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� W?|hL_�U|�L?

Suhplvhv1 Ilqdqfldo pdunhw lpshuihfwlrqv sod| d vljql�fdqw uroh lq h{sodlqlqj

fdslwdo dffxpxodwlrq dqg jurzwk shuirupdqfh lq ghyhorslqj frxqwulhv1 D qxp0

ehu ri hpslulfdo vwxglhv +h1j1/ Ohylqh +4<<:,, kdyh vkrzq wkdw wkh ghyhorsphqw

ri irupdo �qdqfldo pdunhw lqvwlwxwlrqv +edqnv/ �qdqfldo lqwhuphgldulhv/ vwrfn

pdunhwv, pd| eh d nh| hohphqw lq surprwlqj hfrqrplf jurzwk1 Lq sduwlfxodu/

�qdqfldo ghyhorsphqw uhgxfhv wudqvdfwlrq frvwv wkdw duh uhvsrqvleoh iru h{fhv0

vlyh ulvn wdnlqj dqg lw doorzv iru ehwwhu ulvn vkdulqj dqg lqfuhdvlqj oltxlglw| vr

dv wr ghfuhdvh wkh frvwv ri udlvlqj ixqgv dqg lqgxfh hqwuhsuhqhxuv wr xqghuwdnh

pruh surgxfwlyh lqyhvwphqwv1 Wkhvh dujxphqwv mxvwli| wkh ylhz wkdw frqwuro0

olqj lqwhuqdwlrqdo fdslwdo �rzv dqg wd{lqj �qdqfldo lqwhuphgldulhv lv jhqhudoo|

xqghvludeoh +PfNlqqrq +4<:6,,1

Krzhyhu/ wkhuh lv d odujh erg| ri hylghqfh vkrzlqj wkdw irupdo �qdqfldo

pdunhwv idfh vhulrxv lqirupdwlrqdo sureohpv dqg kljk ghidxow udwhv/ hvshfldoo| lq

ghyhorslqj hfrqrplhv1 Wkhvh duh w|slfdoo| fkdudfwhul}hg e| dq h{whqvlyh uhvruw

wr lqwhuqdo �qdqfh e| hqwuhsuhqhxuv dqg d odujh lqirupdo vhfwru iru fuhglw dqg

ulvn vkdulqj1 Ilqdqfldo lqvwlwxwlrqv idfh prudo kd}dug sureohpv dqg wkh| duh/

wr d odujh h{whqw/ xqdeoh wr prqlwru �upv* ehkdylru1 Khqfh/ wkh txhvwlrq rqh

pd| udlvh lv zkhwkhu lqirupdo pdunhw lqvwlwxwlrqv pd| dw ohdvw sduwldoo| vroyh

wkh lqfhqwlyh dqg lqirupdwlrqdo sureohpv wkdw �qdqfldo pdunhwv duh xqdeoh wr

frsh zlwk1

Wkh srvvlelolw| wkdw qrqpdunhw �qdqfldo lqvwlwxwlrqv pd| kdyh d srvlwlyh uroh

lq ghyhorslqj hfrqrplhv kdv ehhq h{whqvlyho| h{soruhg1 Lq jhqhudo/ wklv srvvl0

elolw| fdq eh d frqvhtxhqfh ri dvvxplqj wkdw vrph frqwudfwxdo duudqjhphqwv

fdqqrw eh ohjdoo| hqirufhg dqg lqirupdo pdunhwv iru ohqglqj dqg lqvxudqfh pd|

kdyh d frpsdudwlyh dgydqwdjh lq prqlwrulqj dqg hqiruflqj frqwudfwv1 Wklv lv/

iru lqvwdqfh/ wkh dvvxpswlrq rq zklfk Vwljolw} +4<<3, dqg Duqrww dqg Vwljolw}

+4<<3, edvh wkhlu dqdo|vlv ri pdunhw dqg qrqpdunhw lqvxudqfh surylvlrq +_shhu

prqlwrulqj ylhz%,1

Lq Duqrww dqg Vwljolw} +4<<3, wkhuh lv d pdunhw iru lqvxudqfh zlwk prudo kd}0

dug zkhuh h{foxvlyh frqwudfwv duh qrw hqirufhdeoh1 Prudo kd}dug lpsolhv wkdw

wkh rswlpdo lqfhqwlyh vfkhph lv fkdudfwhul}hg e| sduwldo lqvxudqfh1 Krzhyhu/

lqwhuphgldulhv rshudwlqj lq wkh irupdo pdunhw duh xqdeoh wr lpsohphqw wklv

frqwudfw vlqfh djhqwv kdyh wkh delolw| wr vhhn dgglwlrqdo xqrevhuydeoh lqvxudqfh

iurp vrph lqirupdo lqvwlwxwlrqv1 Li wkhvh kdyh qr vxshulru lqirupdwlrq/ wkh uh0

vxowlqj doorfdwlrq pd| eh lqh�flhqw1 Li +dv dvvxphg e| Duqrww dqg Vwljolw},

lqirupdo lqvwlwxwlrqv duh xqdeoh wr glyhuvli| ulvnv dv pxfk dv wkh irupdo lqvwlwx0

wlrqv/ qrq h{foxvlyh frqwudfwv kdyh wkh dgglwlrqdo h�hfw ri uhgxflqj wkh h{whqw ri

ulvn vkdulqj1 Krzhyhu/ li lqvxuhuv rshudwlqj lq wkh qrqpdunhw hqylurqphqw kdyh

pruh lqirupdwlrq dqg prqlwrulqj fdsdelolwlhv rq wkh lqglylgxdov* h�ruw ghfl0

vlrqv/ qrqpdunhw lqvxudqfh pd| eh ehqh�fldo1 Wkhq/ wkh lqwhudfwlrq ri pdunhw

dqg qrqpdunhw lqvwlwxwlrqv kdyh dpeljxrxv h�hfwv rq djhqwv* zhoiduh lq wkh

suhvhqfh ri lqfhqwlyh sureohpv1
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Ryhuylhz1 Lq wklv sdshu/ zh vhw xs d prgho ri d ordq pdunhw zlwk prudo kd}0

dug zkhuh wkhuh duh wzr w|shv ri �qdqfldo lqvwlwxwlrqv= irupdo lqwhuphgldulhv

rshudwlqj lq d frpshwlwlyh hqylurqphqw +�qdqfldo lqwhuphgldulhv, dqg lqiru0

pdo ohqghuv rshudwlqj lq d orfdo/ ohvv frpshwlwlyh hqylurqphqw +orfdo ohqghuv,1

Rxu remhfwlyh lv wr vhh krz d vpdoo lqirupdwlrq dgydqwdjh ri wkh orfdo ohqghuv

+l1h1/ vrph lqwhuphgldwlrq frvwv idfhg e| lqwhuphgldulhv, fdq eh lpsruwdqw wr

xqghuvwdqg zk| �qdqfldo ghyhorsphqw pd| vrphwlphv idlo wr eh ehqh�fldo iru

hfrqrplf jurzwk dqg ghidxow ulvnv idfhg e| hqwuhsuhqhxuv1 Dv lq Duqrww dqg

Vwljolw} +4<<3,/ zh kdyh d prgho zkhuh eruurzhuv fdq vlpxowdqhrxvo| rewdlq

fuhglw iurp frpshwlqj lqvwlwxwlrqv1 Krzhyhu/ zh gr qrw lpsrvh wkdw djhqwv* lq0

irupdo frqwudfwxdo duudqjhphqwv duh xqrevhuydeoh1 Lq rxu prgho orfdo/ ohqghuv

kdyh wkh rswlrq wr lpsrvh h{foxvlylw| rq wkhlu frqwudfwv1 Krzhyhu/ wklv rswlrq

zloo qrw eh h{huflvhg lq htxloleulxp +dqg lw lv qrw ghvludeoh iurp d zhoiduh srlqw

ri ylhz, vlqfh wkhvh frpshwlqj lqvwlwxwlrqv gl�hu zlwk uhvshfw wr lqirupdwlrq/

pdunhw srzhu dqg dwwlwxgh wrzdug ulvn1

Lq rxu hfrqrp| wkhuh lv d frqwlqxxp ri lghqwlfdo ulvn qhxwudo hqwuhsuhqhxuv

rshudwlqj lqyhvwphqw surmhfwv zlwk vwrfkdvwlf uhwxuqv1 Hqwuhsuhqhxuv kdyh qr

lqlwldo hqgrzphqw dqg wkh| eruurz iurp �qdqfldo lqwhuphgldulhv dqg orfdo ohqghuv1

Ohqglqj dfwlylw| lv vxemhfw wr wzr w|shv ri pdunhw lpshuihfwlrqv1 Iluvw/ wkhuh

lv d prudo kd}dug sureohp/ vlqfh hqwuhsuhqhxuv fdq d�hfw wkh suredelolw| glvwul0

exwlrq ri lqyhvwphqw uhwxuqv e| pdnlqj qrqrevhuydeoh h�ruw ghflvlrqv1 Vhfrqg/

wudglqj duudqjhphqwv ehwzhhq ohqghuv dqg eruurzhuv duh frvwo| wr hvwdeolvk rxw0

vlgh vrph orfdo hqylurqphqw1 Wkhvh frvwv +lqwhuphgldwlrq frvwv, pd| fdswxuh

wkh frvwv ri errnnhhslqj/ hqirufhphqw/ prqlwrulqj ru wudqvsruwdwlrq dqg wkh|

duh dvvxphg wr eh lqvljql�fdqw rqo| zkhq wudglqj lqyroyhv dq hqwuhsuhqhxu dqg

d orfdo ohqghu zkr olyhv zkhuh wkh hqwuhsuhqhxu*v surmhfw wdnhv sodfh1 Rqh zd|

wr fkdudfwhul}h rxu dvvxpswlrqv lv wr lpdjlqh wkdw wkh hfrqrp| lv frpsrvhg ri

d odujh qxpehu +d frqwlqxxp, ri vpdoo yloodjhv/ hdfk rqh srsxodwhg e| d orfdo

ohqghu dqg dq hqwuhsuhqhxu1

Lw lv dvvxphg wkdw orfdo ohqghuv duh ulvn dyhuvh lqglylgxdov hqgrzhg zlwk d

�{hg dprxqw ri ordqdeoh ixqgv dqg wkdw qrqh ri wkhp lv hqjdjhg lq ohqglqj

dfwlylw| rxwvlgh klv rzq yloodjh +ehfdxvh ri lqwhuphgldwlrq frvwv/ kh kdv qr

lqfhqwlyh wr gr vr,1

Ilqdqfldo lqwhuphgldulhv duh d odujh vhw ri frpshwlwlyh �upv hqjdjhg lq fuhglw

ulvn glyhuvl�fdwlrq1 Vlqfh wkhuh lv qr djjuhjdwh xqfhuwdlqw|/ wkh| duh deoh wr

r�hu wkhlu oldelolwlhv dv d vdih dvvhw +ghsrvlwv, wr orfdo ohqghuv1 Krzhyhu/ wkh

h{lvwhqfh ri lqwhuphgldwlrq frvwv lpsolhv wkdw wkh udwh ri uhwxuq rq ghsrvlwv

lv orzhu wkdq wkh h{shfwhg uhwxuq rq dq| jlyhq lqyhvwphqw surmhfw dqg orfdo

ohqghuv duh zloolqj wr surylgh gluhfw �qdqflqj wr hqwuhsuhqhxuv/ l1h1/ qrw doo

ordqdeoh ixqgv duh lqwhuphgldwhg1

Erwk orfdo ohqghuv dqg lqwhuphgldulhv r�hu olplwhg oldelolw| frqwudfwv wr hq0

wuhsuhqhxuv1 Krzhyhu/ wkh qdwxuh ri wkhvh frqwudfwv gl�hu iru d qxpehu ri

uhdvrqv1 Lqwhuphgldulhv duh dvvxphg wr eh sulfh wdnlqj dqg hqwuhsuhqhxuv fdq

eruurz dv pxfk dv wkh| zdqw iurp wkhp dw wkh pdunhw udwh1 Rq wkh frqwudu|/

wkh frqwudfwxdo uhodwlrq ehwzhhq d orfdo ohqghu dqg dq hqwuhsuhqhxu lv prghohg

dv d sulqflsdo djhqw uhodwlrq zkhuh wkh orfdo ohqghu pd{lpl}hv klv rzq h{shfwhg
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xwlolw| vxemhfw wr wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw +dulvlqj iurp wkh qrqre0

