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Abstract

We de�ne a new strategic equilibrium concept { called strong col-

lusion-proof contract { designed to characterize stable communication

agreements in games with di�erential information against non-binding,

self-enforcing and incentive compatible deviations by coalitions. We then

construct a strategic market mechanism which, for quasi-linear economies,

is such that its strong collusion-proof contracts generically induce the in-

centive compatible interim eÆcient allocations. Moreover, it is such that

these allocations can be achieved by strong collusion-proof contracts. We

show that the internally consistent extension of the strong collusion-proof

contracts generically yields the same set of eÆcient allocations.
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1 Introduction

The objective of implementation theory, as stated for example in Jackson [18],
is to characterize the set of social choice correspondences that are obtainable as
equilibrium outcomes when individuals interact through some game-form mak-
ing strategic use of their knowledge. Speci�cally, given a social choice correspon-
dence F which maps pro�les of characteristics to allocations, one asks whether
there exists a game-form G such that for any pro�le R of characteristics, the
players' outcome from the game is precisely F (R).

Under incomplete information and when the map F is, say, some correspon-
dence of Pareto eÆcient allocations, this problem is not at all an easy one.
Many impossibility results have been shown, and among others, Myerson and
Satterthwaite [24] and Hurwicz [17]. Moreover, in order to properly study the
strategic behavior of agents in an environment with more than two agents, one
needs to consider the formation of coalitions and the possibilities of commu-
nication between the agents. More speci�cally, one should allow coalitions of
players to communicate prior to actual play, and make non-binding agreements
on information sharing and strategy choice. The solution concepts applied to a
given game must re
ect these concerns.

In this paper, we present a new equilibrium concept, that we shall call a
strong collusion-proof contract, which is inspired by Aumann's strong Nash
equilibrium concept [5]. Indeed, Aumann's solution concept was made for com-
plete information games and took any coalitional deviation into account. In an
asymmetric information framework, a new issue arises, which could not be ad-
dressed by the strong Nash concept, namely whether the members of a deviating
coalition do have any incentive to share their information.

A coalitional deviation resting on some information pooling although individ-
uals would rather not disclose their information makes hardly any sense. Thus,
our opinion is that, when extending Aumann's equilibrium notion to a Bayesian
setup, one should require that any sensible coalitional deviation be such that
any member of the coalition has some incentive to transmit the information on
which the deviation is based. Observe that the same type of problem occurs
when de�ning the core with incomplete information. Two approaches can be
used in order to de�ne the core with incomplete information. The �rst one does
not consider incentive constraints: the mechanism allowing for the transmission
of information between the players is taken as given (Allen[2], Koutsougeras
and Yannelis [19]). Alternatively, Vohra [29] and Forges, Mertens and Vohra
[12] consider explicitly incentive problems. They show that in a di�erential
information economy with quasi-linear utilities, the core may be empty. Given
this negative result, this work can be seen as a �rst step towards an alternative
theory of collusion-proof eÆciency with incomplete information. The main dif-
ference between Forges, Mertens and Vohra [12] and our work is that we here
adopt a strictly non-cooperative framework and focus on interim eÆciency while
they take a cooperative point of view but allow coalitions to form ex ante. In
their model, the endowments of the agents are independent of the types, while
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we consider type-dependent endowments. Note, in addition, that the quasi-
linear set-up with private values under which the incentive compatible core is
shown in [12] to be non-empty is a particular case of the framework to which
we aim at applying our concept of collusion-proofness.

From our point of view, the correct extension of Aumann's concept to incom-
plete information economies is the strong Bayesian equilibrium (see Appendix).
However, this concept does not allow to get implementation results, as a coun-
terexample suggests. Therefore, the main goal of this paper is to de�ne an
alternative concept, the \strong collusion-proof contract", as close as possible
to the strong Bayesian equilibrium and allowing for mechanism design results.
It turns out that when applied to 2-player games, we get back the equilibrium
concept presented in La�ont and Martimort [20].

We also present a consistent version of the strong collusion-proof contract,
the collusion-proof contract, which bears the same relationship with respect to
the strong collusion-proof notion as does the coalition-proof Nash equilibrium
with respect to Aumann's strong Nash equilibrium. The collusion-proof and
strong collusion-proof contracts are de�ned in such a way that they do not
allow simultaneous deviations in types and actions, as is the case for strong
Bayesian equilibrium. Once the types are announced and subsequently actions
are recommended to the agents by the device, then a coalition can form to
discuss actions through a new device, but at this stage, the coalition considers
the revealed types as given. On the other hand, at each coalitional deviation
stage, types precede actions, the latter being �xed once types are strategically
revealed by the players. Within a stage of the game, players are myopic.

In this paper, we present a strategic market mechanism which is such that
generically (for a dense set of utility functions), almost every incentive compat-
ible interim eÆcient allocation can be achieved with a strong collusion-proof
contract. Moreover, generically, every strong collusion-proof contract induces
an outcome which is incentive compatible interim eÆcient. In addition, these
results hold for collusion-proof contracts, as we de�ne them here.

In order to understand the logic underlying the various notions of col-lusion-
proofness used in this paper and in preceding ones, it may help the reader to
think in terms of Bernheim et al's \room" analogy [7] (p.5): actual payo�-
relevant play occurs simultaneously in one shot, but the collusion-proofness of
the strategies played is \rationalized" via an extensive-form involving coordi-
nated defections discussed within coalitions, and further (individual or even
coalitional) defections from such defections. Imagine that players meet in a
room before actually playing the game but after they have been privately in-
formed of their respective type, and subsequently leave the room in an arbitrary
order after a non-binding agreement on strategies is reached. The agreement
involves some communication device with the help of which players can strate-
gically share (part of) their private information, as well as some transfer of
num�eraire. When a player leaves the room, the remaining players assume he
will play as agreed. Each player, regardless of the order of exit, is concerned
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that the remaining players in the room may reach a new agreement either by
redistributing some num�eraire among themselves, or by using some new com-
munication device in order to share some more information. Note that, now
that they have already shared part of their initially privately held information,
the remaining players in the room may want to share what they have learned
from the previous communication device (speci�cally the actions they have been
told to perform by the communication device). As a consequence, even if the
initial economy is with complete information, the agents remaining in the room
truly play a game with incomplete information: even if their types are common
knowledge, they can gain by sharing the information embodied in the action
recommended to them by the previous correlation device. However, each player
outside from the room also knows that any such further agreement is also sus-
pect for three reasons: a) �rst, some players in the room may not have any
incentive to tell the truth to the side-communication mechanism they are se-
cretly trying to construct; b) second, some players in the room may not want
to obey the recommendation made by the side-mechanism, but rather play the
action originally recommended by the grand mechanism, or even a third one; c)
eventually, even if the new agreement is incentive-compatible, it remains suspect
because the next player to leave the room will have exactly the same concerns.
The notion of collusion-proofness captures the idea of an agreement among the
members of the grand coalition such that, regardless of the order of exit, the
remaining players in the room never have any incentive to form a new agree-
ment. Needless to say, given its internally consistent 
avour, this concept is
quite involved. Nonetheless, we show that our market mechanism does provide
a generic, full mechanism design result in terms of collusion-proof contracts.
By its very de�nition, the strong collusion-proof contract notion has the advan-
tage of being easier to work with than the collusion-proof contract concept, as
it neglects point c) supra. Of course, as a consequence, the strong collusion-
proof contract is not a consistent equilibrium concept, but it is stronger than
the collusion-proof contract notion (since it is easier for a coalition to build a
side-communication mechanism inducing an improvement). On the other hand,
it will turn out that, for the application we have in mind, both notions induce
the same set of �nal outcomes.

