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Abstract

This paper presents an overlapping generations model of growth with indi-
viduals differing in productivity and altruism. Within such a model wealth
is entirely held in the steady-state by the families with the highest degree
of altruism. We then look at the macroeconomic and distributive effects of
three fiscal policies: public debt, pay-as-you-go social security and estate tax-
ation. Under plausible assumption we show that both public debt and social
security are neutral a la Ricardo but increase inequality. We also show that
estate taxation can be Pareto worsening even though it can foster income
equality.



1 Introduction

The literature on the effects of fiscal policy is founded on two canonical mod-
els: the Barro-Ramsey model of infinitely lived families and the Diamond-
Samuelson model of overlapping generations.! In the first model, any attempt
by the government to reallocate resources among generations through pub-
lic borrowing, pays-as-you-go social security or estate taxation is totally or
partially neutralized by families who want to smooth their consumption over
time through their bequests. In the second model, individuals smooth con-
sumption only over their lifetimes. They can make bequests but not of the
type which can smooth consumption among generations. As a consequence
fiscal policy cannot be neutralized and has real effects.

For example, government debt is completely neutral within the Barro-
Ramsey model; in the Diamond-Samuelson model, it crowds out capital and
reduces steady-state utility levels.?

As argued by a number of people, these models are not appropriate for
a realistic analysis of fiscal policy. One of the reasons is that real societies
don’t consist of identical individuals, perfectly altruistic or perfectly life-
cyclers. There is heterogeneity and by taking that simple fact into account
we might get a better understanding of fiscal policy.

In this paper we consider a society consisting of life-cyclers, what Mankiw
(2000) calls "spenders” and of dynastic households, what he calls "savers”.
We thus develop two arguments: as society gets indebted, wealth disparity
increases and under some conditions an estate tax may be Pareto worsening.

We generalize an earlier paper (see Michel-Pestieau (1998)) in which we
distinguish two types of individuals, altruists and non altruists and we use
Cobb-Douglas production functions and loglinear utility functions. We here
consider a number of types of individuals differing in their degree of altru-
ism and their level of productivity. We also use more general utility and
production functions.?

The setting is that of two-overlapping generations with individuals work-
ing in a first period and retiring in a second. Individuals save for retirement
but some also save to make bequests. The rest of the paper is organized as
follows. Section 2 presents the basic model. Section 3 gives the steady-state
market solution and optimality conditions. Section 4 introduces debt policy
and also pay-as-you-go social security and studies their impact on the long
run distribution of wealth. Finally section 5 considers the case of a progressive

1See Barro (1974), Ramsey (1928), Diamond (1965), Samuelson (1958).

2Granted that there is underaccumulation.

3This bears some resemblance with Cukierman and Meltzer (1989) who however posit
at the outset that public debt crowds out some capital which is not the case here.



estate taxation which can be rather regressive.

2 The model

2.1 Households behavior

Type 7’s individuals are characterized by a degree of altruism «,; and an index
of productivity h;. We can write both the utility function and the budget
constraints of type ¢’s individuals as:

Vit = U (Cit, dig1) + V5 Viesa (1)
Cit = Tit + hy wy — s (2)
dits1 = Rip1 80 — (L +n) T (3)

where v;; is the utility of type ¢’s individuals belonging to generation t¢; u is
strictly quasi-concave, continuously differentiable, satisfying Inada conditions
and excluding inferior goods; ¢ and d are respectively first and second period
consumption; x is the amount of bequest received; w and R, the wage rate
and one plus the rate of interest; s is saving and 1+ n the number of children
per parent or alternatively n is the rate of population growth. It is assumed
that bequests cannot be negative:

Tig41 = 0. (4)

Below we distinguish lifetime resources given by x;; + h; w, and lifetime
consumption spending denoted by €2; with

Qi = it + digy1/ Regr-

We assume that type i’s agents have consistently children of the same
type; in other words, types are hereditary. The problem of a type ¢’s agent
at time 0 can thus be expressed as:

Mazx Z Yeu (i, digyr)

t=0

subject to (2), (3), (4) for t > 0 and given ;.
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2.2 Equilibrium solution

Solving the above problem one obtains the following optimality condition for
sy and ;4 respectively:

—ul, (City diy1) + Rig1 )y (Cigy dig1) =0

and

— (14 n) wy(cit, dig1) + v, up (Cirg1, digy2) <0 (=0if 2411 > 0).

