coordinate vector in Rn and A in an (n×m) matrix with the following
elements:

A(i,α) =





1, if o(α) = i,
−1, if d(α) = i,

0, otherwise.
, i = 1, . . . , n, α = 1, . . . , m.

Proof:
Indeed, for t ∈ int (dom gR) the series in (2.1) is absolutely convergent. Moreover, since
all ar have non-negative components and all terms in (2.1) are convex in t, the partial
sums of (2.4) converge. Therefore the series (2.4) converge to the gradient of function
ψR(t). Further, since route r connects nodes p and k we have Aar = ep − ek. Hence, we
get (2.5) from the fact that the series (2.4) converges. 2
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In the rest part of this section we are going to derive closed-form expressions for some
natural classes of routes in N .

For two nodes p and k denote by Rl
p,k, (l ≥ 1), the set of all routes in N of the length

l, which connect nodes p and k. Note that for some values of l the set of such routes
may be empty. It is important that the above sets can be represented in a recursive way.
Indeed, the sets of routes of length one are as follows:

R1
p,k = A[p, k], p, k = 1, . . . , n.

And for each l ≥ 1 we clearly have

Rl+1
p,k =

⋃

i∈I(k)

⋃

r∈Rl
p,i

⋃

α∈A[i,k]

{r ∪ α} p, k = 1, . . . , n, (2.6)

where I(k) = {i : A[i, k] 6= ∅}.
Since the number of elements in Rl

p,k is finite, the corresponding characteristic func-
tions are well defined. It is convenient to consider these functions as entries of some
(n× n)-matrix Gl(t):

[Gl(t)]
(k,p) = gRl

p,k
(t), k, p = 1, . . . , n.

In order to describe the analytical structure of this matrix function, we need to introduce
the incidence matrix function E(t). That is an (n× n)-matrix with the following entries:

[E(t)](i,j) =





∑
α∈A[j,i]

e−t(α)
, if A[j, i] 6= ∅,

0, if A[j, i] = ∅,
i, j = 1, . . . , n.

Theorem 1 For any l ≥ 1 we have Gl(t) = E(t) · · ·E(t)︸ ︷︷ ︸
l times

= El(t).

Proof:
Let us fix some node p and consider the following vector function

al
p(t) = Gl(t)ep,

where ep is the pth coordinate vector in Rn. We prove that

al
p(t) = El(t)ep, l ≥ 1, (2.7)

by induction. Indeed, for l = 1 we have

[
a1

p(t)
](k)

=





∑
α∈A[p,k]

e−t(α)
, A[p, k] 6= ∅,

0, A[p, k] = ∅.
k = 1, . . . , n.

Thus, a1
p(t) ≡ E(t)ep. Assume now that (2.7) is true for some l ≥ 1. Then, in view of

definition of the travel cost function cr(t) and relation (2.6), for any k = 1, . . . , n we have
[
al+1

p (t)
](k)

=
∑

r∈Rl+1
p,k

e−cr(t) =
∑

i∈I(k)

∑
r∈Rl

p,i

∑
α∈A[i,k]

e−t(α)−cr(t)

=
∑

i∈I(k)

∑
α∈A[i,k]

e−t(α)
al

i,p(t) =
∑

i∈I(k)
[E(t)](k,i) ·

[
al

p(t)
](i)

.
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Thus, gl+1
p (t) = E(t)gl

p(t) and (2.7) follows. Note that (2.7) is equivalent to the statement
of the lemma. 2

As a corollary of the above theorem, we have the following statement.

Property 1 An element [El(t)](k,p) > 0 if and only if there exists a route of length l
connecting the nodes p and k. The value [El(0)](k,p) is equal to the number of different
routes of length l from node p to node k.

Let us look now at the cumulative set of routes:

R̂L
p,k =

L⋃

l=1

Rl
p,k.

Then for two nodes p and k the cumulative characteristic function of order L is defined
as follows:

gR̂L
p,k

(t) =
∑

r∈R̂L
p,k

e−cr(t) =
L∑

l=1

gRl
p,k

(t). (2.8)

Let us introduce the matrix function ĜL(t) with the entries
[
ĜL(t)

](k,p)
= gR̂L

p,k

(t), k, p = 1, . . . , n.

Then, in view of Theorem 1, for any L ≥ 1 we have the following representation

ĜL(t) =
L∑

l=1

El(t). (2.9)

Thus, in view of (2.9) these matrix functions can be formed in the following recursive way:

Ĝ1(t) = E(t),
ĜL+1(t) = E(t)(I + ĜL(t)) = ĜL(t) + EL+1(t), L = 1, . . . .

}
(2.10)

Note that Ĝ
(k,p)
L+1 (t) ≥ Ĝ

(k,p)
L (t) ≥ 0 for all L ≥ 1, k, p = 1, . . . , n.

