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1 Introduction

Nash equilibrium rests on two assumptions. One is that players maximize
utility at no cost, with absolute precision, and under complete information
about the game. The other is that expectations about the opponents are
consistent, i.e., they are correct in equilibrium. In the light of both everyday
experience and experimental evidence these assumptions appear controver-
sial.

Therefore, theorists have turned to justifications for non-cooperative solu-
tions which mitigate these assumptions. One such approach has already been
suggested by Nash ((1950), p.21-23). It has become known as the “mass-
action” interpretation of Nash equilibrium and refers to a quasi-biological
setup (as initiated in biology by Maynard Smith and Price (1973), Maynard
Smith (1974), and Taylor and Jonker (1978)). Players are replaced by large
populations, one for each player position, of boundedly rational individuals
with little or no information about the game. Period after period agents are
randomly drawn to interact. Individual agents come “programmed” to use
a particular strategy, but occasionally they “wake up” and revise their rou-
tines. Strategy revisions may be guided by imitation (e.g. Bjoérnerstedt and
Weibull (1996), Robson and Vega-Redondo (1996)), myopic best replies (e.g.
Foster and Young (1990), Kandori, Mailath, and Rob (1993)), learning (e.g.
Borgers and Sarin (1997), Gale, Binmore, and Samuelson (1995)), or exper-
imentation (e.g. Bjornerstedt (1995), Binmore and Samuelson (1997)). In
the aggregate this yields a dynamic process on the population distributions
over strategies available to the various player positions. (The literature on
such models is too large to be reviewed here; see e.g. the survey by Mailath
(1998), or the textbooks by Hofbauer and Sigmund (1988), Weibull (1995),
Vega-Redondo (1996), Samuelson (1997), and Fudenberg and Levine (1998).)

Evolutionary models combine two processes. A selection process favors
some strategies over others. The variety of strategies on which selection op-
erates is created by a mutation process. Modelling approaches can be distin-
guished by which of these two processes they emphasize. Stochastic models
of finite, but large populations focus on the role of mutations (an approach
pioneered by Foster and Young (1990), Fudenberg and Harris (1992), Young
(1993a) and (1993b), and Kandori, Mailath, and Rob (1993)). They gener-
ate predictions in terms of stationary long run distributions (on appropriately
specified states). Deterministic continuous time dynamics emphasize the se-
lection process and take account of mutations by way of stability analysis



(see e.g. Taylor and Jonker (1978), Hofbauer and Sigmund (1988), Bomze
(1986), Nachbar (1990), Friedman (1991), Samuelson and Zhang (1992), or
Ritzberger and Weibull (1995)). Predictions are obtained in terms of dynam-
ically stable (mixed) strategy combinations or sets thereof.

Evolutionary predictions often, but not always, support the rationalistic
paradigm of Nash equilibrium. In many cases evolutionary dynamics even
select among Nash equilibria. This has raised the issue under which condi-
tions the predictions from evolutionary dynamics will agree or disagree with
non-cooperative solutions.

Focussing on (deterministic continuous time) selection processes, it has
been shown for the “replicator dynamics” that either convergence (of an in-
terior trajectory) or (Lyapunov) stability imply Nash equilibrium (Bomze
(1986), Nachbar (1990)) - a result which generalizes to a larger class of selec-
tion dynamics (see Nachbar (1990), Friedman (1991), Samuelson and Zhang
(1992), Ritzberger and Weibull (1995)). Swinkels (1993) shows that dynamic
asymptotic stability of a set of Nash equilibria, for a selection dynamics from
a wide class, implies (together with a topological condition) that this set
meets certain refinement criteria. Ritzberger and Weibull (1995) give a nec-
essary and sufficient condition in terms of the data of the game, “closure
under better replies”, for (the face spanned by) a product of pure strategy
sets to be asymptotically stable in a large class of selection dynamics. Balken-
borg and Schlag (2000) show that every (connected) asymptotically stable
set of rest points which contains a pure strategy combination is a “strict equi-
librium set”, i.e., a set of Nash equilibria which is closed under best replies.
For two-player games and for convex strict equilibrium sets they also show
the converse.

Many of these results concern sets of strategy combinations rather than
points. In a dynamic model set-valuedness is easier to interpret than in a
rationalistic approach. Dynamic stability simply predicts that, once in the
set, the population state will remain in the set, with no particular prescription
about which of its elements will obtain at any point in time.

This suggests that the appropriate object for dynamic considerations may
be connected components of Nash equilibria. The set of all Nash equilibria
for any finite normal form game consists of finitely many such connected and
closed components (see Kohlberg and Mertens (1986)). For generic extensive
form games the outcomes are even constant across equilibria in the same
component (see Kreps and Wilson (1982), Appendix A3).

But that an evolutionary process supports Nash equilibrium requires con-
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ditions on the dynamics. And this represents a major difficulty, because often
the precise form of the dynamics is unknown or only given by certain coarse
properties. A goal of research, therefore, is to find conditions which apply to
a class of selection dynamics as broad as possible, and still allow conclusions
on dynamic stability properties. Ideally, one would like to infer directly from
the data of the game whether certain components of Nash equilibria can be
dynamically stable for at least some from a wide class of selection dynamics.

1.1 Results

This is what the present paper aims at. We combine a focus on Nash equi-
librium components with minimal conditions on the selection dynamics. The
latter is modelled by a deterministic evolutionary selection dynamics in con-
tinuous time. In the light of recent approximation results (Pemantle (1990)
and Benaim and Weibull (2000), see also Boylan (1992), Binmore, Samuelson,
and Vaughan (1995), and Borgers and Sarin (1997)), however, the conclu-
sions obtained also have implications for some stochastic models of mutation
processes.