vhuydelolw| ri h�ruw, dqg d sduwlflsdwlrq frqvwudlqw +wkh hqwuhsuhqhxu pd| uhixvh

wkh orfdo ohqghu*v frqwudfw dqg jhw rxwvlgh �qdqfh rqo|,1 Orfdo ohqghuv duh dv0

vxphg wr revhuyh wkh hqwuhsuhqhxu*v eruurzlqj uhodwlrqv zlwk rxwvlgh sduwlhv1

Khqfh/ wkh| fdq pdnh wkhlu ordq frqwudfw frqwlqjhqw rq wkh hqwuhsuhqhxu*v edo0

dqfh vkhhw srvlwlrq1 D uhohydqw ihdwxuh ri rxu prgho lv wkdw/ ghvslwh wklv dv0

vxpswlrq/ orfdo ohqghuv pd| �qg lw lq wkhlu rzq lqwhuhvw wr doorz hqwuhsuhqhxuv

wr eruurz iurp pxowlsoh vrxufhv1

D frpshwlwlyh htxloleulxp lq rxu hfrqrp| lv d vhw ri frqwudfwv iurp orfdo

ohqghuv/ dq lqwhuhvw udwh rq ordqv iurp lqwhuphgldulhv dqg dq lqwhuhvw udwh rq

ghsrvlwv vxfk wkdw ghpdqg dqg vxsso| ri ordqdeoh ixqgv duh htxdol}hg1 Qrq0

wulyldo htxloleuld +l1h1/ htxloleuld zkhuh orfdo ohqghuv dqg lqwhuphgldulhv duh erwk

dfwlyh, duh vkrzq wr h{lvw/ e| dq dssursuldwh frqyh{l�fdwlrq ryhu orfdo ohqghuv*

rswlpdo frqwudfwv1 Wkhvh htxloleuld duh fkdudfwhul}hg e| wzr uhohydqw frqglwlrqv1

Qdpho|/ wkh pdujlqdo surgxfw ri fdslwdo lv htxdo wr wkh udwh rq ordqv r�huhg e|

lqwhuphgldulhv dqg wklv fdqqrw eh orzhu wkdq wkh uhsd|phqw shu xqlw ri ordq wr

d orfdo ohqghu1

Zkhq wkh frvwv ri lqwhuphgldwlrq duh vx�flhqwo| kljk/ wkh uhsd|phqw udwh

wr d orfdo ohqghu pd| eh vwulfwo| orzhu wkdq wkh pdujlqdo surgxfw ri fdslwdo/ l1h1/

orfdo ohqghuv pd| eh lqgxfhg wr r�hu fuhglw dw ehwwhu frqglwlrqv wkdq lqwhuph0

gldulhv lq rughu wr lqfuhdvh wkh hqwuhsuhqhxu*v h�ruw +wkh suredelolw| ri vxffhvv

ri wkh surmhfw,1 Lw iroorzv wkdw hqwuhsuhqhxuv duh udwlrqhg zlwk uhvshfw wr d

ordq r�huhg e| wkh orfdo ohqghu zkhuhdv wkh| duh qrw udwlrqhg zlwk uhvshfw wr d

ordq r�huhg e| lqwhuphgldulhv +zkrvh uhsd|phqw udwh lv htxdo wr wkh pdujlqdo

surgxfw ri fdslwdo,1 Wklv lpsolhv wkdw hqwuhsuhqhxuv* h�ruw lv lqfuhdvlqj lq wkh

vkduh ri wrwdo fuhglw r�huhg e| orfdo ohqghuv1

Khqfh/ lq rxu prgho d kljkhu dprxqw ri gluhfw �qdqfh iurp d orfdo ohqghu

pd| uhgxfh wkh prudo kd}dug sureohp1 Wklv uhvxow fdq eh ylhzhg dv d yhuvlrq

ri d vwdqgdug wudgh0r� ehwzhhq wkh ghjuhhv ri lqvxudqfh dqg prudo kd}dug1 Wkh

pruh duh orfdo ohqghuv lqvxuhg djdlqvw ulvn dulvlqj iurp gluhfw lqyhvwphqw/ wkh

ohvv lv wkh h�ruw ri wkh eruurzhu lq uhgxflqj ulvn lpsolhg e| wkh frqwudfw1

Iurp d jhqhudo htxloleulxp shuvshfwlyh/ wkh vl}h ri d orfdo ohqghu*v gluhfw

ordq wr d qhdue| hqwuhsuhqhxu lv d ixqfwlrq ri lqwhuphgldwlrq frvwv/ vlqfh wkhvh

frvwv duh d�hfwlqj wkh rssruwxqlw| frvw ri gluhfw ohqglqj +_ulvn suhplxp%,1 Lw

iroorzv wkdw d kljkhu lqwhuphgldwlrq frvw pd| lqfuhdvh wkh orfdo ohqghu*v gl0

uhfw lqyhvwphqw dqg udlvh wkh hqwuhsuhqhxu*v h�ruw wr uhgxfh wkh suredelolw| ri

ghidxow1

Lq rwkhu zrugv/ zh kdyh vkrzq dq lqvwdqfh lq zklfk d idoo lq lqwhuphgldwlrq

frvwv/ l1h1/ dq lqfuhdvh lq �qdqfldo ghyhorsphqw +d ulvlqj vkduh ri lqwhuphgldwhg

ixqgv, pd| jr dorqj zlwk dq lqfuhdvh lq wkh ulvn ri ghidxow1

Rqh pd| dvn li rxu uhvxowv duh pdlqo| d e|surgxfw ri lqwhuphgldulhv* sulfh

wdnlqj ehkdylru1 Dv dq dowhuqdwlyh vshfl�fdwlrq/ lqwhuphgldulhv frxog eh dv0

vxphg wr slfn wkh ordq udwh vr dv wr pd{lpl}h hqwuhsuhqhxuv* sd|r� iru d jlyhq

rssruwxqlw| frvw ri ohqglqj +Ehuwudqg frpshwlwlrq lq wkh pdunhw iru ordqv dqg

sulfh wdnlqj ehkdylru rq wkh ghsrvlw vlgh,1 Rqh fdq dujxh wkdw wkh frpshwlwlyh

htxloleuld lq wklv hfrqrp| +zkhq wkh| h{lvw, duh frpshwlwlyh htxloleuld ri wkh

6



ruljlqdo hfrqrp|1 Khqfh/ rxu uhvxowv fduu| ryhu wr wkh fdvh lq zklfk lqwhuphgl0

dulhv kdyh vwudwhjlf ehkdylru1

Lq wkh �qdo vhfwlrq ri wkh sdshu/ zh glvfxvv wkh srolf| lpsolfdwlrqv ri wkh

prgho dqg vkrz wkdw wkh suhvhqfh ri d wd{ udwh rq ghsrvlwv pd| eh ehqh�fldo

zkhq wklv lpsolhv d ulvh lq wkh hqwuhsuhqhxuv* h�ruw1 Wkh srvvlelolw| ri d ulvh

lq h�ruw dv d frqvhtxhqfh ri d wd{ rq �qdqfldo lqwhuphgldwlrq fdqqrw eh uxohg

rxw iru wkh vdph uhdvrqv wkdw h{sodlq wkh srvlwlyh h�hfw rq h�ruw ri d ulvh lq

lqwhuphgldwlrq frvwv1

Prwlydwlrq ri wkh edvlf dvvxpswlrqv1 Zh eholhyh wkdw rxu prgho kdv vrph

uhvhpeodqfh zlwk wkh uhdolw| ri fuhglw wudqvdfwlrqv lq ghyhorslqj hfrqrplhv/

zkhuh irupdo edqnlqj dfwlylw| lv frpshwlqj zlwk vpdoo dqg iudjphqwhg orfdo

�qdqfldo pdunhwv dqg prqh|ohqghuv1 Krzhyhu/ frpshwlwlrq ehwzhhq gl�huhqw

w|shv ri lqwhuphgldulhv lv qrw uhvwulfwhg wr ghyhorslqj hfrqrplhv1 Lq kljko|

lqgxvwuldol}hg hfrqrplhv/ vpdoo edqnv/ zlwk forvh frqqhfwlrqv zlwk orfdo hq0

wuhsuhqhxuv/ pd| frh{lvw zlwk rwkhu �qdqfldo lqwhuphgldulhv/ rshudwlqj rq d

odujhu vfdoh dqg kdylqj pruh orrvh dqg glvwdqw frqqhfwlrqv zlwk wkhlu folhqwv1

Lq doo wkhvh fdvhv/ lw lv uhdvrqdeoh wr dvvxph wkdw vpdoo edqnv +ru prqh|ohq0

ghuv, kdyh d olplwhg rssruwxqlw| ri glyhuvli|lqj wkhlu dvvhwv dqg idfh vpdoohu

wudqvdfwlrq frvwv zkhq uhodwlqj zlwk orfdo eruurzhuv1 Dovr wkh dvvxpswlrq wkdw

prqh|ohqghuv fdq lpsrvh h{foxvlylw| rq frqwudfwv dsshduv qdwxudo/ wkrxjk lw

sod|v qr uroh lq wkh vlpsoh iudphzrun zh frqvlghu1

Wkh h{lvwhqfh ri d wudqvdfwlrq frvw gl�huhqwldo ehwzhhq �qdqfldo lqwhuphgl0

dulhv dqg orfdo ohqghuv lv fohduo| wkh prvw fulwlfdo dqg txhvwlrqdeoh dvvxpswlrq

lq rxu prgho1 Dv zh kdyh douhdg| vdlg dw wkh ehjlqqlqj/ wudqvdfwlrq frvwv pd|

dulvh iurp odfn ri lqirupdwlrq ru iurp wkh sk|vlfdo frvwv ri h{fkdqjh +gxh wr

wudqvsruwdwlrq dqg sk|vlfdo glvwdqfh ehwzhhq eruurzhuv dqg ohqghuv,1

D odujh olwhudwxuh rq qrqpdunhw lqvwlwxwlrqv iru fuhglw dqg ulvn vkdulqj lq

ghyhorslqj frxqwulhv kdv grfxphqwhg dqg udwlrqdol}hg wkh lghd wkdw orfdo �qdq0

fldo pdunhwv dqg prqh|ohqghuv kdyh d frpsdudwlyh dgydqwdjh lq prqlwrulqj dqg

hqirufhphqw fdsdflw|1 Iru h{dpsoh/ d vlpsoh zd| wr udwlrqdol}h wkhvh frvwv lv

wr dvvxph wkdw hqwuhsuhqhxuv fdq klgh wkh uhdol}dwlrqv ri lqyhvwphqw uhwxuqv1

Zlwk olplwhg oldelolw| frqwudfwv/ wkh| pd| kdyh dq lqfhqwlyh wr plvuhsruw wkhvh

uhdol}dwlrqv xqohvv wkh ohqghu lv prqlwrulqj1 Krzhyhu/ plvuhsruwlqj pd| eh gli0

�fxow/ li qrw lpsrvvleoh/ zkhq wkh ohqghu rshudwhv forvh e|1 Wklv vwru| fdq eh

frqvlghuhg dv sduw ri wkh _shhu prqlwrulqj ylhz% +vhh Ehvoh| +4<<8, iru d vxu0

yh|,/ l1h1/ wkh lghd wkdw ulvn vkdulqj phfkdqlvpv ru ordq frqwudfwv pd| lqyroyh

vpdoohu djhqf| frvwv zkhq wkh| lqyroyh jhrjudsklfdoo| sur{lpdwh lqglylgxdov1

Orzhu djhqf| frvwv dulvh iurp wkh idfw wkdw/ zlwklq orfdo lqirupdo pdunhwv/ wkh

whupv ri frqwudfwv pd| eh pruh vrsklvwlfdwhg/ vrfldo frqwuro pd| olplw vklunlqj

ehkdylru dqg sxqlvkphqw vwudwhjlhv pd| eh pruh h�hfwlyh1 Glvfxvvlqj wkh uhod0

wlyh shuirupdqfh ri fuhglw wudqvdfwlrqv lqyroylqj edqnv dqg prqh|ohqghuv/ Ehoo

+4<;;/ s1 :;:, dujxhv wkdw/ zkhuhdv edqnv pd| hqmr| d orzhu rssruwxqlw| frvw

ri ohqglqj/

^111` wkh| zloo qrw/ krzhyhu/ srvvhvv wkh prqh|ohqghu*v lqvlgh nqrzo0
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hgjh ri uxudo olih dqg survshfwlyh folhqwv/ dqg wkh| zloo eh exughqhg