Most of the properties of cumulative characteristic and potential function follow di-
rectly from our previous results. Denote by σ(p, k) the minimal arc distance between the
nodes p and k:

σ(p, k) = max{L : Rl
p,k = ∅ ∀l < L}.

Property 2 An element [ĜL(t)](k,p) is a positive function if and only if L ≥ σ(p, k). The
value [ĜL(0)](k,p) is equal to the total number of different routes from p to k, whose length
does not exceed L.

Proof:
Indeed, if L ≥ σ(p, k) then there exists a route r ∈ Rl

p,k with l ≤ L. Therefore the
corresponding characteristic function is strictly positive. Conversely, if L < σ(p, k), then
Rl

p,k = ∅ for all l ≤ L and therefore the corresponding characteristic function is identically
zero. 2
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Property 3 All non-zero entries of the matrix ĜL(t) are log-convex functions of t. 2

Property 4 Let L ≥ σ(p, k). Then for any s and t in Rm we have

〈∇ψ
R̂L

p,k

(s), t〉 ≤ −SP
R̂L

p,k

(t). (2.11)

Moreover, for any t̄ and t from Rm

SP
R̂L

p,k

(t) = − lim
µ→0

µψ
R̂L

p,k

(t̄ + t/µ) = − lim
µ→0

〈∇ψ
R̂L

p,k

(t̄ + t/µ), t〉. (2.12)

Proof:
Indeed, the function ψ

R̂L
p,k

(·) is well defined if and only if L ≥ σ(p, k). Therefore we can

apply Lemma 2. 2

Finally, let us mention some properties of the asymptotic sets of routes:

R̃p,k =
∞⋃

l=1

Rl
p,k.

For two nodes p and k the asymptotic characteristic function is defined as follows:

gR̃p,k
(t) =

∑

r∈R̃p,k

e−cr(t) =
∞∑

l=1

gRl
p,k

(t). (2.13)

Let us introduce the matrix function G̃(t) with the entries

[
G̃(t)

](k,p)
= gR̃p,k

(t), k, p = 1, . . . , n.

Then, in view of Theorem 1, we have

G̃(t) =
∞∑

l=1

El(t). (2.14)

Thus, the convergence of the series in (2.14) depends on the spectral radius of the
matrix E(t):

ρ(t) = max
1≤i≤n

|λi(E(t))|,

where λi(·) are the eigenvalues of corresponding matrix. We need the following auxiliary
statement.

Theorem 2 Function ρ(t) is log-convex in t.
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Proof:
Note that all entries of the matrix E(t) are non-negative. Therefore, in view of the
minimax representation of the spectral radius of non-negative matrix, we have:

ρ(t) = min
x∈Rn

+

max
1≤k≤n

1
x(k) (E(t)x)(k) = min

x∈Rn
+

max
1≤k≤n

1
x(k)

[
∑

i∈I(k)

∑
α∈A[i,k]

e−t(α)
x(i)

]

= inf
y∈Rn

max
1≤k≤n

∑
i∈I(k)

∑
α∈A[i,k]

e−t(α)+y(i)−y(k)
.

Thus, ρ(t) = inf
y∈Rn

max
1≤k≤n

φk(t, y) for some functions φk(t, y). Note that each function

φk(t, y) is log-convex in (t, y). Therefore φ(t, y) = max
1≤k≤n

φk(t, y) is log-convex in (t, y).

Hence, the function ρ(t) = inf
y∈Rn

φ(t, y) is log-convex in t. 2

Remark 1 Note that an arbitrary matrix A with non-negative elements can be repre-
sented as A = E(t) with an appropriate E(·) and some t ∈ Rm. Thus, Theorem 2
proves, in particular, that the spectral radius of a non-negative matrix admits a log-convex
parametrization as a function of its entries.

Now we can describe the main properties of the asymptotic characteristic functions.

Theorem 3 1. The domain of the matrix function G̃(t) is an open convex set:

dom G̃ = {t ∈ Rm : ρ(t) < 1}.

The matrix G̃(t) becomes unbounded when t approaches the boundary of the domain.
2. If t̄ ∈ dom G̃ and t ≥ t̄ then t ∈ dom G̃.
3. For any t ∈ dom G̃ this matrix function can be represented as follows:

G̃(t) = (I − E(t))−1 − I = E(t)(I − E(t))−1 = lim
L→∞

ĜL(t). (2.15)

Moreover, for such t the sequence of directional derivatives {DG̃L(t)[h]} also converges:

DG̃(t)[h] = lim
L→∞

DĜL(t)[h], ∀h ∈ Rm. (2.16)

4. For any t ∈ dom G̃ the spectral radius of matrix G̃(t) is as follows:

ρ̃(t) ≡ λmax

(
G̃(t)

)
= ρ(t)

1−ρ(t) . (2.17)

The function ρ̃(t) is log-convex on dom G̃.