More precisely, selection dynamics on finite normal form games are con-
sidered for which Nash equilibria are rest points, which do not point out-
wards at the boundary of the strategy space, which are Lipschitz continuous
in mixed strategy combinations, and which satisfy a mild payoff consistency
condition. These are truly minimal conditions. All classes of (deterministic
continuous time) selection dynamics studied so far meet these criteria.

The first result gives a necessary condition for a Nash equilibrium com-
ponent to be asymptotically stable for some dynamics in this class. And the
second identifies a strong rationalistic implication of dynamic stability.

The necessary condition is as follows. If there exists such a selection
dynamics for which a given Nash equilibrium component is asymptotically
stable, the component is called potentially stable and we show that its index
(see Ritzberger (1994)) equals its Euler characteristic. Thus, for a compo-
nent to be asymptotically stable in some selection dynamics it is necessary
that the topological structure of the component, as described by the Euler
characteristic, agrees with the index.

This condition depends purely on the data of the game. Indeed it can
be shown (see Demichelis and Germano (1996) and (2000)) that the index of
a Nash equilibrium component is independent of the particular vector field
used to compute it. It can be expressed as the local degree of the projection
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mapping from the graph of the Nash equilibrium correspondence to the space
of games. By “local degree” we mean that the relevant projection is from a
neighborhood of the component in the graph to a neighborhood of the game.

The first result is then used to identify a connection to the strongest
rationalistic solution concept. Under the mild condition that the Euler char-
acteristic of the Nash equilibrium component is nonzero, potential stability
implies that the component contains a strategically stable set in the sense of
Mertens ((1989) and (1991), henceforth an M-stable set).

This generalizes the result by Swinkels (1993) in two respects. First, the
topological hypothesis of a nonzero Euler characteristic is weaker than the ex-
istence of a neighborhood (contained in the component’s basin of attraction)
which is homeomorphic to the strategy space - which is what Swinkels as-
sumes. Second, Swinkels deduces that the component contains a hyperstable
set (see Kohlberg and Mertens (1986)), while we obtain strategic stability in
its strongest form.

The added condition of a nonzero Euler characteristic also has evolu-
tionary significance. Call a Nash equilibrium component robustly potentially
stable if (it is potentially stable and) sufficiently small perturbations of the
dynamics (which justifies potential stability) still have zeros nearby. It can
be shown that a component with zero Euler characteristic cannot be robustly
potentially stable. Hence, the second result says that any robustly potentially
stable component contains an M-stable set.

1.2 Applications

There are a number of applications of these results. First, consider generic
normal form games for which all equilibria are reqular (see Harsanyi (1973),
van Damme (1987), Ritzberger (1994)). The index of a regular equilibrium
can only be +1 or —1. Moreover, if there are m equilibria with index +1,
there must be at least m — 1 equilibria with index —1 (see Giil, Pearce, and
Stacchetti (1993), and Ritzberger (1994)). Since the Euler characteristic of
a point is 41, no equilibrium with index —1 can be asymptotically stable in
any selection dynamics. Hence, in many games quite a number of equilibria
are ruled out by evolutionary considerations. This is despite the fact that
regular equilibria meet all known refinement criteria.

Second, if for general games attention is restricted to convexr (or merely
contractible) Nash equilibrium components, then the present result iden-
tifies those (contractible) components which can be asymptotically stable:



They must have index +1, because a contractible set has Euler characteristic
+1. This represents a generalization of the stability criterion for regular rest
points.

Third, the present approach reveals that not in all games evolution will
support Nash equilibrium. Examples can be constructed (see Examples 1
and 3 in Section 4 below) of games which do not have any Nash equilibrium
component for which the Euler characteristic agrees with the index. For such
games no component will be asymptotically stable in any selection dynamics.

Fourth, the present result yields a straightforward evolutionary analysis
of “forward induction” a la van Damme (1989) and Hauk and Hurkens (1999)
(see Example 1 in Section 4). Consider a two-player game where player 1
first chooses between an outside option and a simultaneous move subgame,
with a single equilibrium which yields 1 more than the outside option. If the
forward induction equilibrium in the subgame has index 41, the component
where player 1 takes the outside option fails potential stability. If it has index
—1, the game has no potentially stable component. In the first case evolution
unambiguously supports forward induction, in the second it remains agnostic.
This reproduces results by Hauk and Hurkens (1999).

Fifth, the role of assumptions explicitly or implicitly used in other mod-
els is clarified. As mentioned, Swinkels (1993) uses the topological condition
that the asymptotically stable set has a basin of attraction which contains a
neighborhood homeomorphic to the space of (mixed) strategy combinations.
This is assuming a version of contractibility. Ritzberger and Weibull (1995)
consider faces which are convex sets by construction and, thus, have Euler
characteristic +1. Balkenborg and Schlag (2000) need convexity of the strict
equilibrium set to establish asymptotic stability. All these assumptions re-
strict the topological structure of the set under scrutiny. In view of the
present result this is necessary to enable asymptotic stability.

Finally, the result can be used to clarify an ambiguity in Corollary 4 of
Ritzberger and Weibull (1995). They conclude from asymptotic stability of
a face (in a “sign-preserving” dynamics) that it contains an essential compo-
nent of Nash equilibria and a hyperstable set. But an essential component
need not contain a hyperstable set (see Hauk and Hurkens (1999) for an
example). Still, their statement is correct for the following reason.