In the steady-state with w; = w and R; = R the variables ¢,d, s and x
are characterized by the following 4 conditions:

x; + hiw = ¢; + sy,
Rs;=d;+ (1 +n)xy,
Uf: (Ci,di) = Ru:i (Ci,di) s
v R<(1+n) (=1+nifx;>0)

(SC1)

2.3 Firms and production

We assume a CRS production function F' (K, H;) with labor H, in efficiency
units and capital K; as inputs. We also assume total depreciation. At equi-
librium factor prices equal to marginal productivity:

w, = Fiy (K, Hy) = w (k) } (F,)

R, = F1/< (Kt, Ht) = Q(kt)

with k; = K;/H; and for further use f (k;) = F (ki 1).

2.4 Intertemporal equilibrium

We define p; as the proportion of type i’s agents in society with > p; = 1.
We denote N; the size of generation . Thus we write:

Hy = ZpihiNt = f_th

where h is average productivity. The resource constraint in time ¢ is:



F (K, H) = sz‘ Ny cip + sz‘ Ni_vdip + Kipq.

This constraint is shown to be equivalent to the capital accumulation equa-
tion:

Ky = sz‘ N 841,

after use of the Euler condition F' (K, H;) = R;K; + w; H; and consumer’s
constraints xy + hyw; = ¢ + sy and Rysy—1 = diy + (1 +n) zy.
In the steady-state one obtains:

(1"‘”)]4571:21%3@' (5)

with

w=w(k) and R=p(k) (6)

along with condition (SC1) for the various types of agents.

3 Constrained and unconstrained dynasties

3.1 Market equilibrium

We assume that all the v, are different and further that v, > v, > ... >
Vm = 0. In other words individuals are ranked with decreasing altruism with
the possibility that ~,, = 0, implying that type m’s individuals are pure
life-cyclers. We now present our first proposition.

Proposition 1 : For all i > 2, dynasties are constrained in the long run
with x; = 0 and their saving is given by:

s; = o (wh;, R) = arg max, u(wh; — o, Ro). (7)

Proof. : In the long run, one has ;R < 1+4n and hence 7,R < 1+n for
i > 2, which implies z; = 0. Then, h;w = ¢; + s;,d; = Rs; and v, (¢;,d;) =
R (¢;,d;) with s; given by (7). =

Condition (7) gives the optimal level of saving of "life-cyclers” as in
Diamond (1975) model with o (w h;, R).
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Proposition 2 : There exists a steady-state equilibrium with x1 > 0 iff the
stock of capital k consistent with the modified golden rule 719(/6) =1+4+mnis
such that:

(4 0)kh >3 o (ih ) ©

with @ = w(k) and R = o(k) = (14 n) /v,.

In words, there are bequests in this economy (x; > 0) if the stock of
capital k yielding the modified golden rule is larger to the amount that could
be accumulated in an economy a la Diamond. This is pretty intuitive. If
this is the case, altruistic parents contribute to capital accumulation through
positive bequests.

Proof. : Assume x; > 0 which implies that R = R = % The
n

life-cycle budget constraint of type 1’s agents is then:
di .
c1 + E :wh1+ (1 —’Yl)Il = Ql.

These consumptions are independent on the way income is distributed across
the two periods; they only depend on ;. And one may write:

c=0 —0 (Ql,]%> and d; = Ro <Ql,}t2> .
Henceforth,
xl:cl—i—sl—hlw:sl—l—(l—v)xl—J(Ql,R),
or
S =21 +0 (ﬁ)hl + (1 — ) 2, fi) =@ (21).