1.1 Links with the literature

The comparison between our approach and related works available in the liter-
ature may help the reader to understand the contribution of this paper.

In a companion paper [13], we consider the case of an economy with com-
plete information. Using essentially the same mechanism and the coalition-proof
correlated equilibrium concept of Ray [28], we get an eÆcient implementation
result.

In Ray [28], deviations by coalitions take place ex ante, before the play-
ers learn their actions recommended by the correlation device, and a coalition
that deviates cannot construct a new correlation device. In contrast with Ray,
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the deviations of coalitions in Einy and Peleg [10] are introduced after the
concerned players are informed of the actions they should follow through the
(grand) communication mechanism, and deviating coalitions are allowed to con-
struct side-mechanisms for their own purposes.

The timing of our game is the following:

1- Nature draws the types of the players.

2- The principal proposes a grand communication device with transfers.

3- Players make reports into the communication device.

4- The communication device recommends actions privately to the players.

5- Players revise their beliefs in a strategic way.

6- A coalition S may form and create a new communication device.

7- Members of S transmit reports into the side communication device.

8- The new device recommends actions to the players in S.

9- Players in S revise their beliefs in a Bayesian way.

10- The original game is played.

Observe that between steps 9 and 10, nothing prevents a subcoalition of S
to build a new communication device before playing the game.

In their pathbreaking paper, La�ont and Martimort [20] analyze a mecha-
nism design problem in which the agents collude under asymmetric information,
and which is closely related to this paper. The authors study a regulatory model
of a duopoly where each �rm has private information on its costs, unknown to
the regulator.

The timing of the game in [20] is the following:

1- Nature draws types t = (t1; t2) and each agent i learns his type ti.

2- The Principal proposes a grand mechanism.

3- The agents accept or refuse the grand mechanism. If one of them refuses,
they both get their reservation utility.

4- A third party o�ers a side contract.

5- The agents accept or refuse the side contract. If one of them refuses, the
grand contract is played noncooperatively. Agents report their type to the
grand mechanism and the next stages do not occur.

6- If the side contract is accepted, the agents transmit reports in the side
contract.
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7- The side contract manipulates transfers and payo�s in the grand mecha-
nism.

8- The grand mechanism operates.

Their paper sheds invaluable light on collusion-proofness. The main di�er-
ences between our paper and theirs are the following:

� La�ont and Martimort present a partial equilibrium model with two agents,
two types per agent and quasi-linear utilities. In this paper, we consider
a general equilibrium pure exchange economy model �a la Arrow-Debreu,
with any number of states of nature and of agents. However, as in La�ont
and Martimort, we restrict ourselves to quasi-linear utilities. We need such
a restriction for the same reasons as Forges, Mertens and Vohra [12], i.e.,
in order to use the incentive mechanism of d'Aspremont and G�erard-Varet
[4].

� To extend a model such as theirs to more than two players | which was
the primary goal of our inquiry | one needs a consistent solution concept,
namely one that can be applied to all possible subcoalitions. Consider a
game with 3 players: once a side contract for the three players is �xed,
nothing precludes two of the three players to construct for themselves a
new side contract. Hence a notion of coalition-proofness is required. In
this paper, we use a variant of the coalition-proof equilibrium concept of
Bernheim, Peleg and Whinston [7], with at least 3 agents.

� In [20], the agents do not revise their beliefs as the game is played. The
authors implicitly consider an extensive-form game with trivial observa-
tion. Passive beliefs are justi�ed by the use of suÆcient conditions on
the fundamentals of the economy that allow Bayesian implementation to
be replaced by implementation in dominant strategies (Mookherjee and
Reichelstein [23]). In contrast, in this paper the agents are able to revise
their beliefs.

� All implementation criteria used by the authors are partial. For example,
in the case of implementation in dominant strategies without collusion,
they do not require that truthtelling be the only dominant strategy but
that it be one. Implementation where truthtelling is the only equilib-
rium strategy is much more demanding. In this paper, we seek for \full
implementation"1 results.

� In [20], the agents do not share any information between them. As a con-
sequence, they cannot pool any information. To take an analogy, the third
party acts as a mediator in a correlated equilibrium while the appropriate

1We are aware that we are not presenting implementation results in the strict sense of the
word. The use of this term is to be understood in a vague sense.
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concept under incomplete information is that of a communication equi-
librium (Forges [11]). In this paper, we allow for communication among
agents, but agents do not need to share their information. Information
sharing is endogenous and submitted to standard incentive compatibility
constraints. Agents share information only if they have an incentive to do
so.

� La�ont and Martimort do not allow the agents to randomize over their
strategies. In particular, their manipulation and transfer functions are all
deterministic. Here we allow for any kind of correlation and randomization
in the manipulation functions. (However, we keep deterministic transfer
functions; this is without loss of any generality since players' utilities are
quasi-linear.)

� The price to pay for our generality is that we only get a generic result.

Finally, our study is in some sense linked to the rational expectations equi-
librium (REE) literature, initiated by Radner [27]. Indeed, in the scenario on
which this paper is based, prices reveal some information that players use in
order to re�ne their private information. Moreover, generically, we show that
the equilibria are fully revealing. However, the classical paradoxes �a la Gross-
man and Stiglitz do not occur here: prices are quoted by the players, and hence
cannot transmit an information not already known to at least one agent. In
this sense, our approach is closer to that of Dubey, Geanakoplos and Shubik
[8], although these authors consider a continuum of players whereas we deal
with a �nite number of players. Moreover, we consider collusion-proof contracts
while they restrict themselves to Bayesian equilibria.

The paper is organized as follows. In section 2, the economy and the game-
form are presented. The solution concepts are de�ned in section 3. The last
section is devoted to our mechanism design result.

2 The model

2.1 The economy

Consider a pure exchange economy E = (Xi; ui; !i)i2I with N agents i 2 I =
f1; :::; Ng and L commodities h 2 f1; :::; Lg. Commodity L serves as a num�eraire
whose price pL is normalized to 1. Let Ti denote the �nite set of types of player
i 2 I and T =

Q
i2I Ti. Nature draws at random a pro�le of types t = (ti)i

according to a probability Q 2 �(T ) with Q(t) > 0 for all t 2 T .

Given ti, we denote by !i(ti) 2 R
L

+ agent i's initial endowment when he is
of type ti.

2 The aggregate endowment is assumed independent of t = (ti)i, and

2If !i was de�ned as a function of T and not constant with respect to ti, then i would
deduce, by observation of !i, some information about the type of the other players.
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is denoted ! =
P

i2I !i(ti). For each agent i, we assume that Xi = R
L

+ is his
consumption set, independently of his type. Let

Yi :=
n
x 2 R

L
: �" < xh < "+

NX
k=1

!hk ; 1 � h � L
o
:

(" is a positive number and superscripts on a vector give its component.) Let
Y =

Q
i2I Yi. For any ex post feasible net trades in commodities z1,...,zN (see

De�nition 1 below), we have !i(ti) + zi 2 Yi. The preferences of agent i are
represented by a quasi-linear utility function ui : Yi � Ti ! R , de�ned for all
x 2 Yi and all ti 2 Ti by ui(x; ti) = vi(x

1; :::; xL�1; ti)+x
L. Note that for every

ti 2 Ti, the function vi(�; ti) is de�ned on

	i :=
n
x 2 R

L�1
: �" < xh < "+

NX
k=1

!hk ; 1 � h � L� 1
o
:

Assumption 1

� N � 3 and L � 2.