Given a selection dynamics in which a face is asymptotically stable, mod-
ify the vector field such that the face consists entirely of zeros, by multiplying
with the (product of the weights of all) strategies which are not used in the
face. Since (on the interior) this is a reparametrization of time, it only
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changes the velocity, but not the orbits implied by the vector field. Hence,
the face remains asymptotically stable. Since a face is convex by construc-
tion, our first result implies that its index must equal the Euler characteristic
+1. Since the index sum of Nash equilibrium components contained in the
face is +1, the asymptotically stable face must contain a Nash equilibrium
component with nonzero index. But a Nash equilibrium component with
nonzero index does contain a hyperstable set (and, in fact, an M-stable set).

Furthermore, our second result lends evolutionary support to “backwards
induction”. Consider any (finite) extensive form game. By the second result,
no component which fails to contain a sequential equilibrium (see Kreps and
Wilson (1982)) can be robustly potentially stable. Hence, if at all, evolution
favors backwards induction.

In particular, for generic perfect information extensive form games Kuhn’s
algorithm identifies a unique subgame perfect equilibrium. Since generically
outcomes are constant across each component, such a game has a unique
Nash equilibrium component which can be robustly potentially stable: The
backwards induction component. This observation parallels results by Cress-
man and Schlag (1998) and Hart (1999).

Yet, the second result not only shows that robust asymptotic stability
in some dynamics supports strategic stability. Depending on the applica-
tion, it can also be used in a purely static framework. In some games it is
computationally easier to construct a dynamics for which a component is
asymptotically stable than to verify M-stability. Since the Euler characteris-
tic is also easy to compute, robust potential stability can be used to identify
M-stable sets.

The rest of the paper is organized as follows. Section 2 describes evolu-
tionary selection dynamics on games and briefly reviews index theory. Section
3 contains the two main results. Section 4 considers examples, and Section
5 concludes. An Appendix contains the more technical proofs of the two
theorems.

2 The Model

The analysis will focus on two objects. First, f will be a vector field on
a smooth orientable K-dimensional manifold ©, i.e., a Lipschitz continuous
function from © to the tangent space of ©. Second, C' C © will be a compact
connected component of zeros for f. To avoid pathologies, it is assumed that
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C' is a semi-algebraic set and, therefore, homeomorphic to a polyhedron and
neighborhood retracts exist.

The results will be phrased in these general terms. Yet, first it will
be pointed out how the objects from evolutionary game dynamics can be
adapted to fit this general framework.

2.1 Game Dynamics

An evolutionary game dynamics is given by a vector field on the space of
mixed strategy combinations. Two minimal technical assumptions invari-
ably adopted on such dynamics are Lipschitz continuity in mixed strategy
combinations and that the vector field does not point outwards at the bound-
ary of the strategy space. The first ensures existence of a unique solution to
the associated (system of) differential equation(s) for any initial condition by
the Picard-Lindelof theorem. The second guarantees that the strategy space
is forward invariant.

A minor technical difficulty is that the space of mixed strategy com-
binations is not a smooth manifold. It is diffeomorphic to an orthant of a
Euclidean space, but not to a half-space. Thus, it will first be shown that any
such vector field can be continuously extended to a manifold with boundary
which properly contains the strategy space, without adding zeros.

Consider a finite n-player normal form game I' = (S, u), where S = x_,S;
is the product of the n sets S; of pure strategies for players ¢ = 1, ...,n, each
with a finite number K; = |S;| > 1 of elements, and u = (uy,...,u,) : S — R"”
is the payoff function. For each player : number pure strategies from 1 to

i K . . .
K;, so S; = {3{} E Denote by o; = (01 ...,aKl_l) € %; a typical mixed
‘]:

79 [
%

1-Kilgl =g, (szKlg >0foralli=1,..,n Let ¥ = xP 3, be the space

j=1 0i =
of mixed strategy combinations.

strategy for player i, where o7 = o; (sj) > 0forall j =1,...,K;,—1 and

Proposition 1 There exists a convex compact K -dimensional manifold ©
with boundary 00, where K = " | K; — n, such that ¥ C (©\ 00) and
every (continuous) vector field f on Y which does not point outwards at the
boundary 0% of ¥ has a continuous extension f to © which satisfies

(a) f71(0) C ¥ and

(b) f points strictly inwards at the boundary 0O of O.



Proof. For some ¢ > 0 let

Zf = {0'2' € REi—1

ol > —e,Vj=1,. iiﬁ } (1)

Hence, for ¢ = 0 this is player i’s mixed strategy space and for £ > 0 it is
a copy of ¥; = X¢ with a collar attached. Accordingly, ¥ = x7 ;X5 is the
collared version of ¥ = 3¢ for € > 0.

For £ > 0 define the function 7. : ¥* — R by

n Ki—1 _j Ki—1 _j
ol +¢ ol +¢
- 1 2 II 7
e (0) = ([I( jzl 1—|—5K2~) i 1+5K2~)

=1

It is easily verified that 0 < 7, (¢) < [[", K; % for all ¢ € ¥° and that
7 (o) > 0 if and only if o € intX* = 3¢\ 9¥°. For all o € int X the
gradient of 7.