One observes that ¢ (z7) is an increasing function of z; going from ¢ (0) =
o (@Z} hl,R) to ¢ (00) = o0.

On the other hand, equilibrium condition (5) along with k = k& and
S =0 <zZJ h;, R) for ¢ > 2 is equivalent to



which determines s; as a function of k.
By assumption, there is a value of 21 > 0 such that ¢ (z1) = s;. Namely,

pid (1) = (L +n) b fj o (whi, ). (9)

This implies:
m@(0) < (1+n)kh— Z ( )
i=2

and with ¢ (0) = o (121 hq, R) one verifies the necessary condition (8).

Conversely, when condition (8) is verified, equation (9) implies a unique
solution xz; > 0. With k, Ry, = 1 4+ n, w and the corresponding values for
Oy, c1,dy, 81,9 (1) as well as the choices of constrained dynastic constitute
a steady-state equilibrium for this economy. m

3.2 Welfare analysis

In the following, we assume that (8) is satisfied. Then, the steady-state values

of k and factor prices @ and R = only depends on 7,. These values are

determined by the most altruistic algents regardless of productivity h; and
frequencies p;.

Dynasties of type ¢ with ¢ > 2 are constrained and their life-cycle utility
u (¢;,d;) is an increasing function of h;. Yet, their long term welfare

- 1
D (e d) = ——u (e, d;)
L=
t=0
depends on both h; and 7.
Type 1's individuals have a life-cycle utility which can be compared with
that of other types:

U,(Cl,dl) §U,(Cz,dz)<:)>Ql:wh1+(1—’}/1)I1 §1I)hz

It is thus not impossible that constrained but highly productive individuals
are better off than unconstrained individuals if the latter have a low produc-
tivity. However, one can show that if the proportion of type 1’s individuals



is small, their life-cycle income is the highest. It can indeed be shown that
the level of x; decreases with p;.

Let us change p; without modifying the relative proportions of i > 2. We
write:

pi=(1—=p1)g i=2,...,m
with Z% = 1. Then from (9) we have:
2

= (1+n)l%ﬁ—zm:qia<whi,ﬁ>. (10)

=2

p1 [@ (1) — i%a (ID hi7R)
=2

One sees right away that x; decreases as p; increases and that when p; —
0, x1 — oo. Henceforth one can assert that for p; sufficiently small,

lewh1+(1—71)x1>u§hz 222,77’7,

In words, even if one of the constrained types is highly productive this
will be more than offset by the wealth of the unconstrained individuals.
In this case, their life-cycle utility and also their long run welfare given
by u(c1,dy) /(1 — ;) dominate those of the other types. Naturally if h; >
hi (i = 2) one does not need to assume a small value for p;. In particular if
abilities are identical, h; = hy (V; > 2), the life-cycle income and utility of the
most altruistic agents are larger than the others, whatever the proportions
pi.

4 Intergenerational fiscal policy

4.1 Public debt

Let us now introduce some public debt B; the service of which is financed by
lump-sum taxes levied on the workers 7% and on the retirees 79, (7¥ and 7°
are both non negative). If there is no other public spending the government
revenue constraint is equal to:

B, =R, By — Zpi (T?t (1+n)+ T(z‘)t) N



or in the steady-state

b(R—(l—Fn)):Zpi (7Y (1 +n)+79) (11)

where b, = B, /N, is constant: b, = b.

As taxes are non distortionary the optimal conditions for individuals’
choices of ¢,d and z are not changed. If, as assumed, x;1 > 0 one has as
before:

R=R=(0+n)/vy,; k=k

and

z; =0 for 1 > 2.

In other words, debt policy has no impact on prices and aggregate variables
but it has some on individuals’ resources. For i > 2, life-cycle income with
debt b can be written as:

b __ A Y 0/7
Q) =h;w—71)—71;/R.