zlwk ryhukhdgv dqg vdodu| eloo wkdw orrnv sur�ljdwh ehvlgh klv1 H{0

fhsw iru eruurzhuv vhhnlqj yhu| odujh ordqv/ wkhuhiruh/ lw vhhpv wkdw

wkh edqn*v dgplqlvwudwlyh frvwv zloo idu h{fhhg wkrvh ri wkh prqh|0

ohqghu1

Wkhvh frqvlghudwlrqv pd| jlyh vrph vxssruw wr wkh dvvxpswlrq wkdw �qdqfldo

lqwhuphgldulhv idfh kljkhu lqwhuphgldwlrq frvwv zlwk uhvshfw wr orfdo ohqghuv lq

d orfdo hqylurqphqw ghvslwh wkhlu delolw| wr glyhuvli| wkhlu dvvhwv1

Wkh uhdolw| ri fuhglw wudqvdfwlrqv lq ghyhorslqj frxqwulhv pd| eh xvhg wr vxs0

sruw wkh rwkhu fulwlfdo dvvxpswlrq ri wkh prgho1 Qdpho|/ wkdw orfdo ohqghuv hqmr|

d prqrsro| srzhu dqg �qdqfldo lqwhuphgldulhv rshudwh lq d pruh frpshwlwlyh

hqylurqphqw1 Lq idfw/ prvw dffrxqwv ri fuhglw pdunhwv dqg lqwhuolqnhg wudqvdf0

wlrqv lq uxudo Lqgld +h1j1/ Edvx +4<;7,/ Ekdgxul +4<::, dqg Uxgud +4<;7,, ylhz

prqh|ohqghuv dv djhqwv kroglqj prqrsro| srzhu lq kljko| iudjphqwhg fuhglw

pdunhwv1 Rxu dvvxpswlrq wkdw �qdqfldo lqwhuphgldulhv duh shuihfwo| frpshwlwlyh

�upv pd| eh wrr h{wuhph1 Krzhyhu/ zh eholhyh wklv wr eh d �uvw dssur{lpdwlrq

dqg d yhu| vw|ol}hg ghvfulswlrq ri d uhdo �qdqfldo pdunhw lq zklfk prqh|ohq0

ghuv +ru vpdoo orfdo edqnv, kdyh d orfdo prqrsro| dqg irupdo lqwhuphgldulhv duh

rshudwlqj lq frpshwlwlyh/ pruh rshq hqylurqphqwv1

2 A�i �L_i*

Djhqwv dqg whfkqrorjlhv1 Zh frqvlghu d rqh0jrrg ryhuodsslqj jhqhudwlrqv

hfrqrp| srsxodwhg e| wkuhh w|shv ri djhqwv= orfdo ohqghuv/ hqwuhsuhqhxuv +dovr

fdoohg eruurzhuv, dqg �qdqfldo lqwhuphgldulhv1 Orfdo ohqghuv dqg hqwuhsuhqhxuv

duh wzr0shulrg olyhg dqg wkh| duh d frqwlqxxp xqlirupo| glvwulexwhg ryhu wkh

xqlw lqwhuydo1

Rqh zd| wr lqwhusuhw rxu prgho lv wr dvvxph wkdw wkhuh lv d frqwlqxxp ri

yloodjhv/ zlwk hdfk yloodjh ehlqj srsxodwhg e| rqh hqwuhsuhqhxu dqg rqh orfdo

ohqghu1 Dfurvv yloodjhv/ orfdo ohqghuv dqg hqwuhsuhqhxuv duh lghqwlfdo1

Orfdo ohqghuv duh hqgrzhg zlwk dq dprxqw z A 3 ri wkh frqvxpswlrq jrrg

lq wkh �uvw shulrg ri olih/ wkh| rqo| frqvxph zkhq rog dqg wkh| duh ulvn dyhuvh1

D orfdo ohqghu idfhv wzr lqyhvwphqw rssruwxqlwlhv= ghsrvlwv g � 3/ |lhoglqj d

vdih jurvv uhwxuq � � 3/ dqg d ordq +e> }, � 3 wr wkh hqwuhsuhqhxu rshudwlqj lq

klv rzq yloodjh1

Hqwuhsuhqhxuv duh ulvn qhxwudo/ wkh| kdyh qr sk|vlfdo hqgrzphqw/ exw wkh|

duh hqgrzhg zlwk wkh delolw| wr uxq d jlyhq lqyhvwphqw surmhfw1 D surmhfw

dfwlydwhg e| dq hqwuhsuhqhxu lv d whfkqrorj| wudqviruplqj n � 3 xqlwv ri wkh

jrrg lq d jlyhq shulrg lqwr �i+n, � 3 xqlwv ri wkh vdph jrrg lq wkh qh{w shulrg/

zkhuh � lv d udqgrp yduldeoh1 Wkh whfkqrorj| lv dvvxphg wr kdyh wkh iroorzlqj

surshuwlhv1

Dvvxpswlrq 4 +Surgxfwlrq, i = U. $ U. lv vprrwk/ erxqghg/ vwulfwo| lq0

fuhdvlqj dqg vwulfwo| frqfdyh/ zlwk erxqgdu| frqglwlrqv

i +3, @ 3 dqg olp
n$3

i 3 +n, @4=
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Dvvxpswlrq 5 +Ulvn, Wkh udqgrp yduldeoh � lv lghqwlfdoo| dqg lqghshqghqwo|

glvwulexwhg dfurvv hqwuhsuhqhxuv zlwk vxssruw i3> 4j1 Wkh suredelolw| wkdw � @ 4

lv ghqrwhg e| s1

Zh dvvxph wkdw wkh pd{lpxp orvv wkdw dq hqwuhsuhqhxu fdq eh irufhg wr

ehdu zkhq kh lv xqdeoh wr ixo�oo klv frqwudfwxdo reoljdwlrqv fdqqrw h{fhhg wkh

ydoxh ri klv dvvhwv1 Vlqfh kh kdv qr dvvhwv zkhq wkh surmhfw idlov/ doo �qdqfldo

frqwudfwv duh olplwhg oldelolw| frqwudfwv vxfk wkdw wkh ohqghu jhwv qrwklqj zkhq

� @ 31 Lq wklv fdvh zh vd| wkdw wkh hqwuhsuhqhxu lv edqnuxsw1

Lqwhuphgldulhv duh d odujh/ �qlwh vhw1 Wkhvh duh frpshwlwlyh �upv froohfw0

lqj ghsrvlwv iurp orfdo ohqghuv/ rq zklfk d jlyhq jurvv udwh ri lqwhuhvw/ � � 3/

dffuxhv/ dqg r�hulqj qrqudwlrqhg fuhglw wr hqwuhsuhqhxuv dw d jlyhq jurvv udwh

ri lqwhuhvw/ u A 31 Hdfk lqwhuphgldu| fdq eh dfwlyh lq pdq| yloodjhv/ d +Eruho0

phdvxudeoh/ srvvleo| hpsw|, vxevhw ri doo yloodjhv1 Vlqfh zh dvvxph wkdw eru0

urzhuv duh doo htxdo dqg wkh uhdol}dwlrqv ri � duh l1l1g1 dfurvv eruurzhuv/ wkh odz

ri odujh qxpehuv lpsolhv wkdw wkh h�hfwlyh uhyhqxh wr dq lqwhuphgldu| shu xqlw

ri ordq lv ghwhuplqlvwlf1

Lqwhuphgldwlrq frvwv dqg ordq frqwudfwv1 Hqwuhsuhqhxuv fdq vlpxowdqh0

rxvo| frqwudfw zlwk pdq| lqwhuphgldulhv dqg orfdo ohqghuv1 Wkh uhdvrq zk|

wkhvh wzr vrxufhv ri fuhglw pd| frh{lvw ghshqg rq krz lqwhuphgldwlrq frvwv

d�hfw wkh hfrqrp|1 Zh dvvxph wkdw wudglqj duudqjhphqwv lq wkh pdunhw iru

ordqv duh frvwo| +ehfdxvh ri odfn ri lqirupdwlrq4 ru sk|vlfdo frvwv ri h{fkdqjh,

h{fhsw iru wkh uhodwlrqv lqyroylqj wkh orfdo ohqghu dqg wkh hqwuhsuhqhxu olylqj lq

wkh vdph yloodjh1 Vlqfh orfdo ohqghuv duh qrw hqjdjhg lq ohqglqj dfwlylw| rxwvlgh

wkhlu yloodjh/ lqwhuphgldwlrq frvwv duh rqo| lqfxuuhg e| �qdqfldo lqwhuphgldulhv1

Li d � 3 lv wkh dprxqw ri ixqgv r�huhg e| lqwhuphgldulhv wr hqwuhsuhqhxuv iru

surgxfwlrq/ hdfk vxffhvvixo hqwuhsuhqhxu lv reoljhg wr uhsd| ud wr lqwhuphgldulhv1

Krzhyhu/ zkhq lqwhuphgldulhv froohfw vxfk uhsd|phqwv/ d iudfwlrq ri wkhp lv orvw1

Zh dvvxph wkdw wklv frvw lv sursruwlrqdo wr wkh dprxqw ri froohfwhg uhvrxufhv

dqg lv fdswxuhg e| wkh sdudphwhu 4 A � A 31

Dvvxpswlrq 6 +Wudqvdfwlrq frvwv, Lqwhuphgldulhv froohfw uhsd|phqwv iurp

vxffhvvixo eruurzhuv e| sd|lqj 4 A � A 3 xqlwv ri wkh xqltxh �qdo frpprglw|

iru hyhu| xqlw ri uhsd|phqw1

Orfdo ohqghuv qhyhu lqyhvw gluhfwo| lq d surmhfw dfwlydwhg e| dq hqwuhsuhqhxu

olylqj lq d gl�huhqw yloodjh dqg/ wkhuhiruh/ wkh| duh xqdeoh wr glyhuvli| ixqgv

dprqj surmhfwv xqohvv wkh| jr wkurxjk dq lqwhuphgldu|/ l1h1/ xqohvv wkh| pdnh

d ghsrvlw +lqgluhfw lqyhvwphqw,1 Wr �{ wkh lghdv/ zh lpdjlqh wkdw d frqwudfw

r�huhg e| dq lqwhuphgldu| lv sduw ri pdunhw/ ru irupdo/ �qdqfh dqg doo frqwudfwv

r�huhg e| orfdo ohqghuv lv sduw ri qrqpdunhw/ ru lqirupdo/ �qdqfh1

Wkh uhdvrq zk| orfdo ohqghuv pd| eh lqgxfhg wr r�hu gluhfw �qdqfh wr dq

hqwuhsuhqhxu lv wkdw/ ehfdxvh ri lqwhuphgldwlrq frvwv/ wkh udwh rq ghsrvlwv pd|

��?i �@) |L h@|�L?@*�3i |�iti ULt|t �t |L @tt�4i |�@| i?|hiThi?i�ht U@? ��_i |�i hi@*�3@|�L?t

Lu �?�it|4i?| hi|�h?t� 5�?Ui UL?|h@U|t �4T*) *�4�|i_ *�@M�*�|)c |�i) 4@) �@�i @? �?Ui?|��i |L

4�thiTLh| |�iti hi@*�3@|�L?t �?*itt |�i *i?_ih �t 4L?�|Lh�?}�
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eh wrr orz1 Lq rwkhu zrugv/ hyhq li lqwhuphgldulhv duh pdnlqj }hur sur�w dw

htxloleulxp/ wkh sulfh ri wkh lqvxudqfh wkdw wkh| duh r�hulqj wr orfdo ohqghuv

e| lvvxlqj ghsrvlwv lv qrw d idlu sulfh dqg orfdo ohqghuv duh lqgxfhg wr lqvxuh

wkhpvhoyhv lqfrpsohwho| djdlqvw wkh ulvn ri lqyhvwphqw dfwlylw|1

Prudo kd}dug dqg lqfhqwlyh frpsdwlelolw|1 Ohw d � 3 eh wkh vl}h ri wkh

ordq wkdw d eruurzhu wdnhv iurp lqwhuphgldulhv dw wkh jurvv udwh ri lqwhuhvw u A 31