1 1 Y
VU/]TE o :7T€ g - — o
(o) ( )(<a£+a 1+e—25411”5")j=1 >z'1

exists. Choose 6 with 0 < § <[], K;* and let ©5 = {0 € X |r. (o) > §}.
By the formula for the gradient on the interior, V,7. (¢) = 0 if and only if
al—liforallj—l ,Ki—1landalli=1,. nButat(r:K%forall

j and all ¢ the function 7. takes the value Hi:l K; % > 6. Tt follows that
whenever 7. (o) = 6, then the gradient V, 7. is nonzero and, consequently, ¢
is a regular value for ..

Hence, O is a smooth manifold with boundary 90; = 7= (§) and di-
mension K = Y7 | K; — n. Its tangent space is simply RX. That Oy is
compact follows from the construction. Convexity of ©s follows from con-
cavity of 7. (because the second partial derivatives are all negative). Because
771 (6) C int X° we have O5 C int X°. As § goes to zero 72! (§) approaches
the boundary 0% of ¢, for any £ > 0. Therefore, 6 can be chosen such that
¥ C (Os \ 095). This is the required manifold O.

Figure 1 illustrates the construction for K; = 2 and ¢ = 1,2. The shaded
area indicates the e-collar around ¥ = [0, 1]2 and the smooth closed curve
within the shaded area delineates the manifold ©.




Figure 1

Next, let f be a vector field on ¥. For each player ¢ and each o; € ¥
define z;(0;) = argmingey, || — 0;||. This function is the identity on X,
satisfies x; (0;) € 0%; for all o; € X2\ ¥;, and is such that z;(0;) — o; is
perpendicular to the boundary 0%; of ¥; wherever possible. Define = : ¥° —
S by z(0) = (21(01), ..., Zn(0y)). Given f on ¥, it is extended to © by

f(0) = f(x(0)) +2(0) —0 (2)

If there would be some o € ¥\ ¥ such that f(o) =0, then

f (@(0)) - (x(0) = o) + ||2(0) = ol = 0
would imply that f (z(0)) - (¢ —z(0)) > 0

because o ¢ ¥ implies (o) # 0. But the latter contradicts the assumption
that f is weakly inward pointing at the boundary 0% of ¥. Hence, the
extension f has no zeros outside of ¥, as required by (a). Moreover, since
at the boundary 00 of © the extended vector field f is the sum of a weakly
inward pointing and a strictly inward pointing vector field, it is strictly inward
pointing at 0O, as required by (b). Q.E.D.
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The technical assumptions of Lipschitz continuity and that the vector
field points weakly inwards at the boundary of ¥ do not provide any link
to the payoffs for the game. The latter requires an extra condition. For the
present purpose, the weakest form of payoff consistency will do.

Definition 1 A payoff consistent selection dynamics is a Lipschitz

continuous vector field f = (fi,..., fn) on ¥ which points weakly inwards
along the boundary of ¥ and satisfies for alli =1,....n and all 0 € 3
filo) - Ve, Ui(o) 2 0 (3)

where V,,U; denotes the gradient of the extension U; of the payoff function
u; to mixed strategy combinations with respect to playeri’s strategy o; € 3;.

Condition (3) is a mild condition, satisfied by all classes of evolutionary
selection dynamics studied so far in the literature. It, roughly, says that for
each player position/population i the vector field points in the direction of
nondecreasing average population payoffs. Swinkels (1993) calls such vector
fields “myopic adjustment dynamics” if every Nash equilibrium is a zero.

The literature has focussed on two subclasses thereof, “payoff monotonic”
and “payoff positive” (or “sign-preserving”) selection dynamics. A regular
selection dynamics is a vector field f on ¥ such that growth rate functions
gl satisfying f/ (0) = g/ (0)o forall o € ¥, all j = 1,...,K;, and all i =

1,...,n, can be chosen Llpschltz continuous, Where Ko ) = — Zﬁfl fi (a)
and aKl =1- Zﬁfl ol for alli = 1,...,n. A regular selection dynamics is
payoff monotonic if for all ¢ € &, all i = 1,...,n, and all s/, sh e S,

gl (0) > gl (0) & Ui (o, z)>U(o st (4)

(see Weibull (1995), Definition 5.5; the same property appears under differ-
ent names in Nachbar (1990), Friedman (1991), and Samuelson and Zhang
(1992)). A regular selection dynamics is payoff positive if for all o € X, all
i=1,..,n,and all & € S,

sign (gf (0)) = sign (Ui (a,i, 3{) - Ui(a)) (5)

(see Weibull (1995), Definition 5.6; see also Nachbar (1990) and Ritzberger
and Weibull (1995)). These two classes are distinct, but overlap. Their
intersection contains the “payoff-linear” (Weibull (1995), Definition 5.7) or
“aggregate monotonic” (Samuelson and Zhang (1992)) selection dynamics,
of which the replicator dynamics is the most prominent example.
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Proposition 2 FEvery payoff monotonic or payoff positive selection dynam-
ics is payoff consistent.

Proof. (a) Let f be the vector field of a payoff monotonic selection dynamics
and g the associated growth rate function. Choose a player position ¢ and a
strategy combination o € ¥ and assume without loss of generality that

gi (0) > gl (0) > ... > g{ (0)

There are two possibilities: Either fi(o) =0forall j =1,..., K; or there is
j < K; such that f/(o) > 0. In the first case fi(o) - V,,Ui(c) = 0 verifies
payoff consistency, (3). In the second case there exists | < K; — 1 such that
f1 (o) > 0> fo) for all j <1< h. Hence,

K;—1

fi(o) - Vo, Ui(o) = Zl (o) {Ui (a,i,sg) _ (O_%ng)} _
Sl 00 01 (0 o)~ o)+

igzh (o) o7 [Uz' (04,8?) ~U; (a,i, sm >0
h=l

verifies (3).
(b) Let f be the vector field associated with a payoff positive selection
dynamics. Then, for allt=1,...,n

i) Vo lido) = X2 110 [U (o) = U (o)) =

30! ()01 [U: (7-5:51) ~ U] 20

verifies payoff consistency, (3). Q.E.D.