As a consequence, if the life-cyclers have to pay for the interest payments
on the debt, their lifetime income, their two consumptions and their utility
decrease. Note that when the debt is issued, its short run effect allows the
life-cyclers to consume relatively more than in the absence of debt.

What about type 1’s individuals? their initial response is to look ahead
to their future tax liabilities and to adjust their bequests accordingly. Let us
consider the resource equilibrium constraint:

(R = +m ] b zpz(m_) (12)

and observe that disposable income has not changed. Given that the con-
sumption of type i for i > 2 decreases, one knows that the consumption of
type 1 increases. It also implies that x; increases along with the life-cycle
income of type 1’s individuals. This leads us to our third proposition.

Proposition 3 : When debt is financed by non distortionary taxes on all,
the constrained dynasties lose and the unconstrained dynasty gains. At the
aggregate level, nothing changes in the long run.



4.2 Pay-as-you-go social security with redistribution

We now turn to a pay-as-you-go pension system which provides the same
benefits ; to all and finance them by a proportional payroll tax of rate 7.
We thus have:

Nt—l Qt = Nt T Wt ]’L,

or

Qt = (]. +7’L> TWy h.

In the steady-state with z; > 0,w = @ and R = R = (1+n) /v,, one
can write the life-cycle income of constrained dynasties (i > 2):

Qf = (1—7)wh;+0/R,
= Whi+ 70 (v, h— k). (13)

One sees that QY < Q; as h; < v, h. In words, the introduction of social
security has a positive (negative) effect on type i’s individuals (i > 2) if their
productivity index is inferior (superior) to the average productivity times the
altruism factor of type 1. There are two redistributive effects involved here.

There is first some redistribution from all constrained individuals to the
unconstrained ones. It is made clear when h; = h for all . Then social
security likes public debt penalizes in the steady-state the constrained in-
dividuals who have to finance the free lunch offered when the system was
introduced. There is also some redistribution from high productivity individ-
uals to low productivity workers. In the limit case when v, tends to 1, any
individual with productivity below average benefits from this redistributive
pension system.

Let us consider as a benchmark the case where h; = v, h for i > 2.
From (13), Q¢ = QY in other words, social security has no effect on agents
1’s lifetime income and thus one their consumption. Redistributive pension
benefits compensate for the burden a pay-as-you-go system imposes upon
constrained households. Given the overall resource constraint the welfare of
the unconstrained dynastic is also unaffected. We turn now to the other
cases where some agents loose and others gain.

In the extreme case where all constrained dynasties have a relatively low
productivity such that h; < v, h for all i > 2, then they all gain and the
welfare of the unconstrained dynasty necessarily decreases.



Consider now the case when h; > v,k for i > 2. From (13) it is clear
that the welfare of constrained individuals decrease and thus that of the
unconstrained one increase. This case includes the particular situation with
h; = h for i > 2 which has been studied by Michel and Pestieau (1998).
Thus,

QY <Y for ¢ > 2

and both levels of consumption as well as utility decreases. By the same token
the welfare of the unconstrained households increases. Naturally we can have
a wide dispersion among the h;’s (i > 2) so that those with low h; (< v,h)
would benefit from social security and those with higher h; (> ylh) would
be hurt by social security. If we have homothetic preferences?®, ¢; + 1 —i—l =
n
A (R) Q; for all agents. Then, the sum Zpi (Qf — Q?) is equal to 0 (since
i=1
the total consumption is unchanged). Consequently, Qf — QY is positive iff

Zpi (Q = Q) = 7 [y,h (1 = p1) — h+ pihy], is strictly negative. And
=2

this will be the case iff pyh; < h (1 — 7, (1 — p1)). Proposition 4 summarizes
the above findings.