D ordq iurp d orfdo ohqghu lv d sdlu +e> }, � 3/ zkhuh e lv wkh vl}h ri wkh ordq dqg }

lv wkh vl}h ri wkh uhsd|phqw/ l1h1/ wkh dprxqw wkdw wkh orfdo ohqghu uhfhlyhv iurp

wkh eruurzhu lq wkh qh{w shulrg li wkh surmhfw lv vxffhvvixo1 Jlyhq f @ +e> }> d,

dqg u/ wkh uhyhqxh ri d vxffhvvixo eruurzhu lv i +d. e,� ud� }1

Wkh uhodwlrq ehwzhhq eruurzhuv dqg ohqghuv lv d�hfwhg e| d prudo kd}dug

sureohp= wkh suredelolw| glvwulexwlrq ri lqyhvwphqw surmhfwv ghshqgv rq d frvwo|

xqrevhuydeoh h�ruw/ 4 A h � 3/ surylghg e| wkh hqwuhsuhqhxu1

Dvvxpswlrq 7 +H�ruw, Wkh suredelolw| s ri d vxffhvvixo surmhfw htxdov wkh

hqwuhsuhqhxu*v h�ruw/ 4 A h � 3/ dqg wklv kdv d glvxwlolw| phdvxuhg e| y +h, @

y +s,1 Wkh glvxwlolw| ixqfwlrq y = ^3> 4, $ U lv vprrwk/ vwulfwo| lqfuhdvlqj dqg

vwulfwo| frqyh{/ zlwk erxqgdu| frqglwlrqv

y +3, @ 3/ olp
h$3

y3 +h, @ 3 dqg olp
h$4

y3 +h, A P>

zkhuh P @ vxsn�3 i +n,1

Wkh h{shfwhg sd|r� ri d eruurzhu jhwwlqj fuhglw dw frqglwlrqv +f> u, lv

s +i +d. e,� ud� },� y +s, =

Wkh rswlpdo h�ruw +suredelolw|,/ s/ lv jlyhq e| d frqwlqxrxv ixqfwlrq ri sdudp0
hwhuv dqg lv ixoo| fkdudfwhul}hg e| wkh �uvw0rughu frqglwlrq

y3 +s, � i +d. e,� ud� }>

zlwk htxdolw| li i +d. e, � ud � } A 31 Zh xvh ! = U. $ ^3> 4, wr ghqrwh wkh
lqyhuvh ri y3/ vr wkdw/ li i +d. e, � ud � } � 3/ wkh rswlpdo h�ruw lv fkrvhq
e| hqwuhsuhqhxuv vr dv wr vdwlvi| wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw s @
! +i +d. e,� ud� },1 Lw lv fohdu wkdw wkh eruurzhu h{shfwhg xwlolw| lqfuhdvhv
zlwk wkh rswlpdoo| fkrvhq h�ruw1

Orfdo ohqghuv* frqwudfwv1 Orfdo ohqghuv dfw dv sulqflsdo zlwk uhvshfw wr
eruurzhuv dqg fdq hqirufh h{foxvlyh frqwudfwv1 Wkhlu frqvxpswlrq dfurvv wkh
wzr lglrv|qfudwlf vwdwhv lv ghqrwhg e| { @ +{j> {e, � 31 Zh dvvxph wkdw orfdo
ohqghuv duh ulvn0dyhuvh dqg wkhlu suhihuhqfhv duh uhsuhvhqwhg e| d Ehuqrxool xwlolw|
vdwlvi|lqj vrph vwdqgdug k|srwkhvhv1

Dvvxpswlrq 8 +Orfdo ohqghuv* suhihuhqfhv, Wkh xwlolw| x = U. $ U lv

vprrwk/ vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh/ zlwk erxqgdu| +Lqdgd*v, frq0

glwlrq

olp
{$3

x +{, @4=
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D orfdo ohqghu lv qrw frpshwlqj zlwk dq| rwkhu orfdo ohqghu zkhq r�hulqj
d ordq wr wkh hqwuhsuhqhxu lq klv yloodjh1 Kh lv dvvxphg wr fkrrvh wklv ordq
+e> }, vr dv wr pd{lpl}h klv rzq h{shfwhg xwlolw| iru d jlyhq udwh ri lqwhuhvw
u A 3 fkdujhg e| lqwhuphgldulhv dqg d jlyhq vdih udwh rq ghsrvlwv � � 31 Vlqfh
wkh orfdo ohqghu fdq revhuyh wkh hqwuhsuhqhxu*v edodqfh vkhhw srvlwlrq/ kh fdq
pdnh ordqv frqwlqjhqw rq wkh ordq vl}h d wkdw wkh hqwuhsuhqhxu rewdlqv iurp
lqwhuphgldulhv1 Wkhq d orfdo ohqghu lv h�hfwlyho| fkrrvlqj wkh eruurzhu*v hqwluh
oldelolw| srvlwlrq dqg uhsd|phqw +h{fhsw iru wkh pdunhw udwh u,1 Wklv fkrlfh lv
uhsuhvhqwhg e| wkh yhfwru f @ +e> }> f, +khqfhiruwk fdoohg d _frqwudfw%,/ zkhuh
d lv dq hqirufhdeoh uhfrpphqgdwlrq rq wkh dprxqw ri ixqgv rewdlqhg iurp
lqwhuphgldulhv dqg +e> }, lv wkh orfdo ohqghu*v ordq1

Wkh orfdo ohqghu*v sureohp uhgxfhv wr

pd{f sx +� +z � e, . }, . +4� s,x +� +z � e,,

vxemhfw wr s @ ! +i +d. e,� ud� }, � pd{n�3 ! +i +n,� un, >

zkhuh wkh h{solflw +sduwlflsdwlrq, frqvwudlqw hqvxuhv wkdw frqwudfw f lv qrw uh0
ixvhg e| wkh hqwuhsuhqhxu/ zkhuhdv lqfhqwlyh frpsdwlelolw| lv hperglhg lq wkh
pds !15

Vlqfh wkh orfdo ohqghuv* sureohp lv qrqfrqyh{/ rswlpdo frqwudfwv qhhg qrw
irup d frqyh{ vhw dqg wkh h{lvwhqfh ri dq htxloleulxp lq sxuh dfwlrqv pd| idlo1
Zh/ wkhuhiruh/ lqwurgxfh suredelolw| phdvxuhv rq frqwudfwv surylghg e| orfdo
ohqghuv1 Wkhvh fdq eh lqwhusuhwhg hlwkhu dv d udqgrp fkrlfh ri hdfk orfdo ohqghu
ru dv wkh glvwulexwlrq ri ghwhuplqlvw fkrlfhv dfurvv yloodjhv1 Zlwkrxw orvv ri
jhqhudolw|/ zh uhvwulfw rxuvhoi wr �qlwho| vxssruwhg suredelolw| phdvxuhv1

Htxloleulxp frqwudfwv1 Wkh lqwhuphgldu|*v sur�w rq d vlqjoh surmhfw lv

++4� �, su � �, d=

Dyhudjlqj dfurvv yloodjhv/ lqwhuphgldu|*v sur�w lv

[

m

++4� �, smu � �, dm�m >

zkhuh � uhsuhvhqwv wkh glvwulexwlrq ri frqwudfwv dfurvv yloodjhv1 Wkxv/ lqwhuph0

gldulhv srro lq�qlwho| pdq| ulvn| surmhfwv dqg holplqdwh ulvn frpsohwho|1

D frpshwlwlyh htxloleulxp frqvlvwv ri d vdih udwh ri lqwhuhvw rq ghsrvlwv/ �� �

3/ d udwh ri lqwhuhvw rq ordqv/ �u A 3/ dqg d +�qlwho| vxssruwhg, suredelolw|

phdvxuh rq orfdo ohqghuv* frqwudfwv/ ��/ vxfk wkdw wkh iroorzlqj wkuhh surshuwlhv

duh vdwlv�hg=

� hdfk orfdo ohqghuv* frqwudfw/ �fm @
�
�em > �}m > �dm

�
/ kdylqj srvlwlyh suredelolw|/

��m A 3/ lv rswlpdo jlyhq wkh udwh ri lqwhuhvw rq ghsrvlwv/ �� � 3/ dqg wkh

udwh ri lqwhuhvw rq ordqv/ �u A 3>
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� lqwhuphgldulhv pdnh }hur sur�wv/ l1h1/
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� pdunhwv fohdu/ l1h1/ [

m

�
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�
��m � z @ 3=

Lqwhuphgldulhv fdq eh uhjdughg dv vkruw0whup �upv hqgrzhg zlwk d frqvwdqw

uhwxuq0wr0vfdoh whfkqrorj| zklfk wudqvirupv ghsrvlwv g � 3 lq d jlyhq shulrg

lqwr +4� �, sug xqlwv ri frpprglw| lq wkh iroorzlqj shulrg1 Wkh cwhfkqrorj0

lfdo* sdudphwhu s/ krzhyhu/ hperglhv wkh h{whuqdo h�hfw ri orfdo ohqghuv dqg

eruurzhuv dqg lv hqgrjhqrxvo| ghwhuplqhg1

Frpphqwv rq wkh qrwlrq ri htxloleulxp1 Rxu qrwlrq ri htxloleulxp uh0

txluhv wkdw/ jlyhq wkh frqwudfwxdo duudqjhphqwv suhydlolqj ehwzhhq orfdo ohqghuv

dqg eruurzhuv/ lqwhuphgldulhv surylgh doo frqwudfwv wkdw lqyroyh qrqqhjdwlyh

sur�w dw wkh htxloleulxp udwhv rq ghsrvlwv dqg ordqv/ zklfk prwlydwhv rxu iru0

pxodwlrq ri wkh sduwlflsdwlrq frqvwudlqw1 Wkh dgglwlrqdo qr0sur�w frqglwlrq fdq

eh uhjdughg dv uhvsrqglqj wr d iuhh0hqwu| sulqflsoh= li lqwhuphgldulhv pdgh srv0

lwlyh sur�w/ frpshwlwlrq zrxog lqgxfh d ghfolqh lq wkh udwh ri lqwhuhvw rq ordqv

dqg2ru dq lqfuhdvh lq wkh udwh ri lqwhuhvw rq ghsrvlwv1

Rqh pd| dujxh wkdw/ lq rxu ghvfulswlrq ri wkh hfrqrp|/ dq| frpsdudwlyh

vwdwlfv uhvxow frxog eh dq duwlidfw ri wkh sulfh0wdnlqj dvvxpswlrq/ l1h1/ wkh k|0

srwkhvlv wkdw lqwhuphgldulhv duh xqdeoh wr vhw wkh udwh rq ordqv vwudwhjlfdoo|1 Zh

dujxh/ krzhyhu/ wkdw/ li zh dvvxphg wkdw lqwhuphgldulhv zhuh Ehuwudqg frpshwl0

wruv lq wkh pdunhw iru ordqv dqg sulfh0wdnhuv zlwk uhvshfw wr wkh udwh rq ghsrvlwv/

wklv zrxog dgg rqo| dgglwlrqdo uhvwulfwlrqv rq d frpshwlwlyh htxloleulxp1 Qhyhu0

wkhohvv/ surylqj wkh h{lvwhqfh ri dq htxloleulxp lq wkh dowhuqdwlyh vhwwlqj frxog

eh sureohpdwlf1 Wklv mxvwl�hv d sulfh0wdnlqj irupxodwlrq dv d �uvw0dssurdfk wr

wkh sureohp1

Vxssrvh wkdw/ kroglqj h{shfwdwlrqv rq wkh orfdo ohqghuv* frqwudfw/ lqwhuph0

gldulhv vhw wkh ordq udwh vr dv wr pd{lpl}h wkhlu sur�w jlyhq wkh udwh rq ghsrvlwv

dqg vxemhfw wr lqfhqwlyh frpsdwlelolw| dqg sduwlflsdwlrq frqvwudlqwv1 Xqghu

Ehuwudqg frpshwlwlrq/ d frpshwlwlyh htxloleulxp zrxog dovr eh dq htxloleulxp

ri wkh prgl�hg hfrqrp| surylghg wkdw orzhulqj wkh udwh rq ordqv grhv qrw do0

orz dq| lqwhuphgldu| wr pdnh srvlwlyh sur�w dqg eruurzhuv wr uhdfk d kljkhu

h{shfwhg xwlolw|/ srvvleo| dgplwwlqj d uhdgmxvwphqw ri orfdo ohqghuv* frqwdfwv1

Vwudwhjlf lqwhuphgldulhv wkhq lpsrvh vrph dgglwlrqdo frqvwudlqwv rq htxloleulxp=

edvlfdoo|/ d vhw ri frqglwlrqv suhyhqwlqj wkhp wr kdyh sur�wdeoh ghyldwlrqv1 Ylfh

yhuvd/ dq htxloleulxp zlwk vwudwhjlf lqwhuphgldulhv lv dovr d frpshwlwlyh htxlole0

ulxp lqvridu dv lqwhuphgldulhv pdnh qr sur�w/ zklfk lv qrw/ lq jhqhudo/ jxdudq0

whhg/ ehfdxvh ri pxowlsoh rswlpdo fkrlfhv e| orfdo ohqghuv/ zkhq rqh doorzv iru

d uhdfwlrq ri orfdo ohqghuv wr wkh udwh ri ordqv fkrvhq e| dq lqwhuphgldu|1 Dv idu