� For all i 2 I and all ti 2 Ti, vi(�; ti) is C
k for k suÆciently large, the

restriction to 	i of the Hessian H(vi(�; ti)) is a negative de�nite quadratic
form, the restriction to 	i of the gradient Dvi(�; ti) satis�es Dvi(�; ti) >>
0.

� For all i and for all ti, !i(ti) > 0.3

In the next de�nition, we recall the eÆciency and incentive compatibility
concepts presented in Holmstr�om and Myerson [15].

De�nition 1

� An allocation x : T ! (R
L
)N is ex post eÆcient if it is ex post feasible,

namely,
P

i2I xi(t) =
P

i2I !i(ti) for all t = (ti)i 2 T , and there does not
exist another ex post feasible allocation x0 such that for all i 2 I and all
t 2 T , ui(x

0
i(t); ti) � ui(xi(t); ti) with strict inequality for some pair (i; t).

� An allocation x : T ! (R
L
)N is interim eÆcient if it is ex post feasible,

and there does not exist another ex post feasible allocation x0 such that
for all i 2 I and all ti 2 Ti, Ui(x

0
ijti) � Ui(xijti) with strict inequality for

some pair (i; ti) where

Ui(xijti) :=
X

t�i2T�i

Q(t�ijti)ui(xi(ti; t�i); ti):

3
!i(ti) � 0 and !i(ti) 6= 0
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� An allocation x : T ! (R
L
)N is incentive compatible if and only ifX

t�i2T�i

Q(t�ijti)ui(xi(t�i; ti); ti) �
X

t�i2T�i

Q(t�ijti)ui(xi(t�i; t̂i); ti)

for all i, for all ti 2 Ti, for all t̂i 2 Ti.

We require an allocation to be ex post feasible. Observe that contrary to
Prescott and Townsend [25] or Allen [3], but following Vohra [29] among others,
we do not content ourselves with feasibility in expected terms.

2.2 The game-form

A game-form G is de�ned by G = (Ai; �i)i=1;:::;N where for all i 2 I , Ai denotes

the set of pure actions of player i, while �i : A =
Q

h2I Ah ! R
L

+ denotes the
strategic outcome function of player i.

Ai will be de�ned as the set of prices proposed by player i, pi 2 R
L

+ such
that pLi = 1, the vectors of net demands addressed by player i to player j 6= i,

zi = (zij)j 6=i 2 (R
L
)N�1, and the announced initial endowment ei 2 (0; !i(ti)]:

Ai =
n
(pi; zi; ei) 2 R

L

+ � (R
L
)N�1 � (0; !i(ti)] : p

L
i = 1

o
:

The strategic budget constraint of player i isX
j 6=i

pj(z
i
j � z

j
i ) � 0: (1)

Note that this constraint does not depend on the price quoted by player i. Let

 i : A! R
L
be the auxiliary function de�ned by

 i(a) =

� P
j 6=i(z

i
j � z

j
i ) if (1) is satis�ed

�ei otherwise

We can now de�ne the strategic outcome function of player i, �i : A! R
L

+:

�i(a) = proji Æ projF ((ek +  k(a))k=1;:::;N )

where

F =

(
(xi)i 2

Y
i2I

Xi :
X
i

xi �
X
i

ei

)

is the feasible set, which is convex, compact and nonempty;

projF : (R
L
)N ! F

is the orthogonal projection over F and

proji : (R
L
)N ! R

L
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is the canonical projection on the ith coordinate. For all x 2 (R
L
)N , projF (x)

can be decomposed into two projections: �rst a projection on !�R
L

+ and then

a projection on R
L

+. As a consequence, if  i(a) + ei � 0, then �hi (a) = 0 for all
h = 1; :::; L.

The payo� function of player i with respect to the actions when he is of type
ti, gi(�; ti) : A! R , is de�ned by gi(a; ti) = ui(�i(a); ti).

Remarks

� The mechanism is feasible, in the sense that any strategy pro�le induces
an outcome such that demand does not exceed supply (given by the initial
endowments) and the agents receive a bundle which belongs to their con-
sumption set. Moreover, the mechanism is not balanced out of equilibrium
if some player goes bankrupt. In this way, part of the initial resources are
wasted. Finally, it is not individually rational out of equilibrium since if
someone is kept in the red, he necessarily gets zero.

� We assume the planner knows that !i(ti) 6= 0 for all i. Moreover, it is
assumed that the players cannot overstate their true endowments (implic-
itly, since they have to show physically their endowments). In addition,
if player i does not announce the exact value of his initial endowments,
then the di�erence !i(ti)� ei is wasted.

4

� In equilibrium, through the use of proper transfers [4], we provide incen-
tives for every player to reveal his true type and hence his true initial
endowments. Consequently, the feasible set used to de�ne the strategic
outcome function of our game is equal to the true feasible set, de�ned with
the true endowments.

2.3 The extensive-form game

The game-formG is played in extensive-form, as follows. Players �rst simultane-

ously quote prices, pi 2 R
L

+, i = 1; :::; N . Once the outcome of this �rst stage is

publicly observed, the players simultaneously set quantities (zi)i 2 ((R
L
)N�1)N

and make an announcement about their initial endowments.
We assume perfect recall. Let Bi be the set of pure behavioral strategies of

player i:

Bi =
n
bi = (pi; Zi; Ei) : pi 2 R

L

+; (Zi; Ei) : (R
L

+)
N ! (R

L
)N�1 � (0; !i(ti)]

o
where for each player i, the function (Zi; Ei) determines the action of agent
i at the second stage once the outcome of the �rst stage is observed. Let
B =

Q
i2I Bi.

4As soon as strategic manipulation of endowments is taken into account, two possibilities
arise: either !i � ei is wasted, as in this paper or in Hong [16], or the di�erence is consumed
by player i in addition to his �nal allocation [26].
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The payo� function of player i of type ti, ~gi(�; ti) : B ! R , is de�ned by
~gi(b; ti) := gi(a; ti), where a 2 A is the unique action induced by b (namely, a =
(pi; zi; ei)i2I where zi = Zi((pj)j2I ) and ei = Ei((pj)j2I ) for all i). Similarly,

de�ne the outcome function ~�i : B ! R
L
by ~�i(b) := �i(a) and the auxiliary

function ~ i : B ! R
L
by ~ i(b) :=  i(a) for a 2 A the unique action induced

by b.
In the sequel, we deal with actions instead of behavioral strategies, keeping

in mind the correspondence between the two.

3 Collusion-proofness

In this section, we present the strategic solution concepts we shall use to get
our mechanism design result. We introduce the notions of collusion-proof and
strong collusion-proof contracts, by building on the construction of Einy and
Peleg [10].

In the spirit of La�ont and Martimort [20], the players use contracts. In con-
trast with Einy and Peleg, a contract involves a communication device and some
balanced transfers, namely some reallocations of the initial endowments, while
Einy and Peleg [10] only allow for communication mechanisms. Within a coali-
tion aiming to deviate from a grand contract, new transfers can be introduced,
as long as they balance the transfers received from that grand contract. The
possibility of transfers is consistent with La�ont and Martimort [20]. One im-
portant di�erence between our framework and theirs is that we allow coalitions
to share the private information held by its members through communication
devices. Indeed, in [20] no communication devices are allowed.