Proposition 4 : A redistributive pay-as-you-go pension system is neutral
when h; = v,h for i > 2. It improves the welfare of constrained dynasties
for which h; < ~y,h and worsens that of those with h; > v h. Assuming
homothetic preferences it improves the welfare of the unconstrained dynasty

1— _

if and only if hy < (’yl + 1) R
Redistributive social security is thus shown to have a positive influence
on income equality. It does not have such an influence on the distribution
of inherited wealth. In fact, Propositions 4 and 5 imply that societies with
growing public endebtment and social security schemes should experience

all things being equal increasing wealth inequality. This point is made by
Laitner (2000).

5 Estate taxation

One of the interests of studying a society with heterogenous individuals with
unequal wealth is to study the redistributive incidence of estate taxation.

4See the appendix.
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We here assume that a flat tax is levied on estate and that its proceeds are
redistributed uniformly to all households. Denoting by 7 the estate tax rate
and by T" the uniform transfer, we rewrite the individuals’ budget constraints:

(I—7)xy+hiw+ T, = ci + sa

Riiysip = digy1 + (1 4+ 1) T

T = szil’it-
i

Quite clearly the optimal condition for saving is unchanged but that for
bequest is now distorted:

The revenue constraint is:

— (1= n)wy (cit, digr1) +7; (L= 7)w, (cit, digg1) < 0
= 0if zj41 > 0.

In the steady-state, the sufficient conditions for an optimum are:

1-—7)z;i+hw+T=c+s;
Rs;=d;+ (1 +n)x;
U/C (Ci, dl) = R'LLii (CZ’, dl>
(1—-7)v,R<1+n (=1+n ifz; >0).
As above, for i > 2, z; =0 and s; = o (wh; + T, R). Assuming x; > 0, we
have in the steady-state k; alevel of capital stock defined by (1 — 7) v, o(k,) =
14+ n. We note that k, < k, the capital stock consistent with the modified
golden rule when there is no estate tax. Disposable income thus decreases:
h(f(k;) — (1 +n)k.). The revenue constraint implies that

(SC2)

T =7p .
Then for ¢ > 2, we have in the steady-state:
¢+ di/ R = Q; (1) = wh; + Tp1a1
> - 1
where w = w </£T> et R=p <kT> = (i

L—7)y
And for the most altruistic agents (i = 1), we have:

1
cl+d1/R:QI(T):wh1+Tp1x1+(1—7— ;n)l’l (14)

11



5.1 Bequest with homothetic preferences

For now on we assume homothetic preferences which imply that consumption
levels are proportional to life-cycle consumption expenditures 2;. We have
for all agents i:

d;

Ci+1+n:/\(R)Qi(7')

where A (R) is increasing for R > 1+ n. More precisely the equilibrium
condition u, = Ru/, is equivalent to ¢/d = ¢ (R), where ¢ (R) is decreasing.
Also A (R) is defined by:

¢(R)+1/(1+n)
¢(R)+1/R

MR) =

as shown in the appendix.

We now calculate the value of x;. We start with the resource constraint:

m m

h(f(k)—(Q+n)k)= Zpi (ci +dif (1+n))=A(R) ZpiQi (7).

1 1

Furthermore, we have:

- . 1+ . 1+
ZpiQi(T):wh—i-Tplxle(l—T— Rn)plazlzwh+<1— Rn>p1;1:1.
i=1

Thus
e e T 1A RRCL BL
= ﬁ(Rk—i—w—(l—kn)k)—w.

Using the expression for A (R), we obtain:

P11 1 Y .
h _¢(R)+1/(1_|_n)((R¢(R)+1)k‘ /(1+n)). (15)

One notes that the value of x; does not depend on the distribution of
v; (i = 2) nor of h;; pyz1/h only depends on (1 — 7)~,. In other words z;
can be studied as if we were in a single agent economy.
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0
Remark 5 In the following we use the assumption that b < 0. Namely es-

tate taxation does not only depress per capita accumulatiozz but also bequests.
At first sight this is what we expect. Yet one can construct examples that yield
the opposite outcome. We illustrate this by considering two extreme cases. In
the first, c = 0. Then, w+x =s=(1+n)k or 1+n)k— f(k)+ f'(k)k = .
Thus

dx

_:1 " .
R +n+ f(k)k

d "(k)k
In the second case, d = 0. Then f'(k)k = x and thus d—i = f'(k) (1 + ff’<(k)) ) .