Proof:
Indeed, if ρ(t) < 1 then the matrix G̃(t) is well defined by (2.14). The spectral radius

ρ̃(t) of this matrix is then given by (2.17). Thus, some elements of G̃(t) go to infinity
when t approaches the boundary of the domain {t : ρ(t) < 1}. In view of Theorem 2
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this domain is an open convex set. Note that the function ρ̃(t) is log-convex since ρ(t) is
log-convex and 1− ρ(t) is concave.

The statement of Item 2 is valid since ρ(t) ≤ ρ(t̄) for any t ≥ t̄.
In order to prove the statement of Item 3, note that for t ∈ dom G̃ we have G̃(t) =

lim
L→∞

ĜL(t). Thus, each element of the matrix G̃(t) is a convex function in t. Moreover, in

view of (2.10) the elements of the matrix ĜL(t) increase as L increases. Hence, we have

epi
[
G̃(t)

]k,p
=

∞⋂

L=1

epi
[
ĜL(t)

]k,p
, k, p = 1, . . . , n,

where epiφ(t) denotes the epigraph of the function φ(t):

epiφ(t) = {(t, τ) : t ∈ domφ, τ ≥ φ(t)}.

Since each element of the matrix G̃(t) is a continuously differentiable function, we have

∇
[
G̃(t)

](k,p)
= lim

L→∞
∇

[
ĜL(t)

](k,p)
,

and (2.15) follows. 2

Let us look now at the asymptotic potential functions:

ψ
R̃p,k

(t) = ln[G̃(t)](k,p), p, k = 1, . . . , n.

Denote σ(N ) = max
1≤p,k≤n

σ(p, k). If σ(p, k) < ∞ and L is large enough, say L ≥ m, then

for t ≥ 0 we have
SP

R̂L
p,k

(t) = SP
R̃p,k

(t).

Theorem 4 1. If σ(N ) < ∞, then the asymptotic potential is well defined for any pair
of nodes p and k.
2. If the asymptotic potential is well defined for some pair of nodes p and k, then it is a
convex function in t. Moreover, if the potential is defined for some t̄ ∈ Rm, then for any
t ≥ 0 we have

SP
R̃p,k

(t) = − lim
µ→0

µψ
R̃p,k

(t̄ + t/µ) = − lim
µ→0

〈∇ψ
R̃p,k

(t̄ + t/µ), t〉.

Proof:
If σ(N ) < ∞ then in view of Property 2 the matrix ĜL(t) is strictly positive for any t and
L large enough. Hence, G̃(t) is a positive matrix and the asymptotic potential function
of any entry is well defined.

Let the asymptotic potential ψ
R̃p,k

(t) be well defined for some pair of nodes p and k

and some t̄ ∈ Rm. Since for any t ≥ 0 and µ > 0 we have

g
R̃L

p,k

(t̄ + t/µ) ≤ g
R̃L

p,k

(t̄),
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the asymptotic potential is well defined at any point t̄ + t/µ with µ > 0. Note that from
l’Hopital rule we get

lim
µ→0

µψ
R̃p,k

(t̄ + t/µ) = lim
µ→0

〈∇ψ
R̃p,k

(t̄ + t/µ), t〉,

provided that the right-hand side of this equality is well defined. Consider the function
ξ(µ) = 〈∇ψ

R̃p,k
(t̄ + t/µ), t〉. Since the asymptotic potential is a convex differentiable

function, we have
ξ′(µ) = −〈∇2ψ

R̃p,k
(t̄ + t/µ)t, t〉/µ2 ≤ 0.

On the other hand, in view of relation (2.16) and inequality (2.11) we obtain

ξ(µ) = 〈∇ψ
R̃p,k

(t̄ + t/µ), t〉 = lim
L→∞

〈∇ψ
R̂L

p,k

(t̄ + t/µ), t〉 ≤ − lim
L→∞

SP
R̂L

p,k

(t) = −SP
R̃p,k

(t).

Thus, we get the relation

lim
µ→0

µψ
R̃p,k

(t̄ + t/µ) = lim
µ→0

〈∇ψ
R̃p,k

(t̄ + t/µ), t〉 ≤ −SP
R̃p,k

(t),

in which all limits exist. Let us choose now L = m. Note that m ≥ σ(p, k). Therefore the
potential ψ

R̂L
p,k

(·) is well defined and

ψ
R̃p,k

(s) ≥ ψ
R̂L

p,k

(s), s ∈ domψ
R̃p,k

.