<



dv frpsdudwlyh vwdwlfv dqdo|vlv lv frqfhuqhg/ wkhuhiruh/ wkh wzr prghov zrxog

ohdg wr dqdorjrxv frqfoxvlrqv/ dw ohdvw orfdoo| durxqg urexvw htxloleuld1

� �T|�4@* �L?|h@U|t

Fkdudfwhul}dwlrq1 Jlyhq u A 3 dqg � � 3/ rswlpdo orfdo ohqghuv* frqwudfwv

h{lvw1 Krzhyhu/ vlqfh prudo kd}dug lqgxfhv d qrqolqhdu ghshqghqfh ri orfdo

ohqghuv* h{shfwhg xwlolw| rq suredelolw|/ zh fdqqrw h{foxgh pxowlsoh rswlpdo

fkrlfhv1

Sursrvlwlrq 4 +Rswlpdo frqwudfwv, Iru hyhu| u A 3 dqg � � 3/ rswlpdo

frqwudfwv h{lvw1 Pruhryhu/ +d, wzr glvwlqfw rswlpdo frqwudfwv lqyroyh glvwlqfw

vxssolhv ri h�ruw dqg/ vr/ dvvrfldwhg suredelolwlhv> +e, li d frqwudfw lv rswlpdo/

wkhq ue � } dqg

s @ i +d. e,� ud� } @ pd{
n�3

i +n . e,� un � }>

+f, li d frqwudfw lv rswlpdo dqg su A �/ wkhq z A e A 31 Ilqdoo|/ wkh rswlpdo

frqwudfwv fruuhvsrqghqfh lv xsshu khplfrqwlqxrxv zlwk frpsdfw ydoxhv1

Surri1 Vlqfh surgxfwlrq lv erxqghg dqg u A 3/ zh fdq wuxqfdwh wkh vsdfh ri

fkrlfhv iru d orfdo ohqghu zlwkrxw d�hfwlqj wkh rswlpdolw| ri klv fkrlfh1 Qdpho|/

ohw

W @ i+e> }> d, � 3 = z � e � 3>P � } � 3j >

zkhuh P @ vxs
n�3 i +n,1 Wkh sduwlflsdwlrq frqvwudlqw gh�qhv d frqwlqxrxv fru0

uhvsrqghqfh j = U.. � U. :$ W zlwk qrqhpsw|/ frpsdfw dqg frqyh{ ydoxhv1

Ehujh*v Pd{lpxp Wkhruhp wkhq lpsolhv qrqhpswlqhvv dqg xsshu khplfrqwlqx0

lw| ri rswlpdo fkrlfhv mrlqwo| lq +u> �,1

+d, Li wzr glvwlqfw vroxwlrqv duh rswlpdo jlyhq u A 3 dqg � � 3 dqg lqyroyh wkh

vdph suredelolw|/ wkhq lwv surshu frqyh{ frpelqdwlrq vdwlv�hv wkh sduwlflsdwlrq

frqvwudlqw dqg pdnhv wkh orfdo ohqghu vwulfwo| ehwwhu r� vlqfh wkh suredelolw|

grhv qrw ghfuhdvh1

+e, Li } A 3 dqg

i +d. e,� ud� } ? pd{
n�3

i +n . e,� un � }

wkhq wkh orfdo ohqghu zrxog eh deoh wr lqfuhdvh wkh suredelolw| zlwkrxw dowhulqj

klv frqvxpswlrq dfurvv wkh wzr lglrv|qfudwlf vwdwhv/ zklfk pdnhv klp vwulfwo|

ehwwhu r�1 Li } @ 3/ lw lv fohdu wkdw e @ 3 dqg wkh uhvxow iroorzv e| wkh sduwlfl0

sdwlrq frqvwudlqw1

+f, Li qrw/ wkhq +e> }, @ 3 dqg d lv xqltxho| ghwhuplqhg e| wkh frqglwlrq

i 3 +d, � u @ 31 Wkhq wkh dowhuqdwlyh frqwudfw +�> u�> d� �, pdnhv wkh orfdo

ohqghu ehwwhu r� iru vrph vpdoo/ srvlwlyh �1 T1H1G1

Orfdo ohqghuv* rswlpdo frqwudfwv duh ri wzr w|shv/ zklfk zh gh�qh dv elqglqj
dqg qrqelqglqj/ dffruglqj wr zkhwkhu/ uhvshfwlyho|/ wkh sduwlflsdwlrq frqvwudlqw
lv vdwlv�hg zlwk htxdolw| ru vwulfw lqhtxdolw| +ru/ zklfk lv htxlydohqw/ ue @ } ru
ue A },1
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H{foxvlyh yv1 qrqh{foxvlyh frqwudfwv1 Vxssrvh wkdw zh uhpryh wkh dv0
vxpswlrq wkdw wkh orfdo ohqghu lv deoh wr pdnh klv ordqv frqwlqjhqw rq d/ ehfdxvh
wkh eruurzhu*v edodqfh vkhhw srvlwlrq lv qrw hqwluho| revhuydeoh +qrqh{foxvlyh
frqwudfwv,1 Lq wklv fdvh/ wkh orfdo ohqghuv* sureohp lv

pd{+e>}, sx +� +z � e, . }, . +4� s, x +� +z � e,,

vxemhfw wr s @ pd{d�3 ! +i +d. e,� ud� }, � pd{d�3 ! +i +d,� ud, >

Wklv dprxqwv wr ohwwlqj d eruurzhu qhjrwldwh wkh ordq zlwk dq lqwhuphgldu| dqg
zlwk d orfdo ohqghu lqghshqghqwo|1 Lw lv/ krzhyhu/ fohdu wkdw wklv prgl�fdwlrq ri
wkh sureohp zrxog qrw dowhu rxu dqdo|vlv lq dq| phdqlqjixo zd|1

Iluvw0rughu frqglwlrqv1 Rswlpdo frqwudfwv fdq eh fkdudfwhul}hg xvlqj �uvw0
rughu frqglwlrqv1 Lw lv fohdu wkdw d lv rswlpdo rqo| li

i 3 +d. e,� u � 3> +4,

zlwk wkh htxdolw| li d A 31 Wkxv/ eruurzhuv duh qhyhu udwlrqhg e| lqwhuphgldulhv1
Zkhq su A � A 3/ wkh frqwudfw f @ +e> }> d, lv ghvljqhg e| d orfdo ohqghu vr dv
wr vdwlvi| wzr sxusrvhv/ wkh rswlpdo doorfdwlrq ri zhdowk ehwzhhq d ulvn| dqg d
vdih dfwlylw| dqg wkh fuhdwlrq ri wkh lqfhqwlyh wr wkh eruurzhu1

Zhdowk lv doorfdwhg dffruglqj wr

sx3j +u � �, @ +4� s, x3e�> +5,

zkhuh pdujlqdo xwlolwlhv duh hydoxdwhg dw wkh jrrg vwdwh/ {j @ � +z � e,.}/ dqg
wkh edg vwdwh/ {e @ � +z � e,/ frqvxpswlrqv1 Vxfk d frqglwlrq vwdwhv wkdw wkh
pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq edg dqg jrrg vwdwh frqvxpswlrq htxdov
wkh _idlu% sulfh ri lqvxudqfh/ +4� s, @s/ soxv d phdvxuh ri wkh vsuhdg ehwzhhq
wkh pdujlqdo surgxfw ri fdslwdo dqg wkh ghsrvlw udwh/ d ulvn suhplxp1 Wkh orfdo
ohqghu fkrrvhv d ulvn| sruwirolr dv orqj dv wkh ulvn suhplxp lv srvlwlyh +wkdw lv/
su A �,1

D vhfrqg �uvw0rughu frqglwlrq lv

xj � xe � sx3jy
33> +6,

zkhuh htxdolw| krogv li wkh frqwudfw lv qrqelqglqj1 Li wkh sduwlflsdwlrq frqvwudlqw
lv vwulfw dw dq rswlpdo frqwudfw/ frqglwlrq +6, vwdwhv wkdw wkh pdujlqdo ehqh�w
wr wkh ohqghu ri dq lqfuhdvh lq wkh frvw ri eruurzlqj/ }/ fdqqrw idoo vkruw ri lwv
pdujlqdo frvw/ l1h1/ wkh gurs lq wkh ohqghu*v h{shfwhg xwlolw| gxh wr d idoo lq wkh
suredelolw|/ s1 Wklv lv fdoohg wkh _shfxqldu| h{whuqdolw|% lq wkh olwhudwxuh rq
prudo kd}dug dqg lw vkrzv d srvvleoh wudgh0r� ehwzhhq wkh ghjuhh ri lqvxudqfh
dqg wkh h{whqw ri prudo kd}dug lq wkh ohqghu*v fkrlfh sureohp +pruh lqvxudqfh
lpsolhv d vpdoohu jds ehwzhhq {j dqg {e dqg d vpdoohu ydoxh ri s e| htxdwlrq
+6,,1
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D vlpsoh frqvhtxhqfh ri rxu gh�qlwlrq ri dq htxloleulxp lv wkdw wkh udwh rq
ordqv/ u A 3/ fkdujhg e| lqwhuphgldulhv frlqflghv zlwk wkh pdujlqdo surgxfw
ri wkh djjuhjdwh lqyhvwphqw/ z A 3/ lq wkh ulvn| surmhfw/ xqohvv lqwhuphgldulhv
uhpdlq lqdfwlyh16

Sursrvlwlrq 5 +Fkdudfwhul}dwlrq, Ohw +u> �> �, eh d frpshwlwlyh htxloleulxp1

Wkhq u � i 3 +z,/ zlwk htxdolw| li � A 31

Surri1 Li � A 3/ doo rswlpdo frqwudfwv lpso| z � e A 31 Rswlpdolw| uhtxluhv
frqglwlrq +4, zlwk htxdolw|/ zklfk fdq eh frqvlvwhqw zlwk pdunhw fohdulqj rqo| li
u @ i 3 +z,1 Li � @ 3/ lw iroorzv z � e @ 3 dw doo rswlpdo frqwudfwv/ zklfk vdwlvi|
pdunhw fohdulqj rqo| li d @ 31 Wkhuhiruh/ u � i 3 +e, @ i 3 +z,1 T1H1G1

Frpshwlwlyh htxloleuld wulyldoo| h{lvw zkhq � @ 3/ vlqfh zh doorz iru lqdf0
wlyh lqwhuphgldulhv1 Krzhyhu/ vlqfh udqgrp fkrlfhv dqg wkh frqwlqxxp ri orfdo
ohqghuv uhvwruh frqyh{lw|/ frpshwlwlyh htxloleuld h{lvw hyhq zlwk lqwhuphgldwlrq
+� A 3,1