There exist well behaved production functions that give the two possibilities

3x1 >0

or S
We now turn to incidence of 7 on ; and u; for ¢ > 2 and then on € and

Us.

5.2 Incidence of 7 on (2; and wu; for i > 2.

Life-cycle income is §2; = w h; + 7p1x; and thus:

aQZ — ha_w + x1 + %
or  'or Pty Tpl@T'
We note that
8_R B ,,% B l+n R
or ° or _71(1—7)2 17
and
ow ok Rk
D _k, "n="" — .
or / or 1—7
Hence,
09 _ _
7=0

and using (15) we know that for R > 1+ n.

<0. (17)

_ h R w
plxl_Rkh:¢(R)+1/(1+n) [_k(1+n_1)_1+n

13



From (16) and (17) we have that for h; = h the estate tax has a negative
effect on the life-cycle income of individuals ¢. The marginal gain from the
transfer is more than offset by the loss in earnings.® In fact this conclusion
applies to any ¢ with h; > h where h is defined by:

Rk (}3 - B) — pyary — REkh < 0.
We now turn to the tax incidence on u;. In the appendix, we show that:

or " |or "Ro+Ror

and thus:

Ju; oy - N h R w
&To‘%hk“‘” ¢+uu+m<ﬂ+n Q+1+J
18)

given that for 7 = 0:

Q, OR w h; + 7 pray _w(hi—ﬁ) w h

Ro+Ror (Ro+1)(1—7)  Ro+1 @' Re+1

We can rewrite (18):

Ldul A (h-n)-Bh
ul, dr | __,
with
w w w
A= Rk — 0 0 impli R Dk>——>—
R¢+1> (1:1> implies (R ¢ + 1) >1+n>R)
and
p - weR-(m)
¢+  (A+n)o+1)(Ro+1)

This leads us to our next proposition.

Proposition 6 : Assuming homothetic preferences, if all workers have the
same productivity, introducing estate taxation has a negative incidence on all
constrained workers. If productivity s not uniform, constrained households
with sufficiently low productivity can benefit from the tax. They gain if and
only if hy < h (1 — B/A).

0
5This result holds for 7 > 0 if % <0.
T
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5.3 Incidence of 7 on ; and u;.
O,  OR

Ldw o onr
ul, dr Ot R?2+¢ROT

0 =w <l;‘7> hi +7pray + (1 —=7) (1 —7p) 21

with
Hence,
o0 ow ox
8—71 :hlg— 1= —p1]$1+[(1—7)(1—%)+7p1]a—1-
OR R 0 OR 0
We k that — = d th _— | — = )
¢ KHow tha or 11—, " e <R2¢+R) or (Rp+1)(1—1)
Also we have 8_w = — Itk )
or 1—7
This gives:
o2 ox
(1 —T>a—; — —hRk — (1—%)(1—7):{;1+(1—T)p1x1+(1—T)Da—Tl
where
D=(1-7)(1—=7y)+7p >0.
We now write:
1—17)0u ox
( " )8—7'1 = —mREk—(1—v) (1 —7)z1 — P11 +p1x1—|—(1—7')Da—Tl
1
+R¢+1 [why +7p1 &1+ (1 —7) (1 — ) 21],
or
(1 —7)0u w Roxy orq
— = —h k— - D —(1—-7)—].
w. or = Roy1 ) T Ror1 ! ) o
From (15) we have:
7 wh _ T Ro+1 7 1 1
prai—h Rk+qey = hk <¢+ﬁ B R) +fw <R¢+1 - (1+N>¢+1)
_ hk R hw
T bt (1 N 1+_n) + (Re+1)(1+n)+1)

15
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given that R > 1+ n.
This implies that

(1—7)0uy . w Rox,q 01,
i or < (=) (Rk_R¢+1> _D(R¢+1_(1_7)5>'

C

We can thus conclude that % < 0if hy = h and %
or or

< 0. This leads us

to our last proposition.