Hence, in view of relation (2.12),

lim
µ→0

µψ
R̃p,k

(t̄ + t/µ) ≥ lim
µ→0

µψ
R̂L

p,k

(t̄ + t/µ) = −SP
R̂L

p,k

(t) = −SP
R̃p,k

(t).

2

In the next sections we will consider the applications of the characteristic functions of
graphs in some stochastic models.

3 Stochastic route choice model

Let us look at the particular form of the logit model (1.1) as applied to transportation
networks. In this situation a driver has to travel from node p to node k. The set of his/her
strategies is some set of routes R. The cost of each route r is given by the travel cost
function cr(t). Thus, the probability pr = pr(t) for the driver to choose a route r ∈ R for
transportation is equal to

pr(t) = e−cr(t)/µ/
∑

q∈R
e−cq(t)/µ, r ∈ R. (3.1)

Let us assume now that we have continuum drivers. Then we have to speak about a
continuous flow of drivers travelling from p to k. Denote by d the volume of such a flow.

12



Then, if each driver applies the rule (3.1) for the route choice, the expected arc flow vector
fr, (fr = fr(t) ∈ Rm), of drivers on the route r is as follows:

fr(t) = d · e−cr(t)/µ/
∑

q∈R
e−cq(t)/µ, r ∈ R, (3.2)

Note that the number of routes in R may be very big.2 In such a situation we need a
compact description of the impact of this random flow on the loading in the network. In
order to obtain such a description, let us compute the expected arc flow vector f(t) ∈ Rm

generated by the drivers. Clearly, this arc flow vector f(t) can be written as follows:

f(t) =
∑

r∈R
fr(t) · ar, (3.3)

where the values fr(t) are given by (3.2).
On the other hand, it appears that the expression (3.3) can be rewritten in a very

compact way. Let us introduce the following potential function

ψR(t) = ln

(∑

r∈R
e−cr(t)

)
. (3.4)

Lemma 4 For any µ > 0 and t ∈ Rm such that t/µ ∈ int (domψR) we have

f(t) = −d · ∇ψR(t/µ). (3.5)

The observed travel time is then −d〈∇ψR(t/µ), t〉 and Af(t) = d · (ek − ep).

Proof:

By definition, cr(t) = 〈ar, t〉. Therefore ψR(t) = ln

(
∑

r∈R
e−〈ar,t〉

)
, and we get (3.5) by

usual differentiation rules. The last statement follows from Lemma 3. 2

The relation (3.5) gives us a criterion for stochastic transportation models to be compu-
tationally tractable. Indeed, if we are able to compute the value of the potential function
ψR(t), then usually we can compute its gradient. In this case we can compute the expected
arc flow vector f(t) and the expected travel time. Of course, the value of the function
ψR(t) might be computed directly by the expression (3.4). However, that can be done in a
reasonable computational time only when the set R is relatively small. At the same time,
in many practical situations we cannot restrict our model to a small number of routes.
Fortunately, as we have seen, the situation is not hopeless. The potential functions ψR(t)
with R = R̂L

p,k or R = R̃p,k, presented in Section 2, provide us with examples of potential
functions, for which the set of routes is very big or even infinite. Nevertheless, for both
of these functions their values can be computed in a reasonable time (see (2.10), (2.15)).
In the next section we discuss the stochastic equilibrium traffic assignment model based
on these potential functions.

2Or even infinite. Then we need to assume that the series
∑

r∈R
e−cr(t)/µ converge.
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4 Stochastic traffic assignment

In any equilibrium traffic assignment model we have to make a decision on the following
components:

• A behavioral principle, which states how the drivers choose their routes.

• Network performance model.

• Description of demands.

Then, in general, the traffic equilibrium assignment problem is as follows:

Find the origin-destination flows and the arc travel time values, which satisfy
the demands and which are consistent with the route choice principle and the
network performance model.

Let us show how that works in our situation. In deterministic traffic assignment the
behavior of drivers is usually described by the Wardrop principle [9]:

Any driver chooses one of the shortest paths for travelling between the origin
and destination.

In stochastic framework this principle is replaced by some game-theoretical model of the
route choice. As we have seen in Section 3, in the case of logit model we come to the
following principle.

Let the arc travel time vector t be fixed. Denote by R the set of possible
routes for some origin-destination pair. And let d be the demand flow
for this pair. Then the expected arc flow of these drivers is as follows:

f(t) = −d · ∇ψR(t/µ).