Sursrvlwlrq 6 +H{lvwhqfh, D frpshwlwlyh htxloleulxp h{lvwv1 Pruhryhu/ wkhuh

lv d frpshwlwlyh htxloleulxp zlwk lqwhuphgldwlrq +wkdw lv/ zlwk � A 3,1

Surri1 Wkh �uvw vwdwhphqw lv vwudljkwiruzdug1 Vhw � @ 31 Vxssrvh wkdw

wkhuh duh qr lqwhuphgldulhv dqg orfdo ohqghuv duh wkh rqo| vrxufh ri fuhglw iru

eruurzhuv1 Wdnh dq| rswlpdo frqwudfw +e> }, iru orfdo ohqghuv lq wklv prgl�hg

sureohp dqg fkrrvh u kljk hqrxjk vr dv wr pdnh qrqsur�wdeoh iru eruurzhuv wr

ghpdqg ordqv dw wkh udwh u zkhq +e> }, lv dydlodeoh +wklv dprxqwv wr fkrrvh u vr

dv wr vdwlvi| u � i 3 +z, dqg ue � },1

Frqfhuqlqj wkh vhfrqg vwdwhphqw/ vhw u @ i 3 +z,/ zklfk hqvxuhv pdunhw

fohdulqj/ dqg frqvlghu wkh fruuhvsrqghqfh

� +�, @ i+4� �,! +i +z,� ud� }, u � � = +e> }> d, lv rswlpdo dw +u> �,j >

zklfk lv zhoo gh�qhg rq V @ U.1 Wklv lv dq xsshu khplfrqwlqxrxv fruuh0

vsrqghqfh zlwk qrqhpsw|/ frpsdfw ydoxhv1 Lq dgglwlrq/ plq� +3, A 3 dqg

plq� +�, ? 3 iru vrph odujh hqrxjk � A 31 Ohw

V. @ i� 5 V = pd{� +�, � 3j >

V
�

@ i� 5 V = plq� +�, � 3j =

Li V. _ V
�

@ >/ wkhq zh kdyh d qrqwulyldo sduwlwlrq ri V lqwr wzr qrqhpsw|/

forvhg vhwv +wkhvh vhwv duh forvhg e| wkh xsshu khplfrqwlqxlw| ri �,/ zklfk lv

d frqwudglfwlrq vlqfh V lv frqqhfwhg1 Lw lv wkhq hdv| wr vkrz wkdw sur�wv fdq

eh pdgh }hur lq fruuhvsrqghqfh ri dq| � 5 V. _ V
�

e| fkrrvlqj d suredelolw|

��t @ UL?ti^�i?Uic |L t�4T*�u) |�i i^��*�Mh��4 @?@*)t�tc �i L4�| o uhL4 ?L|@|�L? ��i?i�ih
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phdvxuh � ryhu wzr rswlpdo frqwudfwv/ rqh lpso|lqj qrqqhjdwlyh sur�w dqg wkh

rwkhu qrqsrvlwlyh sur�w iru lqwhuphgldulhv1 T1H1G1

Qrwlfh wkdw d frpshwlwlyh htxloleulxp zlwk lqwhuphgldwlrq pd| zhoo lqyroyh

rqo| elqglqj frqwudfwv iru orfdo ohqghuv1 Lq vxfk d fdvh/ lqghhg/ fuhglw iurp orfdo

ohqghuv dqg lqwhuphgldulhv duh suhihfw vxevwlwxwh iru d eruurzhu1 Wkh lqwhuhvwlqj

fdvh lv/ krzhyhu/ wkdw ri d frpshwlwlyh htxloleulxp lq zklfk orfdo ohqghuv surylgh

ixqgv wr eruurzhuv zklfk/ wkrxjk udwlrqhg lq vl}h/ ehdu d pruh idyrudeoh lpsolflw

udwh ri lqwhuhvw/ wkdw lv/ orfdo ohqghuv* htxloleulxp frqwudfwv duh qrqelqglqj1

D �L4T@h@|��i 5|@|�Ut

Zh qrz h{soruh wkh h�hfw ri d ydu|lqj ydoxh ri wkh lqwhuphgldwlrq frvw rq wkh

htxloleulxp suredelolw| ri d vxffhvvixo lqyhvwphqw surmhfw1 Lq sduwlfxodu/ zh

dlp dw srlqwlqj rxw wkdw dq lqfuhdvh lq wudqvdfwlrq frvwv pd| udlvh wkh dyhudjh

suredelolw| ri vxffhvvixo surmhfwv1

Zh fduu| rxw d frpshwlwlyh vwdwlfv h{huflvh durxqg d frpshwlwlyh htxloleulxp

zlwk d xqltxh qrqelqglqj frqwudfw iru orfdo ohqghuv vxfk wkdw orfdo ohqghuv* rswl0

pdo frqwudfwv fdq eh +orfdoo|, h{suhvvhg dv d vprrwk ixqfwlrq ri doo sdudphwhuv1

Htxloleuld ri wklv vruw duh uhihuuhg wr dv vprrwk htxloleuld1
Orfdoo|/ durxqg d vprrwk htxloleulxp/ wkh htxloleulxp h�hfw ri d fkdqjh lq

wudqvdfwlrq frvwv fdq eh h{dplqhg lq wkh +s> �,0sodqh vwxg|lqj wkh lqwhuvhfwlrq
ri wkh }hur0sur�w frqglwlrq/

+4� �, su � � @ 3>

dqg wkh ixqfwlrq s @ s +�, zklfk orfdoo| jlyhv wkh rswlpdo suredelolw| fkrvhq e|
orfdo ohqghuv dv wkh udwh rq lqwhuhvw rq ghsrvlwv/ �/ ydulhv1 Frpsdudwlyh vwdwlfv
wkhq uhgxfhv wr wkh iroorzlqj revhuydwlrq17

Sursrvlwlrq 7 +Frpsdudwlyh vwdwlfv, Li/ dw d vprrwk htxloleulxp/ wkh vxf0

fhvv suredelolw| dvvrfldwhg zlwk rswlpdo frqwudfwv lv orfdoo| ghfuhdvlqj lq � +wkdw

lv/ Cs@C� ? 3,/ wkhq wkh htxloleulxp suredelolw| lv orfdoo| lqfuhdvlqj lq wudqvdf0

wlrq frvwv +wkdw lv/ Cs@C� A 3,1

Surri1 Lqghhg/ wkh }hur0sur�w frqglwlrq lpsolhv

C�

C�
@ +4� �, u

Cs

C�
� su=

Wkhuhiruh/ vlqfh Cs@C� @ Cs@C� � C�@C�/

Cs

C�
@ �su

�
4� +4� �, u

Cs

C�

�
�4

Cs

C�
>
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zklfk lv srvlwlyh li Cs@C� ? 31 T1H1G1

Wkh uhvxow lv d frqvhtxhqfh ri wkh wudgh0r� idfhg e| orfdo ohqghuv ehwzhhq
lqvxudqfh dqg lqfhqwlyh wr eruurzhuv1 Li orfdo ohqghuv uhgxfh wkh lqfhqwlyh wr
eruurzhuv zkhq idflqj kljkhu uhwxuqv rq wkh vdih dvvhw/ wkhq kljkhu wudqvdfwlrq
frvwv uhtxluh d orzhu udwh ri lqwhuhvw rq ghsrvlwv lq rughu wr uhvwruh htxloleulxp1
Wklv frpsdudwlyh vwdwlfv uhvxow lv h{hpsol�hg lq Iljxuh 4/ zkhuh wkh htxloleulxp
ydoxhv ri s dqg � duh ghulyhg iurp wkh lqwhuvhfwlrqv ri wzr fxuyhv/ wkh }hur sur�w
olqh/ s @ �@ +4� �, u/ dqg wkh fxuyh s +�, gh�qlqj wkh rswlpdo vxffhvv suredelolw|
wkdw d orfdo ohqghu lv lpsohphqwlqj dv � ydulhv durxqg wkh vprrwk htxloleulxp
ydoxh1

Wr pruh vshfl�f derxw wkh flufxpvwdqfhv lq zklfk d ulvh lq wudqvdfwlrq frvwv
pd| lpso| d ulvh lq wkh htxloleulxp vxffhvv suredelolw|/ zh ghfrpsrvh orfdo
ohqghuv* rswlpl}dwlrq sureohp lqwr wzr sduwv +ghwdlov duh lq Dsshqgl{ D,1 Iluvw/
orfdoo|/ zh irufh wkh orfdo ohqghu wr vxvwdlq d jlyhq suredelolw| zkhq wkh udwh
rq ghsrvlwv voljkwo| ydulhv/ zklfk dprxqwv wr rswlpdoo| fkrrvh wkh lqyhvwphqw
lq wkh ulvn| surmhfw/ e @ # +�> s,/ xqghu lqfhqwlyh frpsdwlelolw| dqg sduwlflsd0
wlrq frqvwudlqwv/ jlyhq wkh suredelolw|1 Vhfrqg/ zh ohw orfdo ohqghuv dgmxvw wkh
suredelolw|/ zklfk gholyhuv wkh rswlpdo vroxwlrq ri wkh ruljlqdo sureohp1 Ohwwlqj
Pm @ �x33m @x3m eh wkh Duurz0Sudww ghjuhh ri ulvn dyhuvlrq dw m0vwdwh frqvxps0
wlrq/ lq Dsshqgl{ D/ zh vkrz wkdw wkh frqglwlrq vwdwhg lq Sursrvlwlrq 7 fdq eh
zulwwhq dv

d

�
� �

+4� s, +4� �,
. y33sPj

�
. +4� +4� �, s, u

�
4

4� s
. y33sPj

�
C#

C�
? 3>

zlwk doo yduldeohv hydoxdwhg dw wkh htxloleulxp ydoxhv1 Li lqwhuphgldwlrq frvwv
duh kljk hqrxjk dqg wkh devroxwh ulvn0dyhuvlrq lv/ vd|/ erxqghg/ wkh �uvw whup
lq wkh ohiw0kdqg vlgh ri wkh deryh lqhtxdolw| lv qhjdwlyh1 Wkhuhiruh/ d vx�flhqw
frqglwlrq iru wkh htxloleulxp vxffhvv suredelolw| wr eh orfdoo| lqfuhdvlqj lq lqwhu0
phgldwlrq frvwv lv wkdw wkh orfdo ohqghu*v ulvn| lqyhvwphqw iru jlyhq suredelolw|
s/ #+�> s,/ lv orfdoo| ghfuhdvlqj lq wkh vdih uhwxuq �1 Qrwlfh wkdw

C#

C�
@

d +Pe �Pd,� ++4� �, s +u � +4� �, su,,
�4

+u � +4� �, su,Pj . �Pe

=

Dq lqvwdqfh lq zklfk wkh frqglwlrq lv vdwlv�hg lv zkhq wkh devroxwh ghjuhh ri
ulvn dyhuvlrq lv frqvwdqw dqg � lv uhodwlyho| kljk1

Lq Iljxuh 5/ zh suhvhqw d vlpxodwlrq zkhuh d ulvh ri � kdv d qhjdwlyh h�hfw rq
wkh orfdo ohqghu*v h{shfwhg xwlolw| dqg d srvlwlyh h�hfw rq wkh vxffhvv suredelolw|
s1 Uhvwulfwlrqv rq ixqgdphqwdov duh

x +{, @ 5
s
{/ i +z, @ ;=8/ i 3 +z, @ 4=8 dqg z @ 8=

Zh sorw orfdo ohqghuv* lqgluhfw h{shfwhg xwlolw| ixqfwlrq/ Z +�> s,/ iru wkh �uvw
sduw ri wkh ghfrpsrvhg rswlpl}dwlrq sureohp/ vr wkdw/ iru d jlyhq ydoxh ri �/
wkh pd{lpxp riZ +�> �, jlyhv wkh suredelolw| rswlpdoo| fkrvhq e| orfdo ohqghuv1
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Wkh Iljxuh vkrzv wkdw Z +�> s, vkliwv grzqzdug dqg wr wkh uljkw zkhq � jrhv
iurp 3=7 wr 3=9/ zklfk suryhv wkdw wklv hfrqrp| vdwlv�hv wkh frqglwlrq vwdwhg
lq Sursrvlwlrq 71 Lqghhg/ e| frpsxwdwlrq/ rqh fdq vkrz wkdw wkhuh lv d vprrwk
htxloleulxp zlwk s @ 3=:/ � @ 3=75/ dqg wr s @ 3=:5/ zkhq � @ 3=961

S ,�U�i?U)