Proposition 2 shows that most of the dynamics studied in the literature
are payoff consistent. Thus, adopting (3) represents a sufficiently broad class
of dynamics.

When dynamics on games are considered, the component C' C O of zeros
will be assumed to be a connected component of Nash equilibria. This is done
to exhibit the relation between the non-cooperative concept of the index of
a Nash equilibrium component with evolutionary stability properties.
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Definition 2 A Nash dynamics is a payoff consistent selection dynamics
such that f(o) =0 if and only if o € ¥ is a Nash equilibrium. The set of all
Nash dynamics is denoted F.

Many selection dynamics on games, however, allow rest points which are
not Nash equilibria. There are two reactions to this issue. One is to let C'
simply be a connected set of zeros for the vector field, assign an index to
C the same way it would be done for Nash equilibrium components, and
interpret the first result as relating this index to the Euler characteristic of
C.

The other approach is to slightly modify the vector field such that its
zeros coincide with the Nash equilibria of the game. It will now be shown
that every payoft consistent selection dynamics is effectively homotopic to a
Nash dynamics and the local behavior in first-order approximation around
equilibria is unaffected by the homotopy. (For f € F denote by D, f (5) the
Jacobian at 7.)

Proposition 3 For every payoff consistent selection dynamics f for which
all Nash equilibria are zeros there is a continuous function G : ¥x[0,1] — RE
such that

(a) g» = G (., ) is a Nash dynamics for all X > 0,

(b) go = f, and

(¢) Dogr () = Dyf(5) whenever & € 3 is a Nash equilibrium for all
A e 0,1].

Proof. Let f be a payoff consistent vector field on © such that f~1(0) C X2
and all Nash equilibria of the game belong to f1(0), but there may be more

zeros. Let p : R — R, be defined by p(y) = 0 for all y < 0 and p(y) = e v
for all y > 0. This is a smooth function such that p(y) > 0 if and only if
y > 0. Define for each player ¢ and every j = 1, ..., K; the smooth function
P/ 0¥ — Ry by Pl(o) = p (UZ- (0_2-,55) - Ui(a)). Then the vector field
b= (by,....,b,) : ¥ — RF defined by

(o) — (PO = S, P )\
e 1+ S5, Pl (o)

(6)

j=1

for all 7, is a smooth version of the dynamics introduced by Brown and von
Neumann (1950). Since it is based on the Nash mapping (Nash (1951)), it
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can be verified that b(c) = 0 if and only if o is a Nash equilibrium. Hence,
b=1(0) € f71(0). Therefore, a one-parameter family of vector fields gy for
A € [0, 1] can be introduced by gy = f 4+ Ab (with g, extended to O as in (2)),
such that g, = f. Moreover, all zeros of g, for A > 0 are Nash equilibria.

To see the latter, first note that, because of (2), gy*(0) C %, for all
A € [0,1]. Suppose there is @ € g5 *(0) which is not a Nash equilibrium for
A > 0. Observe that b is payoff consistent, (3), and that b;(c) - V,,U;(0) = 0,
for all 4, if and only if o is a Nash equilibrium. Then, g,(7) = 0 implies for
all ¢
fz(a') : VUiUi(Ff) + )\bz(a') : V(”Ui(a') - O
so that f;(7) - V,,U;(6) < 0, in contradiction to the assumption that f is
payoff consistent, (3). Hence, all zeros for g, with A > 0 must be Nash
equilibria.

The Jacobian D,b of the vector field from (6) at any zero of b (i.e., at any
Nash equilibrium) is identically zero. Therefore, in first-order approximation
the behavior of g, around equilibria is locally the same as the behavior of
f = go, for all X € [0,1]. Q.E.D.

While focussing on Nash dynamics slightly narrows down the allowed
class of dynamics, Proposition 3 shows that the entailed loss of generality is
small. Therefore, the component C' of zeros will henceforth be taken to be a
connected component of Nash equilibria, i.e., we will focus on Nash dynamics
f € F. Invoking Proposition 1 the domain of f will be taken to be ©.

For a vector field f € F on O, its associated flow is denoted F; (o) for all
t € R, where 0 = F,(0) is the initial condition. A set B C © is invariant
(resp. forward invariant) if Fi(c) € B for all 0 € B and all t € R (resp.
all t > 0). A closed invariant set B C © is (Lyapunov) stable if for every
neighborhood V}; of B there is a neighborhood V}} of B such that Fi(o) € V},
for all o € V/NO and all t > 0. It is asymptotically stable if it is stable and
there is a neighborhood Vg of B such that min,cp |0 — F;(0°)|| —¢—t00 O
for all 0% € Vg N O.

An invariant, stable, or asymptotically stable set need not be a set of
rest points. A set of rest points, on the other hand, is always closed and
invariant. Here we focus on stability properties of sets of rest points or, more
precisely, of connected components of Nash equilibria. The key concepts are
as follows.