(4.1)

Note that in our case we have a continuous flow of drivers. Therefore, even if we consider
the behavior of each driver as a game with different probabilities for different routes, the
only possible visible result of this game is given by the expression (4.1).3

In the equilibrium traffic assignment models the performance of the network usually
is described by some travel time function tt(f), which tells us what is the travel time on
the arc as a function of the flow of drivers on this arc [8]. In order to prove the existence
theorem, we need to assume that tt(f) is a non-decreasing function of f . However, in view
of recent criticism of this approach [5, 6], in this paper we employ the following max-flow
model. Let us assume that for each arc α ∈ A we know the maximal possible level of flow
f̄ (α) and the minimal travel time t̄(α). Let f (α) be the observed flow on this arc. Then
the travel time tt(α) on this arc satisfies the following axioms:

If f (α) < f̄ (α) then tt(α) = t̄(α). If f (α) = f̄ (α) then tt(α) ≥ t̄(α). (4.2)

3To see that, we can divide the demand flow d on N groups of drivers with demand flows d/N for each
group. And let each group of drivers chooses its route independently in accordance with the logit model (1.1).
Of course, in this case the resulting flow f(t) will be random. However, it is easy to see that the probability
that the resulting flow is different from (4.1) goes to zero as N goes to infinity.
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It is convenient to use vector notation for these objects:

f = (f (1), · · · , f (m))T , f̄ = (f̄ (1), · · · , f̄ (m))T , t̄ = (t̄(1), · · · , t̄(m))T .

Finally, denote by OD the set of origin-destination pairs. For each pair (p, k) ∈ OD
we fix the demand flow dp,k and some set of routes Rp,k in N , which connect p and k.

Let us prove that the solution of the stochastic equilibrium traffic assignment problem
(4.1), (4.2) can be found from the following convex minimization problem:

min
{ 〈f̄ , t〉+ µψ(t/µ) : t ≥ t̄

}
, (4.3)

where µ > 0 and
ψ(t) =

∑

(p,k)∈OD
dp,k · ψRp,k

(t).

Note that for Rp,k = R̂L
p,k or Rp,k = R̃p,k the value of this function is computable.

Theorem 5 Let t̄/µ ∈ domψ. 1. Let the demand flow be implementable by some origin-
destination flows fp,k such that ∑

(p,k)∈OD
fp,k < f̄.

Then the problem (4.3) is solvable.
2. Let t∗ be a solution to (4.3). Then the equilibrium origin-destination arc flows are as
follows:

f∗p,k = −dp,k · ∇ψRp,k
(t∗/µ), (p, k) ∈ OD.

These flows satisfy the corresponding demands.
3. The equilibrium arc flow f∗ =

∑
(p,k)∈OD

f∗p,k satisfy the arc flow bounds. Moreover, the

pair (t∗, f∗) satisfy the arc performance hypothesis (4.2).

Proof:
Let us prove the first statement of the theorem. In view of our assumption, for each origin-
destination pair (p, k) there exist a subset of routesR′p,k ⊆ Rp,k and a set of positive values
{βr

p,k}r∈R′
p,k

such that ∑

r∈R′
p,k

βr
p,k = dp,k, (p, k) ∈ OD,

and such that for origin-destination flows fp,k =
∑

r∈R′p,k

βr
p,kar we have

f̂ ≡
∑

(p,k)∈OD
fp,k < f̄.

Without loss of generality we can assume that any route in R′p,k has no cycle. Therefore
each of these sets contains a finite number of routes.
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Let us prove that we can bound the objective function in (4.3) from below by some
strictly increasing linear function. Note that

〈f̂ , t〉+ µψ(t/µ) = 〈f̂ , t〉+
∑

(p,k)∈OD
dp,k · µψRp,k

(t/µ)

= 〈f̂ , t〉+
∑

(p,k)∈OD
dp,k · µ ln

(
∑

r∈Rp,k

e−〈ar,t〉/µ

)

≥ 〈f̂ , t〉+
∑

(p,k)∈OD
dp,k · µ ln


 ∑

r∈R′
p,k

e−〈ar,t〉/µ




=
∑

(p,k)∈OD


dp,k · µ ln


 ∑

r∈R′
p,k

e−〈ar,t〉/µ


 +

∑
r∈R′

p,k

βr
p,k〈ar, t〉


 .

Since each of the sets R′p,k is finite, we can use the inequality

d ln

(
N∑

r=1

e−xr

)
+

N∑

r=1

βrxr ≥ −
N∑

r=1

βr ln
βr

d
,

which is valid for all x ∈ RN and all positive βr such that
N∑

r=1
βr = d. Denoting by

γp,k = −
∑

r∈R′
p,k

βr
p,k ln

βr
p,k

dp,k
, γ =

∑

(p,k)∈OD
γp,k,

we conclude that

〈f̄ , t〉+ µψ(t/µ) = 〈f̄ − f̂ , t〉+ 〈f̂ , t〉+ µψ(t/µ) ≥ 〈f̄ − f̂ , t〉+ µγ.

Thus, the level sets of the objective function in the problem (4.3) are bounded. Therefore
this problem is solvable.