We restrict ourselves to direct communication devices, following Einy and
Peleg. Hence the report to a communication device consists in telling one's
type. Observe that this restriction aims at saving tedious notations and that
the whole analysis could be carried out without imposing such a restriction,
hence allowing for abstract message spaces.

The next de�nition captures the strategic environment in which a coalitional
deviation may occur. The story behind the de�nition is the following: suppose
that the central planner has proposed a grand contract for all the players. For
reasons that should become clear in a moment, let us denote by H the set of all
the players. Imagine that a coalition Im � H deviates. The reason for which we
denote by H , in this de�nition, the set of players is that the de�nition aims at
characterizing the following more complicated scenario: suppose a subcoalition
Im0 � Im also deviates. Then by construction Im0 will face the strategic environ-
ment obtained by replacing H by Im, and Im by Im0 . This de�nition provides a
recursive description of the strategic environment faced by a deviating coalition.

De�nition 2 An extended Bayesian game with transfers is a system

�y = (A1; :::; Am;T1; :::; Tm; Tm+1; :::; Tn; q1; :::; qm;u
y
1; :::; u

y
m)
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where

� Im = f1; :::;mg is the set of \inside" players,

� J = fm+ 1; :::; ng is the set of \outside" players,

� Ai is the set of actions of i 2 Im,

� Ti is the set of possible types of i 2 H = Im [ J ,

� qi 2 �(TH) is i's prior, where TH =
Q

i2H Ti,

� For all i 2 Im, yi : TH ! R denotes the type-contingent transfer to player
i, and y = (yi)i,

� �y is the modi�ed game obtained from G by replacing  i(�) for all i 2 Im
with  yi (�) de�ned for all t 2 TH and a 2 AIm =

Q
i2Im

Ai by

 
y(t)
i (a) =

� P
j 6=i(z

i
j � z

j
i ) if

P
j 6=i pj(z

i
j � z

j
i ) � yi(t)

�ei otherwise

� The corresponding outcome function is de�ned for all t 2 TH and a 2 AIm

by

�
y(t)
i (a) = proji Æ projF ((ek +  

y(t)
k (a))k=1;:::;N );

� u
y
i : AIm �TH ! R is the payo� function of i 2 Im, de�ned by u

y
i (a; t) :=

ui(�
y(t)
i (a); ti).

In the sequel, the set of \inside" players will be interpreted as the set of play-
ers belonging to a deviating coalition while the set of \outside" players will be
interpreted as the set of players exterior to the deviating coalition. To say that
coalition Im deviates means that members of Im build a new communication
device in order to share information and to reallocate income.

De�nition 3 Given an extended game �y, a communication contract is a pair
(�; ~y) where � : AIm � TIm ! [0; 1] is such that

P
a2AIm

�(ajtIm) = 1 for every

tIm 2 TIm =
Q

i2Im
Ti, and ~y : TH ! (R

L
)N denotes transfers, satisfyingP

i2Im
~yi(t) =

P
i2Im

yi(t) for all t 2 TH .

Remarks

� Throughout, all the communication devices � will be assumed to have
�nite support.

� The last condition on transfers ~y captures the idea that the coalition Im
can at most redistribute among its members transfers up to the value of
transfers induced on Im by y = (yi)i2Im .
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� The device � works as follows: players in Im simultaneously report their
types (ti)i2Im = tIm to �; then � chooses an action-tuple a 2 AIm accord-
ing to the probability �(�jtIm).

� For all i 2 I , if Q = qi, J = ; and yi = 0, then �y = G: the extended
Bayesian game with transfers is nothing but the original game played by
the players.

Let T+
i = fti 2 Ti : qi(ti) > 0g for i 2 Im with qi(ti) :=

P
��i2T�i

qi(��i; ti).

Let (�; ~y) be a communication contract, i 2 Im and ti 2 T+
i . The expected

utility of ti is

U
~y
i (�jti) =

X
t�i2T�i

qi(t�ijti)
X

a2AIm

�(ajtIm)u
~y
i (a; t):

De�nition 4 A contract (�; ~y) is a Bayesian incentive compatible contract with

transfers (BIC) if for every i 2 Im, ti 2 T
+
i and si 2 Ti,

U
~y
i (�jti) �

X
t�i2T�i

qi(t�ijti)
X

a2AIm

�(aj(tImnfig; si))u
~y
i (a; t):

In other words, at a BIC, no individual player has an incentive to misreport
his type. Notice that the incentive compatibility requirement embodied into
this de�nition is responsible for our restriction to quasi-linear utilities. Indeed,
the tool we shall use in order to provide such incentives is the mechanism of
d'Aspremont and G�erard-Varet [4].

Since we want to build a consistent collusion-proof concept, we need to be
able to consider a coalitional deviation by some subcoalition S � Im. Recall
that this deviation by S can only occur after players in Im learn their type and
the action recommended to them by the communication mechanism they have
built for themselves. We �rst de�ne a revised game.

De�nition 5 Let �y be an extended Bayesian game, (�; ~y) a communication
contract and ; 6= S � Im. The revised game ��;~y;S is the extended Bayesian
game with transfers

((Ai)i2S ;T1 �A1; :::; Tm �Am; Tm+1; :::; Tn; (q̂i)i2S ; (û
~y
i )i2S);

where
q̂i(t1; a1; :::; tm; am; tm+1; :::; tn) = q̂i(t; a) = qi(t)�(ajtIm )

for all i 2 S, t 2 TH and a 2 AIm , and

û
~y
i ((bj)j2S ; (t; a)) = û

~y
i (bS ; (t; a)) = u

~y
i ((bS ; aImnS); t)

for all i 2 S, t 2 TH , bS 2 AS , a 2 AIm .
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The probability that ai 2 Ai is played by i 2 Im of type ti 2 T
+
i is

�i(aijti) =
X

t�i2T�i

qi(t�ijti)
X

a�i2A�i

�((a�i; ai)jtIm):

Let
(Ti �Ai)

+ = f(ti; ai) : ti 2 T
+
i ; ai 2 Ai; �i(aijti) > 0g:

If i 2 Im, ti 2 T+
i , ai 2 Ai, and �i(aijti) > 0, then the expected payo� for

ti when playing ai is

U
~y
i (�j(ti; ai)) =

X
t�i2T�i

qi(t�ijti)
X

a�i2A�i

�((a�i; ai)jtIm)
u
~y
i (a; t)

�i(aijti)
:

Let i 2 S, (ti; ai) 2 (Ti; Ai)
+, t�i 2 T�i, a�i 2 A�i. Then

q̂i((t�i; a�i)j(ti; ai)) =
qi(t�ijti)�(ajtIm)

�i(aijti)
:

If (�; y0) is a communication contract for ��;~y;S , i 2 S, (ti; ai) 2 (Ti; Ai)
+,

then the expected utility of i knowing (ti; ai) is

U
y0

i (�j(ti; ai)) =X
t�i2T�i

X
a�i2A�i

q̂i((t�i; a�i)j(ti; ai))
X

bS2AS

�(bS j(tS ; aS))û
y0

i (bS ; (t; a)):

Our notion of collusion-proofness requires that no coalition has any pro�table
deviation. We now de�ne a coalitional improvement.