Definition 3 A connected component C' of Nash equilibria for T' is (dynam-
ically) potentially stable if there exists a Nash dynamics f € F such that C
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is asymptotically stable for f. It is robustly potentially stable if it is po-
tentially stable and any sufficiently small perturbation f of f has zeros close
to C.

The strengthening of potential to robust potential stability is again mo-
tivated by the desire to eliminate a dependence on the precise specification
of the dynamics.

2.2 Index Theory

Next, we turn to a classification of Nash equilibrium components. If C C ©
is a Nash equilibrium component, there exists a relatively compact neigh-
borhood V' of C' which isolates C, i.e., such that V N f~1(0) = C for any
f € F. This isolating neighborhood can be used to assign an inder to the
component (see Ritzberger (1994)).

If C happens to be a regular zero, i.e., a point C' = {7} where the Jacobian
D, f(7) is nonsingular, its index is given by

ind ; (5) = sign (|—=Ds f(7)]) (7)

where |- D, f| denotes the determinant of (—1 times) the Jacobian D, f eval-
uated at . For an arbitrary component C, if f is a (sufficiently small) per-
turbation of f which is equal to f outside of V' and such that all of its zeros
in V' are regular, then

Ind(C)= )  indj(o) (8)

cef-10)nV

provides an elementary definition of the index. Such “regular” perturbations
f of f can be shown to exist by Sard’s theorem.

The subscript on Ind (C') has been dropped in (8), because it can be shown
that it does not matter which particular vector field f is used to compute the
index, as long as f satisfies all properties of a payoff consistent dynamics,
except possibly (3) (see Demichelis and Germano (2000)). Moreover, due
to the Poincaré-Hopf theorem, the index sum across all Nash equilibrium
components is a constant, the Euler characteristic +1 of X.

It can be shown that the index of a component agrees with the local
degree of the projection mapping from the graph of the Nash equilibrium
correspondence to the space of games (see Demichelis and Germano (1996)
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and (2000)). Hence, the index provides a classification of Nash equilibrium
components which depends only on the (local) geometry of the equilibrium
correspondence. Still, it will be shown that the index - combined with infor-
mation on the topological structure of the component - also carries potential
information about dynamic stability.

The required extra information, the Euler characteristic, is also easy to
compute. Since every component C' of Nash equilibria is a semi-algebraic set
(see Blume and Zame (1994)), it admits a finite triangulation. If 7, denotes
the number of its “faces” of dimension k, the Euler characteristic is given by
the alternating sum

X(C) =3 (=1)"r (9)

k=0
The Euler characteristic is a topological invariant and, therefore, does not
depend on the choice of the triangulation.

3 Potential Stability

The first result says that for a component to be potentially stable its index
must agree with its Euler characteristic. To develop some intuition, consider
first the generic case of a regular equilibrium. Its index is either +1 or —1.
If it is asymptotically stable for some f € F, then all eigenvalues of the
Jacobian at the equilibrium must have negative real parts. Hence, its index
must be +1, which is the Euler characteristic of a point.

The theorem would also be more transparently to prove, if C' would admit
an invariant neighborhood Vi which is a manifold with boundary and defor-
mation retracts onto C'. The logic of the proof would then, very intuitively,
run as follows. Since Vi would be invariant, an appropriate perturbation
of f would give a vector field on Vi which points inwards at the boundary
0V¢ and has only finitely many regular zeros. The index sum across these
zeros would then equal the Euler characteristic of V> which must agree with
X(C), because C' is a deformation retract of V. By definition, this would
then agree with Ind (C).

Since in general such an invariant neighborhood Vi may not exist, the
translation of this logic into a proof requires technicalities which are relegated
to the Appendix. Here only the statement of the theorem is presented.

In general terms, let f be a Lipschitz continuous vector field on a smooth
orientable K-dimensional manifold © and C C f~1(0) C © a compact con-
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nected semi-algebraic set of zeros for f. Denote by F; the flow associated
with f for all ¢ € R and by x(C) the Euler characteristic of C.

Theorem 1 If C is asymptotically stable for Fy, then x(C) = Ind (C).

Proof. See Appendix.

For evolutionary selection dynamics on games Theorem 1 means that if
a component of Nash equilibria is potentially stable, then its index equals its
Euler characteristic. The converse of Theorem 1 is not true. Example 2 in
Section 4 below illustrates this.

For the moment, consider a potentially stable component with zero index.
The definition of the index, (8), suggests that the vector field (for which
the component is asymptotically stable) may be slightly perturbed so as to
remove all zeros close to the component. For instance, consider a component
which is homeomorphic to a circle. (The circle has Euler characteristic zero,
so this is compatible with potential stability and the index.) The vector field
could be slightly modified such as to induce a slow motion along the circle,
removing all rest points.

For evolutionary predictions this would cause a problem. If a component
can be asymptotically stable, but only in exceptional cases, then the predic-
tion requires deep trust in the precise specification of the dynamics. Unless
the application justifies such confidence, strengthening the criterion to robust
potential stability seems natural. Such robustness yields a first connection to
rationalistic criteria.

An equilibrium component is essential, roughly, if every nearby game has
an equilibrium close to the component (see Jiang Jia-He (1963)). Obviously,
a robustly potentially stable component must be essential. For, if it would
be potentially stable, but not essential, then around the component the dy-
namics could be modified towards the dynamics of a nearby game with no
equilibrium (rest point) close to the component. Hence, it would not be
robustly potentially stable. The next result makes this precise.

Proposition 4 Any robustly potentially stable component has nonzero Fuler
characteristic and is essential.!