In order to prove the second statement, note that by assumption t̄/µ ∈ int
(
domψRp,k

)

for any (p, k) ∈ OD. Therefore the gradients ∇ψRp,k
(t/µ) are well defined at any t ≥ t̄.

Thus, this statement follows from Lemma 4.
Finally, we observe that any t/µ ≥ t̄/µ belongs to int (domψ). Therefore the solution

t∗ of the problem (4.3) satisfies the Karush-Kuhn-Tucker conditions:

f̄ +∇ψ(t∗/µ) = s∗,

(s∗)(α) ·
(
(t∗)(α) − t̄(α)

)
= 0, α = 1, . . . , m,

where s∗ ≥ 0 is the vector of optimal dual multipliers for the constraints t ≥ t̄. Thus, if
(f∗)(α) < f̄ (α), we always have (s∗)(α) > 0 and therefore (t∗)(α) = t̄(α). 2
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5 Computational aspects

In the previous section we have seen that the equilibrium solution to the stochastic traffic
assignment problem can be found from the convex minimization problem (4.3). In order
to solve the latter problem numerically, we have to compute the objective function of the
problem and its gradient in a reasonable computational time. Let us show how we can do
so when we work with asymptotic or cumulative sets of routes.

5.1 Asymptotic sets of routes

Let us choose Rp,k = R̃p,k for each origin-destination pair (p, k). In order to simplify the
notation, assume that we have the full origin-destination matrix D ∈ Rn×n, whose entries
D(i,j) are the demand flows from node j to node i. Denote by 〈·, ·〉M the standard scalar
product in the space of (n × n)-matrices. Then the minimization problem (4.3) can be
written as follows:

min{〈f̄ , t〉+ 〈D,µ ln
{
(I − E(t/µ))−1 − I

}
〉M : t ≥ t̄}, (5.1)

where ln{·} denotes a component-wise logarithm of an (n× n)-matrix.
Let us look at the non-trivial part of the objective function in the above problem:

F (t) = 〈D, ln
{
(I −E(t))−1

}
〉M . (5.2)

In order to write down its derivatives we need the following notation. For two (n × n)
matrices B and C we denote by {B/C} the following matrix:

{B/C}(i,j) = B(i,j)/C(i,j), i, j = 1, . . . , n.

Let us compute the directional derivative of function F (t) along a direction h ∈ Rm.
For simplicity we assume that σ(N ) < ∞ and ρ(t) < 1; so the matrix (I −E(t))−1 is well
defined all its entries are positive.

DF (t)[h] = 〈D,D (
ln

{
(I −E(t))−1

})
[h]〉M

= 〈{D/(I − E(t))−1
}

,D (
(I − E(t))−1

)
[h]〉M

= 〈{D/(I − E(t))−1
}

, (I − E(t))−1DE(t)[h](I −E(t))−1〉M

= −〈{D/(I − E(t))−1
}

, (I − E(t))−1B(t)[h](I −E(t))−1〉M ,

where B(t)[h] is an (n× n)-matrix with the entries

B(t)[h](i,j) =





∑
α∈A[j,i]

e−t(α)
h(α), A[j, i] 6= ∅,

0, A[j, i] = ∅.
Note that the linear operator B(t)[h] maps Rn into the space of (n × n)-matrices Rn×n.
Denote by B∗(t)[Y ] its adjoint operator:

〈B(t)[h], Y 〉M = 〈B∗(t)[Y ], h〉 ∀h ∈ Rn, ∀Y ∈ Rn×n.
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Then

DF (t)[h] = −〈{D/(I − E(t))−1
}

, (I −E(t))−1B(t)[h](I −E(t))−1〉M

= −〈B(t)[h], (I −E(t))−T
{
D/(I − E(t))−1

}
(I −E(t))−T 〉M

= −〈B∗(t)
[
(I − E(t))−T

{
D/(I − E(t))−1

}
(I −E(t))−T

]
, h〉.

Thus, we come to the following representation:

∇F (t) = −B∗(t)
[
(I −E(t))−T

{
D/(I −E(t))−1

}
(I − E(t))−T

]
. (5.3)

Taking into account the expressions (5.2), (5.3), we conclude that the computational time
we need to find the function value F (t) and the gradient ∇F (t) is proportional to the
time, which is necessary for inverting the matrix (I −E(t)). In the worst case that needs
O(n3) arithmetic operations. Of course, if this matrix is sparse and the demand matrix
D is not filled completely, the above estimate can be significantly improved.

5.2 Cumulative sets of routes

Let show now how we can compute the potential functions for the cumulative sets of
routes. That can be useful, for example, if in our model we want to bound the maximal
length of the route.