Proposition 7 : Under the assumption that preferences are homothetic and
that estate tax discourages bequest it has a depressive effect on the utility of
the unconstrained households if these have a productivity not smaller than
the average one.

Combining Propositions 5 and 6 we have that estate taxation is Pareto

- 0
worsening if everyone has the same productivity (hi = h) and (9_x < 0. Both
T

are sufficient conditions and by no means necessary ones.

6 Conclusion

The purpose of this paper was to generalize some results that are developed
in Michel and Pesticau (1998) and in Mankiw (2000). The setting is one of
an overlapping generations economy consisting of households who differ in
two characteristics: earnings ability and intergenerational altruism. These
two characteristics are assumed to be hereditary. We then show that both
public debt and pay-as-you-go social security are neutral a la Ricardo but
increase wealth inequality between households who are the most altruistic
and the others. We also demonstrate that in the steady-state redistributive
estate taxation is likely to be Pareto worsening even though it reduces wealth
inequality.

This paradoxical result has been obtained in a different setting by Stiglitz
(1978). When capital is taxed the quantity falls which in turn depresses the
real wages. This effect may be large enough to make any tax on wealth trans-
fer undesirable even from the standpoint of people who own no wealth, pay
no tax and benefit from the transfer. Naturally with different productivities
we expect that life cyclers with low productivity will benefit from the tax
transfer.
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Appendix

Homothetic preferences

Continuous homothetic preferences can be represented by an homogenous
utility function of degree 1. We take a utility function u (¢, d) homogenous
of degree 1, continuously differentiable, increasing and strictly concave with
respect to ¢ and to d, and satisfying Inada’s conditions:

lim u,(¢,1) = 400 and (1113(1) uly (1,d) = +o00. (A1)

c—0

This implies that the equation
ue (¢,1) = R ug (,1) (A.2)

admits a unique solution ¢ (R) that is decreasing and one-to-one from R
into R* (the set of positive numbers).

Indeed R (¢) = vl (¢,1) /ul, (1,1/¢) is decreasing and one-to-one. Thus
the same holds for the inverse function ¢ (R).

The problem of the consumer is to maximize u (¢, d) subject to

c+d/R=Q. (A.3)
Optimality conditions are given by (A.3) and
c/d=¢(R). (A.4)
Henceforth, we have:
Q
d (2 = ——————— with d5(Q
( 7R> qb(R)—‘—l/R W1 R( 7R)>O7
C(Q,R) = m with Cr (Q,R) =z 0 s
MR) = c(Q,R)+d(,R)/(1+n) - 1/(14n)—1/R

Q ¢ (R)+1/R

We note that A (1+n) =1and X' (R) >0 for R > 1+n.
We now derive the indirect utility function:

w(QR) = u(c(QR),d(QR)) =c(Q,R)u,+d(Q,R)u,
= u(c+d/R) =Qu (¢ (R),1)

when we use the homogeneity of degree 1.
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Function u has the following properties:

ou ou d
a—Q:u’C; @:u’cc’l{—l—u;d’R:u’c <C’R—|—§R).
d/
Given that ¢ (R) + E%R) = o3> We can write:
o ,d , Q

oR = "R T RGBT R

We can now give the derivative of u with respect to 7:

oi o od_ (oc 10d
or ucar ud@T_uc or ROt
o doOR

o oie 4 v

- @) (555

, Q) Q@ OR
= w (¢(R(r),1) <§ * m§>

following

o0 _oe 104 doR
or Or ROr R20T

Examples:

u(e,d) = c*d"* ¢(R)= g = ﬁ

w(e,d) = (Y7 +B8d7Y) T $(R)=(BR)°.
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