De�nition 6 The strategy (�; y0) is a BIC-improvement of ; 6= S � Im upon
(�; ~y) in �y if

a) (�; y0) is a BIC for the revised game ��;~y;S ,

b) for every i 2 S and (ti; ai) 2 (Ti; Ai)
+ then

U
y0

i (�j(ti; ai)) � U
~y
i (�j(ti; ai));

with at least one strict inequality.

In words, we restrict attention to coalitional deviations where members of
the deviating coalition have some incentive to deviate (b), and some incentive
to share their information with the other members of the deviating coalition
(a). In the next de�nition, we focus on a smaller class of coalitional deviations,
namely those which cannot be improved upon by any other incentive compatible
and pro�table deviation of any subcoalition.
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De�nition 7 Let �y be an extended Bayesian game, (�; ~y) a communication
contract and S � Im, S 6= ;. A BIC internally consistent improvement (ICI) of
S upon (�; ~y) in �y is de�ned by induction on the cardinality of S, as follows:

� If jSj = 1, then (�; y0) is a BIC-ICI if it is a BIC-improvement of S upon
(�; ~y). Note that in this case ~y = y0.

� If jSj > 1, then (�; y0) is a BIC-ICI of S upon (�; ~y) in �y if

{ (�; y0) is a BIC-improvement of S upon (�; ~y) in �y

{ if ~S � S and ~S 6= ;, then ~S has no BIC-ICI upon (�; y0) in the game
��;~y;S .

De�nition 8 Let �y be an extended Bayesian game.

� A BIC (�; ~y) is a collusion-proof contract if no coalition of players has a
BIC-ICI upon (�; ~y).

� A BIC (�; ~y) is a strong collusion-proof contract if no coalition of players
has a BIC-improvement upon (�; ~y).

Remark A deviating coalition S deviates ex post (i.e. after having played
in (�; ~y)) using (�; y0) and does not modify the information given to the grand
mechanism �. Members of S can share information among themselves, thanks
to �, and eventually play a strategy di�erent from that recommended by the
grand mechanism �. In addition, thanks to transfers y0, the members of S can
redistribute the transfers induced by ~y. Members outside of S do not modify
their behavior.

4 EÆciency

In this section, we show that the collusion-proof and strong collusion-proof
contracts of our strategic market mechanism induce eÆcient allocations and
that eÆcient allocations can be achieved by such contracts.

Remarks

� A solution concept is fully revealing if and only if once the players are
informed of their private types, they put a Dirac measure on the space of
types.

� The space of utility functions is a topological space with the topology
induced by the following norm:

jjujj = supDsupxjDu(x)j

whereDu ranges over all derivatives of u of order 0; 1; :::; k for k suÆciently
large (Dubey and Rogawski [9]). The term \generically" means here \for
a dense set for this topology".
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� The space of interim eÆcient allocations is equipped with the Euclidean
topology and the Lebesgue measure, since it is a �nite dimensional space.

Before stating the main theorem, we need to introduce a few more assump-
tions.

Outcome eÆciency requirement For all t 2 T , the outcome induced by a
mechanism � must belong to the set(

x� = (x�i ) :
X
i2I

vi(x
�
i ; ti) = max

x=(xi)

X
i2I

vi(xi; ti)

)
:

Compatibility condition Let

Ci := f(mi; ti) 2 Ti � Ti : mi 6= tig

and
� :=

n
� = (�i)i2I : �i 2 R

Ci
+

o
:

For all � 2 R
T
, if � 6= 0 then there is no � 2 � such that for all i 2 I , for all

t 2 T ,

qi(t�ijti)
X

mi 6=ti;mi2Ti

�(ti;mi) = �(t) +
X

mi 6=ti;mi2Ti

�i(ti;mi)qi(t�ijmi):

Non-degeneracy assumption There exists at least one agent i and one type
ti such that the incentive compatibility constraint for (i; ti) is strict:X

t�i2T�i

Q(t�ijti)ui(xi(t�i; ti); ti) >
X

t�i2T�i

Q(t�ijti)ui(xi(t�i; t̂i); ti)

for all t̂i 2 Ti.

Theorem 1 Assume Assumption 1, the compatibility condition and the non-

degeneracy assumption hold. Then

� generically, every collusion-proof contract is fully revealing and induces an

outcome which is interim eÆcient and incentive compatible;

� generically, almost every interim eÆcient incentive compatible allocation

can be achieved with a fully revealing collusion-proof contract.
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Remarks

� The compatibility condition is not implied by the consistency condition
qi = Q for all i 2 I . The �rst of these conditions was presented in [4] and
is needed to ensure the existence of incentive compatible allocations. The
latter condition is required if we do not want to face the type of problems
shown to happen with subjective correlated equilibria in Aumann [6].

� The non-degeneracy assumption ensures that there is a non-degenerate set
of lotteries satisfying the incentive compatibility constraints. This kind of
assumption is also required in [20].

Let Ti = ft1i ; :::; t
Ti
i g be the set of types of i and T = ft(1); :::; t(T )g. Let

U =
n
u = (u1t1

1

; :::; u
1t
T1
1

; :::;uNt1
N
; :::; u

Nt
TN
N

) : u
it
j

i

2 Cr(Yi;R ); jjuitj
i

jj <1
o
;

where u
it
j

i

(x1; :::; xL) = v
it
j

i

(x1; :::; xL�1)+xL. To prove Theorem 1, we use the

following two lemmas. The proofs of these lemmas are given in the appendix.

Lemma 1 Assume Assumption 1 holds. Generically on U , the set of injective

selections of Pareto optima is open and dense. Consequently, generically on U ,

almost every selection of Pareto optima induces fully revealing prices.

Lemma 2 Assume the non-degeneracy assumption holds. If the allocation (xi)i
is incentive compatible but not interim eÆcient, then there exists a non-negligible

set of incentive compatible interim eÆcient allocations that dominate (xi)i.

Proof of Theorem 1 Take any incentive compatible interim eÆcient al-
location x� = (x�i )i2I ; then x� is ex post eÆcient. Since Q(t) > 0 for all
t, then for every t = (ti)i 2 T , x�(t) is a Pareto optimum for the econ-
omy Et = (Xi; ui(�; ti); !i(ti))i2I with no uncertainty when each agent i is
of type ti. By the constrained second welfare theorem [13], there exists a
price vector p�(t) 6= 0 and an assignment of wealth levels w� = (w�

i ) withP
iw

�
i = p�(t)

P
i !i(ti) such that (p

�(t); (x�i (t))i) is a constrained price equilib-
rium. The price vector p�(t) is unique by the theorem of separation of strictly
convex sets, and we can assume that the map t 7! p�(t) is one-to-one by Lemma
1, i.e prices are fully revealing.

Consider the communication contract (�I ; ~y) de�ned, for all announced vec-
tor of typesm = (mi)i, by �I(ajm) = 1, where a = (ai)i2I = ((p�(m); 1

N
(x�i (m)�

!i(mi)); !i(mi)))i2I , and ~y = (~yi) is de�ned by ~yi = w�
i � p�(m)!i(mi). By

construction, �I associates to all m the incentive compatible interim eÆcient
outcome x�(m) = (x�i (m))i2I and �I is outcome eÆcient.