Let us fix some node p. Assume we want to compute the potential functions for the
cumulative sets of routes R̂L

p,k, k = 1, . . . , n. Let us fix some µ > 0. Denote

al
k(t) = µψRl

p,k
(t/µ)

bl
k(t) = µψ

R̂l
p,k

(t/µ)





, k = 1, . . . , n, l = 1, . . . , L.

Recall that some of these functions may be identically equal to −∞ (this tells us that the
corresponding set of routes is empty).

Let us show that the above functions can be computed by a simple recursion. Indeed,

a1
k(t) = b1

k(t) =





µ ln

(
∑

α∈A[p,k]
e−t(α)/µ

)
, if A[p, k] 6= ∅,

−∞, if A[p, k] = ∅.
, k = 1, . . . , n.

And for l = 1, . . . , L− 1 we have:

al+1
k (t) = µ ln

(
∑

i∈I(k)

∑
α∈A[i,k]

e(al
i(t)−t(α))/µ

)

bl+1
k (t) = µ ln

(
ebl

k(t)/µ + eal+1
k

(t)/µ
)





, k = 1, . . . , n. (5.4)

Note that each step in l of the above process takes O(m) arithmetic operations. Thus, the
computation of the values of all functions bL

k (t), k = 1, . . . , n, needs O(Lm) operations.
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When these values are computed, we can sum up them with coefficients dp,k. The resulting
value forms a part of the objective function in (4.3). Since we have direct formulae for
computing this value, its gradient in t can be also computed in O(Lm) operations. It
is interesting that the process (5.4), when µ → 0, becomes a well known Bellman-Ford
scheme for computing the shortest path distances.

On the other hand, the relations (5.4) can be used for barrier representation of the
problem (4.3) (see [7]). For that we need to employ the self-concordant barriers for
entropy-type functions proposed in [4]. Then we can use the modern interior-point meth-
ods for solving (4.3).

Finally, let us mention a situation in which it is very often reasonable to use the latter
technique. Assume that the graph of our network N contains no cycles. This means that
there exists a number n̂ < n such that Rl

p,k = ∅ for any l ≥ n̂ + 1 and any p and k. In
other words, En̂+1(t) ≡ 0 and ρ(t) ≡ 0 for any t ∈ Rm. Consequently,

(I −E(t))−1 =
n̂∑

l=0

El(t).

Is such a situation, especially when the number of origin-destination pairs is not very
big, the scheme (5.4) looks much more attractive than the direct inversion of the matrix
(I − E(t)).

6 Stochastic assignment with incomplete data

Very often it is difficult to get a reliable origin-destination matrix, which we need in
the problem (4.3). Usually this data is obtained from a sophisticated analysis of the
population, employment and the road structure of the region. Since this analysis must
be done before we find the equilibrium travel time in the network, it can be based only
on the free traffic shortest paths distances in the network. However, it is clear that such
distance can be very different from the real distances affected by congestion. So, in the
case we need to estimate (or, to compute) the origin-destination matrix of our problem, it
is natural to try to do that simultaneously with the computation of the equilibrium travel
time. In order to do that, we still need some aggregate information about the origin-
destination flows and some model, which explains the appearance of an origin-destination
pair. Let us look at some typical situation.

Assume we know nothing about the origin-destination flows in our network except one
value Φ, which is the total origin-destination flow:

Φ =
∑

(p,k)∈OD
dp,k.

Let us introduce some additional notation. Denote by O the set of origins and by D
the set of destinations. Then the set of our origin-destination pairs will be as follows:

OD = O ×D.

For each (p, k) ∈ OD we introduce the set of routes Rp,k. Note that the value of the
function

θRp,k
(t) = −µψRp,k

(t/µ)
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is the expected minimal cost for travelling from p to k, provided that the drivers of this
origin-destination pair apply the logit model (1.1) for the route choice (see [3]).

Let us introduce two weight vectors P and Q in Rm with the following entries:

P (i) > 0 for i ∈ O and P (i) = 0 otherwise,
Q(j) > 0 for j ∈ D and Q(j) = 0 otherwise.

For example, the weights P and Q can reflect the size of population at the origins and
the number of jobs at destinations.

Our model for driver’s behavior is of two levels. First, we introduce a stochastic
demand. We assume that the probability πi,k for appearance a driver, which wishes to
travel from origin i to a destination k is as follows:

πi,k(t) =
Pi ·Qk · e−θRi,k

(t)

∑
(l,j)∈OD

Pl ·Qj · e−θRl,j
(t)

(6.1)

Thus, the expected demand for this origin-destination pair is Φ · πi,k(t). Let us assume
now that the drivers of this group apply the logit model (3.1) for the route choice. Then,
the expected flow of drivers for the pair (i, k) is

fi,k(t) = −Φ · πi,k(t) · ∇ψRi,k
(t/µ), (6.2)

(see Lemma 4). Consequently, the total flow in the network is

f(t) =
∑

(i,k)∈OD
fi,k(t) = −Φ ·

∑

(i,k)∈OD
πi,k(t) · ∇ψRi,k

(t/µ). (6.3)

The equilibrium problem we are going to solve now is as follows.