Frqvwudlqhg h�flhqf|1 Fdoo +}>p, � 3 dq doorfdwlrq li lw vdwlv�hv i +z, �
p� } � 31 Dq doorfdwlrq +�}> �p, lv frqvwudlqhg Sduhwr h�flhqw li lw vroyhv

pd{
+}>p,

sx ++4� �, sp. }, . +4� s,x ++4� �, sp,

vxemhfw wr
s @ ! +i +z,�p� }, � �s @ ! +i +z,� �p� �}, =

D frqvwudlqhg h�flhqw doorfdwlrq fdq eh rewdlqhg e| d sodqqhu zkr pdnhv
wudqvihuv/ vxemhfw wr wudqvdfwlrq frvwv/ dqg grhv qrw frqwuro iru frqwudfwxdo
duudqjhphqwv1 Vhw �k @ +4� �, �s �p dqg �v vr dv wr vdwlvi| i +z, � i +�v, @ �}1
Wkh sodqqhu wudqvihuv �v iurp orfdo ohqghuv wr hqwuhsuhqhxuv ehiruh surgxfwlrq
wdnhv sodfh1 Diwhu surgxfwlrq/ vkh froohfwv �p iurp vxffhvvixo hqwuhsuhqhxuv
dqg uhglvwulexwhv �k wr orfdo ohqghuv/ zklfk lv sk|vlfdoo| ihdvleoh/ jlyhq lqwhuph0
gldwlrq frvwv/ dw wkh h{shfwhg h�ruw1 Wdnlqj wudqvihuv dv jlyhq/ orfdo ohqghuv
dqg hqwuhsuhqhxuv zulwh d frqwudfw suhvfulelqj d uhsd|phqw } iurp vxffhvvixo
hqwuhsuhqhxuv lq h{fkdqjh iru wkh dgglwlrqdo ixqgv z � �v xvhg lq surgxfwlrq1
Vlqfh hqwuhsuhqhxuv fdq uhixvh frqwudfwv lqyroylqj dq h{shfwhg xwlolw| orzhu wkdq
zkdw wudqvihuv fdq jxdudqwhh/ wkh lqglylgxdoo| udwlrqdolw| frqvwudlqw uhtxluhv

�} @ i +z,� i +�v, � }=

Lw iroorzv wkdw } lv fkrvhq vr dv wr pd{lpl}h orfdo ohqghuv* h{shfwhg xwlolw|/
s
�
x
�
} . �k

��
. +4� s, x

�
�k
�
/ vxemhfw wr hqwuhsuhqhxuv* sduwlflsdwlrq frqvwudlqw/

s @ ! +i +z,� �p� }, � �s @ ! +i +z,� �p� �}, >

zklfk h{dfwo| gholyhuv wkh vroxwlrq wr rxu ruljlqdo pd{lpl}dwlrq sureohp1

Sursrvlwlrq 8 +Pdunhw lqh�flhqf|, Vprrwk htxloleuld duh qrw frqvwudlqhg

h�flhqw1

Wr yhuli| wklv/ frqvlghu wkh �uvw0rughu frqglwlrqv iru wkh sodqqhu*v sureohp1
Vxfk frqglwlrqv duh �

sx3j . +4� s,x3e
�
+4� �,� x3j @ 3= +7,

xj � xe � x3j +sy
33
�p, � 3> +8,

Frqglwlrq +7, lv htxlydohqw wr wkh rswlpdo sruwirolr fkrlfh ri d frpshwlwlyh
htxloleulxp +htxdwlrq +5,,/ zkhuhdv wkh lqhtxdolw| +8, lqfoxghv dq h{whuqdolw|
zklfk lv qhjohfwhg e| frpshwlwlyh lqglylgxdov +frpsduh zlwk frqglwlrq +6, zkhq
lw krogv zlwk htxdolw|,1
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Zhoiduh dqg wd{dwlrq1 Vlqfh wkh htxloleulxp vxffhvv suredelolw| lv lqfuhdv0
lqj lq wkh hqwuhsuhqhxuv* h{shfwhg sd|r� +h{shfwhg sur�w plqxv glvxwlolw| ri
h�ruw,/ d ulvh lq lqwhuphgldwlrq frvwv lv dozd|v ehqh�fldo iru hqwuhsuhqhxuv* zho0
iduh zkhqhyhu wklv frvw kdv d srvlwlyh h�hfw rq s1 Wklv pd| qrw eh d Sduhwr
lpsuryhphqw/ vlqfh d ulvh lq � pd| surgxfh d idoo lq wkh htxloleulxp ghsrvlw udwh
� dqg wklv idoo dozd|v kdv d qhjdwlyh h�hfw rq orfdo ohqghuv* h{shfwhg xwlolw|18

Lq rughu wr kdyh d Sduhwr lpsuryhphqw iurp d ulvh lq �/ lw lv vx�flhqw wr vkrz
h{dpsohv lq zklfk s lv lqfuhdvlqj dqg � lv qrq ghfuhdvlqj lq � dw htxloleulxp1
Lq jhqhudo/ zh fdqqrw uxoh rxw wklv srvvlelolw|/ vlqfh d ulvh lq � kdv wzr rssrvlwh
h�hfw rq �/ d gluhfw dqg dq lqgluhfw h�hfw1 Wkh gluhfw h�hfw ri d ulvh ri � rq � lv
qhjdwlyh dqg phdvxuhg e| su +wkh h�hfw iru jlyhq htxloleulxp suredelolw|,/ wkh
lqgluhfw h�hfw lv srvlwlyh dqg phdvxuhg e| +4� �, u � Cs@C�1 Khqfh/ d Sduhwr
lpsurylqj ulvh ri � fdq rqo| dulvh li wkh h�hfw ri � rq s lv vwurqj hqrxjk/ l1h1/
+4� �, u � Cs@C� A su1

D srwhqwldo uroh iru wd{dwlrq hphujhv zkhq wkhuh duh wudqvdfwlrq frvwv/ vlqfh
wkh frpshwlwlyh htxloleulxp doorfdwlrq lv qrw frqvwudlqhg h�flhqw zkhq wkh htxl0
oleulxp frqwudfw lv qrqelqglqj1 Ohw 4 A � � 3 eh d sursruwlrqdo wd{ rq wkh uhdo
udwh rq ghsrvlwv hduqhg e| wkh orfdo ohqghuv dqg p � 3 d oxps0vxp vxevlg|1
Ghqrwlqj � wkh qhw udwh ri lqwhuhvw rq ghsrvlwv/ wkh orfdo ohqghu*v sureohp eh0
frphv

pd{f sx +� +z � e, . } .p, . +4� s,x +� +z � e, .p,

vxemhfw wr s @ ! +i +d. e,� ud� }, � pd{n�3 ! +i +n,� un, =

D frpshwlwlyh vprrwk htxloleulxp uhtxluhv wkh dgglwlrqdo uhvwulfwlrq ri d edo0
dqfhg wd{ srolf|/ wkdw lv/

p�

�
�

4� �

�
�d @ 3=

Zh fduu| rxw d frpsdudwlyh vwdwlfv h{huflvh prylqj iurp d vprrwk htxloleulxp
zlwkrxw wd{dwlrq1

Revhuyh wkdw wkh htxloleulxp h�hfw ri dq lqfuhdvh lq wkh wd{ udwh � rq orfdo
ohqghuv* h{shfwhg xwlolw| dw � @ 3 fdq eh zulwwhq dv

�
sx3j . +4� s, x3e

��
�d. +4� �, ud

Cs

C�

�
>

zkhuh doo yduldeohv duh hydoxdwhg dw htxloleulxp ydoxhv1 Khqfh/ wkh lpsrvlwlrq ri
d vpdoo wd{ udwh rq wkh vdih udwh ri uhwxuq dorqj zlwk d edodqfhg exgjhw wudqvihu
wr orfdo ohqghuv lpsolhv d Sduhwr lpsuryhphqw zkhqhyhu wklv lpsolhv d ulvh lq
wkh htxloleulxp suredelolw| ri vxffhvv1

Sursrvlwlrq 9 +Zhoiduh0lpsurylqj srolf|, Li/ dw d vprrwk htxloleulxp zlwk

� @ 3/ wkh vxffhvv suredelolw| dvvrfldwhg zlwk rswlpdo frqwudfwv lv orfdoo| ghfuhdv0

lqj lq � +wkdw lv/ Cs@C� ? 3,/ wkhq wkh htxloleulxp suredelolw| lv orfdoo| lqfuhdvlqj

lq wkh srolf| sdudphwhu � +wkdw lv/ Cs@C� A 3,1

D
A��t �t LM��L�t t�?Ui @ *L�ih 4 hi_�Uit *LU@* *i?_iht< i TiU|i_ �|�*�|)c ���*i �| _Lit ?L|

4L_�u) |�i ti| Lu UL?|h@U|t t@|�tu)�?} |�i T@h|�U�T@|�L? UL?t|h@�?|�
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Surri1 Orfdoo|/ htxloleuld duh d vprrwk ixqfwlrq ri wkh srolf| sdudphwhu �

zklfk vdwlv�hv wkh iroorzlqj v|vwhp ri htxdwlrqv

+4� �, su �

�
4

4� �

�
� @ 3>

p�

�
�

4� �

�
�d @ 3>

zkhuh s dqg d duh rswlpdoo| fkrvhq e| orfdo ohqghuv jlyhq uhohydqw sdudphwhuv1

Gl�huhqwldwlqj/ zh rewdlq

C�

C�
@ +4� �, u

Cs

C�
� �=

Vlqfh Cs@C� @ Cs@C� � C�@C� . Cs@Cp � Cp@C� dqg Cp@C� @ �d/

Cs

C�
@ �

�
4� +4� �, u

Cs

C�

�
�4�

d
Cs

Cp
�

Cs

C�

�
>

zkhuh doo wkh ghulydwlyhv duh hydoxdwhg dw wkh vprrwk htxloleulxp zlwkrxw wd{0

dwlrq1 Lq dsshqgl{ E/ zh vkrz wkdw wkh odvw whup deryh lv dozd|v srvlwlyh1 Lw

wkhq iroorzv wkdw Cs@C� ? 3 vx�fhv wr kdyh Cs@C� A 31 T1H1G1

Zh uhpdun wkdw d qhjdwlyho| vorshg suredelolw| lq wkh udwh ri lqwhuhvw rq

ghsrvlwv lv qrw d qhfhvvdu| frqglwlrq lq rughu wr rewdlq d zhoiduh lpsuryhphqw

wkurxjk wd{dwlrq1

. �L?U*�t�L?

Zh kdyh frqvlghuhg dq hfrqrp| zkhuh hqwuhsuhqhxuv fdq vlpxowdqhrxvo| jhw

ordq frqwudfwv iurp wzr w|shv ri ohqghuv/ �qdqfldo lqwhuphgldulhv dqg orfdo

ohqghuv1 Wkh iruphu kdyh d frpsdudwlyh dgydqwdjh lq wkh glyhuvl�fdwlrq ri

ulvnv dqg wkh odwwhu kdyh d frpsdudwlyh dgydqwdjh lq vdylqj frvwv uhodwhg zlwk

ohqglqj dfwlylw| zlwklq d orfdo hqylurqphqw1 Wklv doorzv orfdo ohqghuv wr dfw

dv prqrsrolvwv zlwk uhvshfw wr wkh orfdo hqwuhsuhqhxu1 Krzhyhu/ orfdo ohqghuv*

lqdelolw| wr glyhuvli|/ pdnh wkhp h{srvhg wr h{fhvvlyh ulvn wdnlqj1 Zlwklq wklv

hqylurqphqw zh kdyh vkrzq wkdw dq lqfuhdvh lq wkh frvwv ri lqwhuphgldwlrq pd|

lqgxfh hqwuhsuhqhxuv wr fkrrvh vdihu surmhfwv/ wkurxjk d prudo kd}dug phfkd0

qlvp lq wkh uhodwlrq ehwzhhq eruurzhuv dqg ohqghuv1 Wklv h�hfw frphv derxw

ehfdxvh d kljkhu frvw ri lqwhuphgldwlrq lpsolhv d idoo ri lqwhuphgldulhv* �qdqfh

dqg dq lqfuhdvh lq wkh dprxqw ri gluhfw ohqglqj iurp orfdo ohqghuv zkr duh deoh

wr r�hu fuhglw dw fkhdshu frqglwlrqv1

D uhpdundeoh ihdwxuh ri wkh prgho lv wkdw rxu uhvxow krogv ghvslwh wkh idfw

wkdw lqwhuphgldulhv duh fkrrvlqj frqwudfwv vr dv wr pd{lpl}h hqwuhsuhqhxuv*

sur�wv/ l1h1/ vr dv wr pd{lpl}h wkh suredelolw| ri vxffhvv ri lqyhvwphqw surmhfwv