In order to show that �I is a collusion-proof contract, we have to show that
there is no coalition S � I which has a BIC-ICI (�; y0) upon (�I ; ~y). As x� is
incentive compatible, the contract (�I ; ~y) is a BIC. We claim that in order to

17



improve his payo�, some player io 2 S must change his price quoting strategy.
Indeed, note that for all t,

P
i2S y

0
i(t) =

P
i2S ~yi(t) = 0. Hence if coalition

S deviates by using a side mechanism � without modifying prices, there exists
io 2 S and some t with y0io(t) < ~yio(t). Since (p�(t); x�(t)) is a competitive
equilibrium for the economy with transfers ~y, the �nal payo� of io following the
deviation of S is necessarily smaller than that received prior to the deviation, a
contradiction.

Suppose that for some t, some player io 2 S quotes a price pio(t) di�erent
from p�(t) with positive probability. Assume wlog phio(t) < p�h(t) for some good
h with positive probability. The 2-stage extensive-form nature of the game
implies that there exists i 2 I nS and j 2 S n fiog such that pi(t) = p�(t) and j
faces an arbitrage opportunity with positive probability. Note indeed that S is
a strict subset of I as (x�i (t))i is ex post Pareto optimal (the grand coalition has
no improvement) and fiog is a strict subset of S as a Walrasian equilibrium of
Et is a Nash equilibrium of a complete information game where t is commonly
known [13].

We now show that j can take advantage of this arbitrage opportunity. Let
�x one vector of types t 2 T commonly known by all since �I is fully revealing.
Consider the following strategy of player j: pj > 0 and if he observes phio < p�h,

� for all k 6= fi; io; jg, z
j
k = max�

�P
l6=j;k(z

k
l � zlk) + zkj

�
+ !k

� z
j
io
= z� +max�

�P
l6=j;io

(ziol � zlio) + zioj

�
+ (! � !j + !io)

� z
j
i = �z� +max�

�P
l6=j;i(z

i
l � zli) + zij

�
+ !i

where the maxima are taken with respect to all the �nite supports of the random
variables associated to the grand mechanism �I and the side mechanism � of S,
which we denote �.

We show now that there exists z� chosen large enough so that player j
satis�es his budget constraint with probability one and player i violates his
budget constraint with probability one. As a consequence, every player will get
zero a.s. but player j who will receive ! a.s..

Let z� = (0; :::; 0; z�h; 0; :::0) 2 R
L

+ with z�h > 0. The budget constraint of
player i is X

k 6=j;i

pk(z
i
k � zki ) + pj(z

i
j � z

j
i ) � ~yi(t):

Whenever player i goes bankrupt, this inequality is not satis�ed. A suÆcient
condition for player i to go bankrupt is to have z�h �W �h where

W �h �
1

phj

h
�
X
k 6=i;j

pk(z
i
k � zki )� pjz

i
j + pj max

�

�X
l6=j;i

(zil � zli) + zij

�
+ pj!i

i
+~yi(t):
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As for player j, he must never go bankrupt. Hence,

max
�

h X
k 6=i;j;io

pk(z
j
k � zkj ) + pio(z

j
io
� zioj ) + pi(z

j
i � zij)

i
� ~yj(t):

Using the de�nition of zjio and z
j
i and pi = p� we get

z�h(p�h � phio) � max
�

h X
k 6=i;j;io

pk

�
z
j
k � zkj ) + pio max

�

� X
l6=j;io

(ziol � zlio) + zioj

�

+pio(! � !j + !io � zioj ) + p�
�
max
�

�X
l6=j;i

(zil � zli) + zij

�
+ !i � zij

�i

+~yj(t) = Y �h

In this case z�h � Y �h

p�h�ph
io

= ~Y �h is required. Overall, it suÆces to take z�h�

maxf ~Y �h;W �hg.

Straightforward calculations show that  ~y
io

= �z� � (! � !j) � !io < 0,

 
~y
j = ! � !j and for each other player k,  ~y

k = �!k. Hence the claim: �
~y
j = !

and �~yh = 0 for all h 6= j. Therefore, the deviation of S is not an ICI and x� can
be decentralized as a collusion-proof contract.

Conversely, we show that every collusion-proof contract is incentive com-
patible interim eÆcient. Assume the outcome induced by the collusion-proof
contract �I is not incentive compatible interim eÆcient. Since it is a collusion-
proof contract, then it is incentive compatible but not interim eÆcient. Hence
by Lemma 2 there exists a non-negligible set of incentive compatible interim

eÆcient allocations (x̂i)i that dominate the allocation induced by �I . By the
constrained second welfare theorem, for all t there exists p�(t) 6= 0 and an as-
signment of wealth levels w� such that (p�(t); (x̂i(t))i) is a constrainedWalrasian
equilibrium of Et. By the �rst part of the proof, the grand coalition can play
(p�(t); (x̂i(t))i) by means of a BIC contract, �̂, which Pareto dominates interim
�I . So far, the price system induced by �̂ may be non injective. By Lemma 1,
the set of such non injective price systems is negligible. Hence at least one of
them is injective, and it is the one we select.

2

Remarks

� We require the compatibility condition to hold to ensure the existence
of incentive compatible interim eÆcient allocations through appropriate
(possibly negative) transfers [4]. We need to assume that each player is
endowed with an initial quantity of the num�eraire good greater than the
maximal value of these transfers. As the utilities in non-num�eraire con-
sumption goods are continuous and de�ned on the non-num�eraire part of
the feasible set which is compact, a maximum exists. Note that there is no
loss of generality in assuming that such initial endowments in num�eraire
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exist as, given some ordinal preferences, these can be obtained by a trans-
lation of the utilities.

� A careful reading of the proof of Theorem 1 shows that it is essential
to assume that the game is in extensive-form. Assume on the contrary
that price quoting strategies and quantity setting strategies were played
simultaneously. It would be possible for some players to deviate from the
equilibrium strategy by playing a mixed price quoting strategy, thereby
creating an arbitrage opportunity with positive probability. However, no
player could take advantage of this opportunity as players would set quan-
tities at the same time as the price random variables would realize.

� One could imagine that players have the possibility to accept or refuse the
grand mechanism at the start of the game, which would then require the
addition of suitable individual rationality constraints. We do not consider
this di�erent setup here as the existence of interim individually rational
incentive compatible eÆcient allocations cannot be ensured.

Corollary 1 Whenever Assumption 1, the compatibility condition and the non-

degeneracy assumption hold, then

� generically, every strong collusion-proof contract is fully revealing and in-

duces an outcome which is incentive compatible interim eÆcient;

� generically, almost every incentive compatible interim eÆcient allocation

can be achieved with a fully revealing strong collusion-proof contract.

5 Conclusion

In this paper, we present a strategic market mechanism with the property that
generically (for a dense set of utility functions), almost every incentive compati-
ble interim eÆcient allocation can be achieved both with a collusion-proof and a
strong collusion-proof contract. Moreover, this game is such that generically, ev-
ery collusion-proof and strong collusion-proof contract induce an outcome which
is incentive compatible interim eÆcient.

From a general equilibrium perspective, quasi-linear economies with incom-
plete information are trivially equivalent to linear economies with complete in-
formation once only interior equilibria are considered. Indeed, whenever pref-
erences are quasi-linear, we can consider that they are linear with respect to
income, and hence, if there exists assets contingent on the realization of the
state of nature, markets are complete (or e�ectively complete) as the assets
are priced by their expected returns. The linearity of the indirect preferences
implies that the agents are risk neutral.