LA partial converse of the first part of Proposition 4 is obvious. If C is potentially
stable and x (C) # 0, then Ind (C') # 0 by Theorem 1 and any perturbation of f must
have zeros in V' by the definition of the index, (8).
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Proof. Assuming that the equilibrium component C'is asymptotically stable
for f € F, we show that if y (C) = 0, then there is an arbitrary small
perturbation f of f such that f ~1(0) NV is empty, where V is the isolating
neighborhood of C.

By the hypothesis and Theorem 1, Ind (C') = 0. Let f be a small pertur-

bation of f such that f = f outside int (V) and
fFHoynv = {01, o O'm} Cint (V)

where the ¢™’s are regular zeros for all b = 1,...,m. By (8) X, ind ; (0") =
0 must hold. By Lemma 2.9 of Hirsch ((1976), chp. 5, p. 137) there is a
function g : V' — RX \ {0} such that g = f on V. Finally, glue g and f on
0V and smooth the result by a small perturbation around 0V such that no
zeros are introduced. The resulting map is f.

Hence, if C' is robustly potentially stable, then x (C) # 0. Thus, by
Theorem 1, Ind (C') # 0 and, therefore, C' is essential (by Theorem 4 of
Ritzberger (1994)). Q.E.D.

That robust potential stability has rationalistic implications is to be ex-
pected. Many non-cooperative refinement concepts, including strategic sta-
bility, are defined by robustness criteria, albeit mostly in strategy perturba-
tions. What is less obvious is that robust potential stability is more than
what is needed for even the strongest rationalistic criterion.

The next theorem adds to potential stability only the condition that the
Euler characteristic of the component is nonzero. Proposition 4 shows that
this is a weaker hypothesis than robust potential stability. Yet, it is sufficient.
By Theorem 1 potential stability and a nonzero Euler characteristic imply
that the index of the component is nonzero. And this is sufficient for the
component to contain an M-stable set.

Theorem 2 If C' is a potentially stable component with x (C) # 0, then it
contains an M-stable set.

Proof. See Appendix.

A converse of Theorem 2 is not true. A component can contain an M-
stable set and have nonzero Euler characteristic, but may still not be poten-
tially stable. Example 2 in Section 4 below illustrates this possibility.

Theorem 2 constitutes strong evolutionary support for the rationalistic
paradigm, when robustly potentially stable components exist. In this case
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the evolutionary prediction agrees with the strongest known non-cooperative
criterion. Unless a component contains an M-stable set, it cannot be robustly
potentially stable.

When T is the normal form of some extensive form game, this provides
an evolutionary foundation for backwards induction, because any M-stable
set contains a proper equilibrium, and any proper equilibrium induces a
sequential equilibrium in any compatible extensive form (see van Damme
(1984), Kohlberg and Mertens (1986), Proposition 0).

Corollary 1 Any robustly potentially stable component contains a proper
(and, hence, sequential) equilibrium.

For the normal form of a generic perfect information extensive form game
there is a unique component which induces the backwards induction outcome.
All other equilibrium components must have index zero, because otherwise
they would contain an M-stable set (this is what the proof of Theorem 2
shows) and, hence, a proper (sequential) equilibrium. Therefore, the unique
backwards induction component has index +1.2 So, in these games either
evolution unambiguously supports backwards induction or there is no equi-
librium outcome supported by potential stability. This simple observation
mimics results by Cressman and Schlag (1998) and Hart (1999).

4 Examples

Example 1 The first (class of) example(s) illustrates both the cutting
power of potential stability and its possible failure of existence. Consider
“outside option games” with unique forward induction equilibria. These are
two-player games where player 1 can first choose either an outside option,
or to move into a (finite) simultaneous move subgame. The subgame is
assumed to have only one equilibrium which yields player 1 more than the
outside option (see van Damme (1989) or Hauk and Hurkens (1999)). Such
a game has two components of equilibria, one where player 1 moves into the
subgame and his preferred equilibrium is played - the “forward induction”
equilibrium - and a higher-dimensional component where player 1 takes the
outside option.

2Moreover, we conjecture that the backwards induction component for such games is
contractible and, thus, also has Euler characteristic 41, i.e., it always meets the necessary
condition for potential stability. This conjecture is based on Lemma 2 of Swinkels (1992).
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The main argument about such games is that, if the “forward induction”
equilibrium is “viable” (van Damme (1989)), then player 2 should conclude
from the fact that she gets to move that player 1 intends to play her preferred
equilibrium. Such a forward induction argument, of course, depends on what
“viable” means. In the present context a straightforward interpretation is
suggested.

Consider the generic case where the “forward induction” equilibrium is
regular. Then it has either index +1 or —1. If it has index +1 (e.g. because
it is strict), then the outside option component must have index zero. If it
has index —1, the outside option component has index +2 (for an example
see Hauk and Hurkens (1999), Fig. 8). But the outside option component
is convex and, therefore, has Euler characteristic +1. By Theorem 1 the
outside component cannot be potentially stable in either case. In the first
case potential stability uniquely selects the “forward induction” equilibrium.
In the second case, where the equilibrium of the subgame is mixed, there is
no potentially stable component.

These simple calculations mimic the results by Hauk and Hurkens (1999).
And the suggested interpretation of a “viable” forward induction equilibrium
is that it be potentially stable.