+wkh lqfuhdvlqj uhodwlrq ehwzhhq wklv suredelolw| dqg wkh hqwuhsuhqhxuv* sur�wv lv

d frqvhtxhqfh ri prudo kd}dug,/ zkhuhdv orfdo ohqghuv duh fkrrvlqj frqwudfwv vr

4:



dv wr pd{lpl}h wkhlu rzq h{shfwhg xwlolw|1 Lq dgglwlrq/ rxu uhvxow lv ri d jhqhudo

htxloleulxp w|sh dqg dq| lqfuhdvh lq wkh frvwv ri lqwhuphgldwlrq wudqvodwhv lqwr

d idoo lq wkh udwh ri uhwxuq rq wkh vdih dvvhw ri orfdo ohqghuv* sruwirolr/ l1h1/ d ulvh

lq wkh vsuhdg ehwzhhq ulvn| dqg vdih dvvhw uhwxuqv1 Lq idfw/ rqh frxog lqwhusuhw

rxu uhvxow dv d frqvhtxhqfh ri d vwdqgdug wudgh0r� ehwzhhq prudo kd}dug dqg

lqvxudqfh1

Rxu dvvxpswlrqv derxw wkh fkdudfwhulvwlfv ri orfdo ohqghuv dqg lqwhuphgldulhv

wu| wr plplf wkh edvlf ihdwxuhv ri dq hfrqrp| zkhuh �qdqfldo pdunhw lpshu0

ihfwlrqv dqg dq lpshuihfw ohjdo v|vwhp doorz iru wkh frh{lvwhqfh ri pdunhw dqg

qrqpdunhw �qdqfh1 Wkh iruphu lv uhsuhvhqwhg e| d vhw ri frpshwlwlyh lqwhuphgl0

dulhv hqjdjhg lq ulvn glyhuvl�fdwlrq dqg rshudwlqj hfrqrp|0zlgh1 Wkh odwwhu lv

uhsuhvhqwhg e| d yhu| odujh vhw ri orfdo prqh|ohqghuv1 Dq lpphgldwh suhglfwlrq

ri rxu prgho lv wkdw wkhuh pd| eh vshfl�f hqylurqphqwv zkhuh wd{lqj wkh udwhv

ri uhwxuq r�huhg lq wkh pdunhw e| lqwhuphgldulhv pd| eh ehqh�fldo1

4;



+iuihi?Uit

^4` Duqrww/ U1 dqg M1 Vwljolw} +4<<3,/ _Prudo Kd}dug dqg Qrqpdunhw Lqvwlwx0

wlrqv= G|vixqfwlrqdo Furzglqj Rxw ru Shhu Prqlwrulqj/% Dphulfdq Hfr0

qrplf Uhylhz/ ;4/ 4:<0<31

^5` Edvx/ N1 +4<;7,/ Wkh Ohvv Ghyhorshg Hfrqrp|/ R{irug/ Eodfnzhoo1

^6` Ehoo/ F1 +4<;;,/ _Fuhglw Pdunhwv dqg Lqwhuolqnhg Wudqvdfwlrqv/% lq K1 Fk0

hqhu| dqg W1Q1 Vulqlydvdq +hgv1,/ Kdqgerrn ri Ghyhorsphqw Hfrqrplfv/

Hovhylhu Vflhqfh Sxeolvkhu1

^7` Ehvoh|/ W1 +4<<8,/ _Qrqpdunhw Lqvwlwxwlrqv iru Fuhglw dqg Ulvn Vkdulqj lq

Orz0Lqfrph Frxqwulhv/% Mrxuqdo ri Hfrqrplf Shuvshfwlyhv/ </ 448045:1

^8` Ekdgxul/ D1 +4<::,/ _Rq wkh Irupdwlrq ri Xvxulrxv Lqwhuhvw Udwhv lq Edfn0

zdug Djulfrowxuh/% Fdpeulgjh Mrxuqdo ri Hfrqrplfv/ 4/ 67406851

^9` Jrogvplwk/ U1Z1 +4<9<,/ Ilqdqfldo Vwuxfwxuh dqg Ghyhorsphqw/ Qhz

Kdyhq/ \doh Xqlyhuvlw| Suhvv1

^:` Ohylqh/ U1 +4<<:,/ _Ilqdqfldo ghyhorsphqw dqg hfrqrplf jurzwk= ylhzv

dqg djhqgd/% Mrxuqdo ri Hfrqrplf Olwhudwxuh/ 68/ 9;;0:581

^;` PfNlqqrq/ U1 +4<:6,/ Prqh| dqg Fdslwdo lq Hfrqrplf Ghyhorsphqw/

Zdvklqjwrq G1F1/ Eurrnlqjv Lqvwlwxwlrq/ 4<:61

^<` Uxgud/ D1 +4<;7,/ _Orfdo Srzhu dqg Idup0Ohyho Ghflvlrq Pdnlqj/% lq P1

Ghvdl/ V1K1 Uxgrosk dqg D1 Uxgud +hgv1,/ Djuduldq Srzhu dqg Djuduldq

Surgxfwlylw| lq Vrxwk Dvld/ Ehunhoh|/ Xqlyhuvlw| ri Fdoliruqld Suhvv1

^43` Vwljolw}/ M1 +4<<3,/ _Shhu Prqlwrulqj dqg Fuhglw Pdunhwv/% Zruog Edqn

Hfrqrplf Uhylhz/ 7/ 6840991
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Iru dqdo|wlfdo wudfwdelolw|/ orfdoo|/ durxqg d vprrwk htxloleulxp/ zh �qg lw xvhixo

wr ghfrpsrvh orfdo ohqghuv* sureohp lqwr wzr sduwv1 Vxssrvh wkdw orfdo ohqghuv

duh irufhg wr fkrrvh d frqwudfw zklfk vxvwdlqv d jlyhq suredelolw|/ s/ frqvlvwhqw
zlwk lqfhqwlyh frpsdwlelolw| dqg sduwlflsdwlrq frqvwudlqwv1 Wklv dprxqwv wr

frqvlghu wkh prgl�hg sureohp

pd{
e

sx +� +z � e, . ue� v +u> s,, . +4� s, x +� +z � e,, >

zkhuh 3 � v +s, � uz lv vxfk wkdw s @ ! +i +z,� uz . v +s,,1 +Uhphpehu wkdw/

dw d vprrwk htxloleulxp/ u @ i 3 +z,1, Wklv sureohp dgplwv d xqltxh vroxwlrq/

# +�> s,/ wkdw lv frqwlqxrxv lq doo sdudphwhuv1 Orfdo ohqghuv wkhq fkrrvh wkh

suredelolw|/ s/ vr dv wr pd{lpl}h wkh clqgluhfw* xwlolw| ixqfwlrq/

sx +� +z � # +�> s,, . u# +�> s,� v +s,, . +4� s,x +� +z � # +�> s,,, >

vxemhfw wr wkh lpsolflw sduwlflsdwlrq frqvwudlqw jlyhq e| 3 � v +s, � uz1 Wklv

dssurdfk jlyhv vroxwlrqv wkdw duh htxlydohqw wr wkrvh ri wkh ruljlqdo sureohp1

Lq whupv ri �uvw0rughu frqglwlrqv/ wkh �uvw vwhs uhtxluhv htxdwlrq +5, iru d jlyhq

suredelolw|/ zkhuhdv wkh vhfrqg vwhs fdq eh vwxglhg xvlqj frqglwlrq +6,1

Orfdoo|/ durxqg d vprrwk htxloleulxp/ zh kdyh wkdw e @ # +s> �, lv wkh xqltxh
vroxwlrq wr

� +e> �, @ +u � �, sx3 +� +z � e, . ue� v +s,,� � +4� s,x3 +� +z � e,, @ 3>

zkhuh v +s, @ y3 +s,� i +z, . i 3 +z,z1 D fkrlfh ri s @ s +�, e| orfdo ohqghuv lv

rswlpdo li lw vdwlv�hv wkh uhpdlqlqj �uvw0rughu frqglwlrq +6, zlwk htxdolw|/ wkdw

lv/

�+s> �, @ x +{j +s> �,,� x +{e +s> �,,� y33 +s, sx3 +{j +s> �,, @ 3>

zkhuh

{j +s> �, @ � +z � # +s> �,, . u# +s> �,� v +s, >

{e +s> �, @ � +z � # +s> �,, =

E| wkh lpsolflw ixqfwlrq wkhruhp/ wkh pdujlqdo h�hfw rq wkh suredelolw| fkrvhq

e| orfdo ohqghuv lqgxfhg e| d pdujlqdo yduldwlrq ri wkh udwh ri lqwhuhvw rq ghsrvlwv

fdq eh zulwwhq dv Cs@C� @ � +C�@Cs,
�4

� C�@C� dqg/ e| wkh vhfrqg0rughu

frqglwlrqv iru rswlpdolw|/ zh fdq yhuli| wkdw C�@Cs ? 31 E| frpsxwdwlrq/

C�

C�
@ D.E

C#

C�
>

zkhuh

D @ x3jd

�
�

su � �

+4� s, �
. y33sPj

�
>

E @ x3j +u � �,

�
4

4� s
. y33sPj

�
=
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3

m lv wkh devroxwh ulvn0dyhuvlrq phdvxuh dw vwdwh m frqvxpswlrq1

Xvlqj C#@C� @ � +C�@Ce,
�4

� C�@C�/ zh rewdlq

C#

C�
@

�
4

u � �

�
d +u � �, +Pe �Pj,� ��4u

+u � �,Pj . �Pe

=

� �TTi?_� 

Zh h{sdqg rxu dqdo|vlv lq Dsshqgl{ D lq rughu wr wdnh lqwr dffrxqw wkh h�hfw

ri wkh vxevlg| rq orfdo ohqghuv* rswlpdo fkrlfhv1

Orfdoo|/ durxqg d vprrwk htxloleulxp/ ohw e @ # +s> �>p, eh wkh xqltxh

vroxwlrq wr

� +e> �>p, @

+u � �, sx3 +� +z � e, . ue� v +s, .p,� � +4� s,x3 +� +z � e, .p, @ 3>

zkhuh v +s, @ y3 +s,� i +z, . i 3 +z,z1 D fkrlfh ri s @ s +�, e| orfdo ohqghuv lv

rswlpdo li lw vdwlv�hv wkh uhpdlqlqj �uvw rughu frqglwlrq +6, zlwk htxdolw|/ wkdw

lv/

�+s> �>p, @ x +{j +s> �>p,,� x +{e +s> �>p,,� y33 +s, sx3 +{j +s> �>p,, @ 3>

zkhuh

{j +s> �>p, @ � +z � # +s> �>p,, . u# +s> �,� v +s, .p>

{e +s> �>p, @ � +z � # +s> �>p, .p, =

Dsso|lqj wkh lpsolflw ixqfwlrq wkhruhp/ wkh pdujlqdo h�hfw rq wkh suredelolw|

fkrvhq e| orfdo ohqghu lqgxfhg e| d pdujlqdo yduldwlrq ri wkh vxevlg| fdq eh

zulwwhq dv Cs@Cp @ � +C�@Cs,
�4

�C�@Cp dqg/ e| wkh vhfrqg0rughu frqglwlrqv/

zh fdq vkrz wkdw C�@Cs ? 31 E| frpsxwdwlrq/

C�

Cp
@ d�4D.E

C#

Cp
>

zkhuh wkh whupv D dqg E duh gh�qhg lq Dsshqgl{ D1 Pruhryhu/ xvlqj C#@Cp @

� +C�@Ce,
�4

� C�@Cp/ zh rewdlq

C#

Cp
@

Pe �Pj

+u � �,Pj . �Pe

=

Wkhuhiruh/ xvlqj wkh uhvxowv lq Dsshqgl{ D zklfk duh qrw dowhuhg e| wkh lqwur0

gxfwlrq ri d vxevlg|/ zh kdyh wkh htxlydohqfh

d
Cs

Cp
�

Cs

C�
A 3 li dqg rqo| li d

C#

Cp
�

C#

C�
A 3>

zklfk/ lghqwli|lqj whupv/ dprxqwv wr vdwlvi| ++u � �, �,
�4

u A 31
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1.72

1.74

1.76

1.78

1.8

1.82

1.84

0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74 0.76 0.78 0.8
success probability
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