Find the arc travel time vector t∗ and the arc flow vector f∗ = f(t∗),
which satisfy the max-flow network performance model (4.2).

(6.4)

It appears that the solution of this problem can be found from the following optimiza-
tion problem:

min
t≥t̄

[ 〈f̄ , t〉+ Φ · µψ(t/µ)
]
, (6.5)

where ψ(t) ≡ ψ(P, Q, t) = ln

(
∑
i∈O

∑
j∈D

P (i)Q(j)gRi,j (t)

)
.
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DP 2000/27, Université Catholique de Louvain, April 2000.

[7] Yu. Nesterov and A. Nemirovskii. Interior-point Polynomial Algorithms in Convex
Programming. SIAM studies in applied mathematics, vol. 13, SIAM, Philadelphia,
1994.

[8] Y. Sheffi. Urban Transportation Networks: Equilibrium Analysis with Mathematical
Programming Methods. Prentice-Hall, Englewood Cliffs, New Jersey, 1985.

[9] J.G. Wardrop. Some Theoretical Aspects of Road Traffic Research, in Proceedings
of the Institute of Civil Engineers, Part II, 1952, pp. 325-378.

21



Appendix. Properties of log-convex functions

Let f(x) be a real-valued function on Rn. Define

φ(x) = ln f(x), domφ = {x ∈ Rn : f(x) > 0}.
The function f(x) is called log-convex if domφ 6= ∅ and φ(x) is convex. Let us present
some simple properties of log-convex functions.

1. If f(x) is log-convex then it is also convex on domφ.
Indeed, let x and y belong to domφ. Let us choose some α ∈ [0, 1]. Then

αf(x) + (1− α)f(y) = αeφ(x) + (1− α)eφ(y) ≥ eαφ(x)+(1−α)φ(y)

≥ eφ(αx+(1−α)y) = f(αx + (1− α)y).

2. If f(x) is log-convex and β > 0 then βf(x) is log-convex.
3. If functions f1(x), f2(x) are log-convex then f(x) = f1(x) + f2(x) is log-convex.
First of all note that the function of two variables ξ(u1, u2) = ln(eu1 + eu2) is convex.

Indeed,

∇ξ(u1, u2) =
(

eu1

eu1+eu2 , eu2

eu1+eu2

)T
, ∇2ξ(u1, u2) = eu1+u2

(eu1+eu2 )2
·
(

1 −1
−1 1

)
º 0.

Therefore, for any (u1, u2), (v1, v2) and α ∈ [0, 1] we have

ξ(αu1 + (1− α)v1, αu2 + (1− α)v2) ≤ αξ(u1, u2) + (1− α)ξ(v1, v2).

Let x and y belong to domφ. Let us choose some α ∈ [0, 1]. Denote

u1 = φ1(x) = ln f1(x), u2 = φ2(x) = ln f2(x),
v1 = φ1(y) = ln f1(y), v2 = φ2(y) = ln f2(y).

Then

ln(f1(αx + (1− α)y) + f2(αx + (1− α)y)) = ln
(
eφ1(αx+(1−α)y) + eφ2(αx+(1−α)y)

)

≤ ln
(
eαφ1(x)+(1−α)φ1(y) + eαφ2(x)+(1−α)φ2(y)

)
= ξ(αu1 + (1− α)v1, αu2 + (1− α)v2)

≤ αξ(u1, u2) + (1− α)ξ(v1, v2) = α ln(f1(x) + f2(x)) + (1− α) ln(f1(y) + f2(y)).

4. If f(x) is log-convex and p > 0 then fp(x) is log-convex.
5. If f(x) is concave then 1/f(x) is log-convex.
6. If f(x) is convex then ef(x) is log-convex.
7. If functions f1(x), f2(x) are log-convex then f(x) = max{f1(x), f2(x)} is log-convex.
Indeed, ln f(x) = lnmax{f1(x), f2(x)} = max{ln f1(x), ln f2(x)}. Thus, this function

is convex as the maximum of two convex functions.
8. If functions f1(x), f2(x) are log-convex then f(x) = f1(x) · f2(x) is log-convex.
9. Let the function f(x, y) be log-convex in (x, y). Define a new function

F (x) = inf{f(x, y) : y ∈ Q},
where Q is a convex set. Then F (x) is a log-convex function.

Indeed, lnF (x) = inf{ln f(x, y) : y ∈ Q}. Since ln f(x, y) is convex in (x, y), the
function lnF (x) must be convex in x.
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