However, competitive equilibria do not take into account incentive problems.
Indeed, in a di�erential information economy with quasi-linear utilities, the
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incentive compatible core may be empty [12], whereas the Walrasian equilibria
may exist. This shows that the formal equivalence between the complete and
incomplete information worlds breaks down once incentive constraints are taken
into account.

McLean and Postlewaite [21] have introduced a notion of informational size
that allows to show that the con
ict between incentive compatibility and ef-
�ciency in a general equilibrium model with asymmetric information can be
made small, if agents are small relative to this notion. Moreover, in an economy
where agents are informationally small, the incentive compatible core is non-
empty [22]. It would be interesting to extend our paper to these economies and
construct a model that does not rely on the quasi-linearity assumption.

The next point on the research agenda is certainly to try to extend the
present work to ex ante eÆcient allocations. This could possibly be achieved
by allowing coalitions to form ex ante in our mechanism. Note, nevertheless,
that it would require a non-trivial modi�cation of the equilibrium concept. In-
deed, one main advantage of adopting an interim standpoint is that, once the
grand mechanism has been played, even if a coalition of players wants to con-
struct a side-mechanism, they cannot revise the messages they sent to the grand
mechanism. Thus, at each coalitional deviation, we can take the behavior of
players in the previous stages of the extensive-form preceding the actual play
as given. Unfortunately, this is no more so in an ex ante setting : there, if
a coalition deviates, given the fact that a side-mechanism will be used after
the grand mechanism, there is no guarantee any more that no player will have
an incentive to misreport his type to the grand mechanism. This could be a
way, for instance, to manipulate the posteriors of the members of the deviating
coalition... We leave these fascinating aspects for further research.

6 Appendix

6.1 Incentives

Let � be any outcome eÆcient mechanism. For all i 2 I , for all m 2 T , for all
ti 2 Ti, let

vi(m; ti) := vi(xi(m); ti)

where x(m) = (xi(m))i is the allocation induced by �, and for all mi; ti 2 Ti,

v̂i(mi; ti) :=
X

t�i2T�i

[vi(mi; t�i; ti)� vi(ti; t�i; ti)]qi(t�ijti):

Consider the following system of linear inequalities, where f : T ! R
N
is taken

as variable: for all i 2 I , for all (mi; ti) 2 Ci

X
t�i2T�i

�
fi(ti; t�i)�

1

N � 1

X
j 6=i

fj(ti; t�i)
�
qi(t�ijti)�
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X
t�i2T�i

�
fi(mi; t�i)�

1

N � 1

X
j 6=i

fj(mi; t�i)
�
qi(t�ijti) � v̂i(mi; ti):

d'Aspremont and G�erard Varet [4] have shown that the above system has a
solution f , and the contract (�; �) where for all t 2 T and for all i 2 I

�i(t) := fi(t)�
1

N � 1

X
j 6=i

fj(t)

is budget balancing and Bayesian incentive compatible.
d'Aspremont and G�erard Varet [4] have shown that under the Independence

condition recalled below, the function fi(t) takes the following form:

fi(t) = ET�i

hX
j 6=i

vj(xj(t); tj)
i
:

Independence condition For all i 2 I , for all ti; t
0
i 2 Ti, qi(�jti) = qi(�jt

0
i):

6.2 Proof of Lemma 1

Lemma 1 Assume Assumption 1 holds. Generically on U , the set of injective

selections of Pareto optima is open and dense. Consequently, generically on U ,

almost every selection of Pareto optima induces fully revealing prices.

Proof Consider the function

F : U � ~Y ! ~Y �Mat(T; L� 1)

given by

(u; x) 7�!

0
B@

rv1t(1)(x1(t(1)))

x
...

rv1t(T )(x1(t(T )))

1
CA

where

~Y :=
n
x = (xi(t))i2I;t2T 2 Y T : 8t 2 T;

X
i2I

xi(t) =
X
i2I

!i(ti) and 8i; j;

9�j > 0 such that ruit(xi(t)) = �jrujt(xj(t))
o

is the set of selections of Pareto optimal allocations. With a slight abuse of no-
tation, we write t(j) (or t) in the utility subscript of a player without specifying
which type in t(j) (or t) corresponds to that player.

For a �xed u, note that the domain of Fu is a smooth submanifold of the
feasible set, of dimension T (N � 1)(L� 1).

Consider the set Ej of T � (L � 1) matrices with rank j for some �xed
j < min(T; L� 1). Then dimEj < T (L� 1); the dimension of the space of all
T � (L� 1) matrices Mat(T; L� 1).
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The in�nite dimensional transversality theorem (Abraham and Robin [1])
applied to the Banach manifold U of utility functions ensures that there exists
a dense subset Uo in U such that for any u in Uo, Fu is transverse to the
submanifold ~Y �Ej of ~Y �Mat(T; L� 1). Hence

codimF�1
u ( ~Y �Ej) = codim( ~Y �Ej) > 0

and the complement of F�1
u ( ~Y �Ej) is an open and dense set of full dimension

in ~Y (as F�1
u ( ~Y �Ej) is not of full dimension, it is of measure zero, closed with

empty interior in ~Y ).
This can be done for any j. Hence, the union over j of all the sets F�1

u ( ~Y �

Ej) is a closed set with empty interior whose complement is an open and dense
set of full dimension in ~Y .

2

6.3 Proof of Lemma 2

Lemma 2 Assume the non-degeneracy assumption holds. If the allocation

(xi)i is incentive compatible but not interim eÆcient, then there exists a non-

negligible set of incentive compatible interim eÆcient allocations that dominate

(xi)i.

Proof We denote by D++ the subset of ex post feasible lotteries which are
incentive compatible and everywhere strictly positive (i.e., 8t;8i; xi(t) >> 0).
This is a closed and convex subset of the space L = RTLN

++ of strictly positive

lotteries. Consider the �ctitious, complete information economy ~E with M :=P
i jTij agents, and L as trade space. An agent ti is characterized by his utility

function Uti(x) = ui(xi(t); ti) and his initial (deterministic) endowment !i(ti).
The total resources are !. Obviously, the restriction of each individual's utility
function to L is smooth, smoothly increasing, smoothly concave, and veri�es
the usual boundary condition fx 2 L : Uti(x) = cig is closed in L.

For the ease of notation, we relabel the individuals by i = 1; :::;M , where 1
is the individual satisfying our non-degeneracy assumption. A lottery x 2 D++

is incentive compatible and interim eÆcient (BICIE) associated with the utility

levels v = (v2; :::; vM ) 2 R
M�1

if it solves the following maximization problem:

Max U1(x)

subject to the incentive compatibility constraint (*),X
t�12T�1

Q(t�1jt1)u1(x1(t�1; t1); t1) �
X

t�12T�1

Q(t�1jt1)u1(x1(t�1; t̂1); t1);

for all t1; t̂1 2 T1, the ex post feasibility constraint,X
i2M

xi(t) =
X
i2M

!i(ti); for all t = (ti)i 2 T;
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and subject to Ui(x) = vi 8i � 2. We denote by V1 the set of elements v 2 R
M�1

such that the preceding optimization problem admits a solution. V� is the image

of the mapping U : D++ ! R
M

de�ned by:5

U(x) = (U1(x); :::; UM (x)):

The BICIE frontier is the boundary of the set V .
Observe, �rst, that the set Li(vi) := fx 2 D++ : Ui(x) � vig is compact

and bounded away from zero or empty. Next, for v = (v2; :::; vM ), we consider
the sets:

K(v) =
�
x 2 D++ : 8i � 2; Ui(x) � vi

	

L(v1; v) =
�
x 2 D++ : 8i � 1; Ui(x) � vi

	
:

Given the concavity of the utility functions and the previous remark on
Li(vi), it should be clear that K(v) and L(v1; v) are both convex, that L(v1; v)

is compact, and that V1 is the subset of R
M�1

consisting of the (M � 1)-
tuples v = (v2; :::; vM ) such that K(v) 6= ;. On the other hand, obviously,
K(v) � K(v0) as soon as v0 � v. It follows that V1 veri�es the free-disposal
property, i.e., that:

8v 2 V1; v �R
M�1

� V1:

We are now ready to show that V1 is open in R
M�1

. Let v = (v2; :::; vM ) 2
V1. By de�nition of V1, there exists a lottery x 2 D such that Ui(x) � vi 8i � 2.
Since the incentive constraints are veri�ed as strict inequality for individual 1
and since we restrict ourselves to strictly positive lotteries in D++, it is possible
to �nd " > 0 such that the vector x0 de�ned by:

8i;8l � L; x0li = xli

and x0L1 = xL1 � (M � 1)"; x0Li = xLi + "; 8i � 2;

still belongs to D++. Indeed, one veri�es that, for " small enough, x
0 2 L and

x0 still veri�es the incentive constraints (*). By construction, Ui(x
0) > Ui(x) for

all i � 2, which proves that there exists a point v0 = (U2(x
0); :::; UM (x0)) with

v0 > v. The orthant v0 � R
M�1

being a subset of V1, it follows that V1 is a
neighborhood of all its element, hence is open.

The next step is to show that V1 is convex: take v = (v2; :::; vM ) and v0 =
(v02; :::; v

0
M ) in V1 and some 
 2 [0; 1]. There exist x, x0 in D++ such that

8i � 2; Ui(x) � vi and Ui(x
0) � v0i. One has x

00 := 
x + (1 � 
)x 2 D++ and
8i; Ui(x

00) � v00i := 
vi + (1� 
)v0i. Hence, v
00 = (v002 ; :::; v

00
M ) 2 V1, so that V1 is

indeed convex.

5As in Holmstr�om & Myerson [15], we use the superscript � to emphasize that incentive
constraints are taken into account.
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Being open and convex, V1 is di�eomorphic to R
M�1

([14], Exercise 6, p.
20).

Note that the image by U of a subset of measure zero in L is of measure
zero, as U is di�erentiable6. Hence, the inverse image by U of a non-negligible

subset in R
M

is non-negligible.
The boundary of the set of utility levels feasible and incentive compatible is

equal to the set of utility levels induced by an interim eÆcient and Bayesian in-

centive compatible lottery and is a submanifold of R
M

di�eomorphic to R
M�1

.
Let u be the utility level induced by the allocation (xi)i. Since (xi)i is not
interim eÆcient, u does not belong to the boundary of the set V . Hence, there
is an open set in the relative interior of @V which Pareto dominates u. This
open set is non-negligible. Consequently there exists a non-negligible subset of
utility levels Bayesian incentive compatible and interim eÆcient that dominate
u and whose inverse image by U is non-negligible. Hence the set of interim
eÆcient and Bayesian incentive compatible allocations that dominate (xi)i is
non-negligible.

2

6.4 Strong Bayesian and collusion-proof communication

equilibria

We now present a new equilibrium concept, the strong Bayesian equilibrium,
which seems to be the correct extension of Aumann's strong Nash equilibrium
concept to an incomplete information setting. We also introduce the auxiliary
concept of a collusion-proof communication equilibrium, which is the internally
consistent extension of the strong Bayesian equilibrium. Through an exam-
ple, we show the impossibility of implementing eÆcient allocations with these
concepts which allow simultaneous deviations in types and actions.

In the de�nitions that follow, we use the same notations as in section 3.

De�nition 40 A contract (�; ~y) is a communication equilibrium with transfers

(ComE) if for every i 2 Im, ti 2 T
+
i , si 2 Ti and gi : Ai ! Ai,

U
~y
i (�jti) �

X
t�i2T�i

qi(t�ijti)
X

a2AIm

�(aj(tImnfig; si))u
~y
i ((a�i; gi(ai)); t):

At a ComE, no individual player has an incentive to misreport his type or
not follow the recommendation of �. Except for transfers that enter the payo�
functions, this concept is precisely Forges [11] de�nition of a communication
equilibrium. Note moreover that every ComE is a BIC, while the converse is
false.

6This property of U is crucial. There are well known examples of continuous functions
(i.e. the Peano curve, the Schoenberg curve) that map negligible sets (i.e. the Cantor set) to
non-negligible sets.
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We now de�ne a coalitional improvement.

De�nition 60 The strategy (�; y0) is a ComE-improvement of ; 6= S � Im
upon (�; ~y) in �y if

a) (�; y0) is a ComE for the revised game ��;~y;S ,

b) for every i 2 S and (ti; ai) 2 (Ti; Ai)
+ then

U
y0

i (�j(ti; ai)) � U
~y
i (�j(ti; ai));

with at least one strict inequality.

In words, we restrict attention to coalitional deviations where members of
the deviating coalition have some incentive to deviate (b), and some incentive
to share their information with the other members of the deviating coalition
(a). In the next de�nition, we focus on a smaller class of coalitional deviations,
namely those which cannot be improved upon by any other incentive compatible
and pro�table deviation of any subcoalition.

De�nition 70 Let �y be an extended Bayesian game, (�; ~y) a communication
contract and S � Im, S 6= ;. A ComE internally consistent improvement (ICI)
of S upon (�; ~y) in �y is de�ned by induction on the cardinality of S, as follows:

� If jSj = 1, then (�; y0) is a ComE-ICI if it is a ComE-improvement of S
upon (�; ~y). Note that in this case ~y = y0.

� If jSj > 1, then (�; y0) is a ComE-ICI of S upon (�; ~y) in �y if

{ (�; y0) is a ComE-improvement of S upon (�; ~y) in �y

{ if ~S � S and ~S 6= ;, then ~S has no ComE-ICI upon (�; y0) in the
game ��;~y;S .

De�nition 80 Let �y be an extended Bayesian game.

� A communication equilibrium with transfers (�; ~y) is a collusion-proof

communication equilibrium (cpComE) if no coalition of players has a ComE-
ICI upon (�; ~y).

� A communication equilibrium with transfers (�; ~y) is a strong Bayesian

equilibrium if no coalition of players has a ComE-improvement upon (�; ~y).

The strong Bayesian equilibrium and the collusion-proof communication
equilibrium cannot fully implement the incentive compatible interim eÆcient al-
locations. Indeed, when players are allowed to simultaneously deviate in types
and actions, they may get a �nal allocation which is strictly better for them
than the allocation they would get under truthful revelation, as Figure 1 shows.
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Figure 1

Indeed, assume that a player of type �1 gets the allocation X1 while when
he is of type �2, he gets X2. If, when he is of type �1, the player announces
he is of type �2 but is not allowed to deviate in actions, then he gets X2 as
�nal allocation, which is worse for him than if he had revealed his true type.
However, if he is allowed to also deviate in action, he could ensure himself the
�nal allocation X 0, which is strictly better for him.
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