Example 2 The second example also serves double purpose. Consider the
three-player game in Table 1 (a slight extension of an example by Hofbauer
and Swinkels (1995)), parametrized by ¢ € [0, 1]. (Player 1’s payoff is in the
upper left, 2’s in the middle, and 3’s in the lower right corner.)

53 5 53 s
0 —q 0 -1
s —q 0 s 0 -1
0 0 —q —1
—1 0 —q 0
57 -1 0 52 0 —q
—1 —q 0 0
S3 s5
Table 1

First, let ¢ = 0. Then the game has two components of equilibria. The
first, C1, is a singleton where all players use all their strategies with proba-
bility % The second, C5, is homeomorphic to a circle and connects, by the
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corresponding edges, the pure strategy combinations (s?, s3,s3), (s%, s}, s2),

(s1,83,83), (sh,sd,8d), (s1,82,83), (s%,s3,sL), back to (s2,s2 s2). (Hence, Cy
does not satisfy the topological condition used by Swinkels (1993).)

We claim that the singleton component C; = {7} cannot be potentially
stable, but that Cy is. At ¢ = 0 all three players have the same payoff
function which serves as a Lyapunov function. By payoff consistency, (3),

dU 3
Z ) Vo,U; (o Z fi(0) - Vo,Uj (o) >0

for all . Choose o € intX arbitrary close to & such that U; (0) > —1 =
U; (7). From such an initial condition the trajectory can never converge to
7, because the payoff cannot decrease. Hence, C} = {7} is not potentially
stable. On the other hand, since C5 constitutes the unique set of payoff
maximizing strategy combinations where U;(o) = 0 for all ¢, the component
Cy is asymptotically stable for any Nash dynamics for which (3) holds with
strict inequality outside the set of Nash equilibria.

It follows from Theorem 1, x (Cs) = 0, and the additivity of the index that
Ind (Cy) = 0 and Ind (C;) = +1. This shows that the converse of Theorem
1 is false. For C; = {7} the index agrees with the Euler characteristic,
X (C1) = +1, but C; cannot be potentially stable.

This example also shows that a converse of Theorem 2 is false. The
component C) = {7} is a singleton M-stable set (because it is completely
mixed) with nonzero index and Euler characteristic (both equal to +1), but
it is not potentially stable.

Whether a potentially stable component with zero Euler characteristic
may occasionally contain an M-stable set we do not know. But we see no
reason why there should not be such cases.

For the present example with ¢ = 0 the component C; contains a strate-
gically stable set in the sense of Kohlberg and Mertens (1986), henceforth a
KM-stable set. To see this, let 7, = (n,n?) > 0 be the vector of strategy
perturbations with n} + n? < % for players ¢ = 1,2,3. For each such pertur-
bation vector n = (1y,15,13) € Ri . select for the corresponding perturbed
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game I'(n) the following equilibria:

if ol >nl, Vi,j, or

ol =oh =0} =mn

ol =o03=o3=mn if ny>nl, Vi, j, or
o =os=0oy=n; if n5>nl, Vi, j, or
ot =03=03=n} if n}>nl,Vi,j, or
ot =oy=0}=n3 if n3>nl,Vij, or
ot =os=0}=n} if ni>nl,Vi,j, or

where 7 = 1,2 and ¢ = 1,2,3. It can be verified that each of these strategy
combinations is an equilibrium of I'(n) under its associated restriction on 7.
Each of the six cases where the maximal perturbation is unique approximates
precisely one of the vertices in Cy, and two players are always indifferent at
those equilibria.

Since the regions defined by the restrictions on 7 jointly cover the space
of all strategy perturbations, we have identified an equilibrium close to the
union of the six vertices of Cy for all (sufficiently small) strategy perturba-
tions. Moreover, these equilibria remain when for some player a mixture is
added as a pure strategy. Hence, (the union of the six vertices in) Cy contains
a KM-stable set.

Yet, a potentially stable component with zero Euler characteristic need
not contain an M-stable set. The easiest way to see this is to let ¢ € [0, 1] be
the (mixed) strategy of a fourth player (with two pure strategies) for whom
g = 0 is a strictly dominant strategy. By payoff consistency, (3), %? <0
must hold for any Nash dynamics, so C; remains asymptotically stable and
equilibria and the index calculations remain as before.

But now C5 does clearly not contain an M-stable set. To test for strategic
stability strategy trembles have to be considered. Yet, if ¢ > 0 then there is
no Nash equilibrium (of the game among players i = 1,2, 3) close to Cy. (The
only equilibrium for ¢ > 0 is 7.) Note that all equilibria in Cy are perfect
and, indeed, proper (because each player has only two pure strategies). Still,
(s fails the test for M-stability.

This shows that in Theorem 2 the hypothesis of a nonzero Euler char-
acteristic is necessary. With four players the component C, is potentially
stable, but has zero Euler characteristic and does not contain an M-stable
set. Indeed, by slightly modifying the vector field the movement along the
circle for ¢ > 0 can be extended to ¢ = 0 so as to remove all zeros at Cs. So,
C5 is not robustly potentially stable.
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Example 3 The last example illustrates the limitations which arise from
using asymptotic stability as the relevant dynamic stability criterion.

sl 52 5
1 0 -1

51 1 1 1
, =1 0 1

51 0 0 0

a1 0 )
1 1 1 )

Table 2

In the two-player game in Table 2 (due to Kohlberg and Mertens (1986),
p.1034) the set of all Nash equilibria is a single connected component which
is again homeomorphic to a circle. It consists of the edges connecting the

pure strategy combinations (si,s3) and (si,s3), (si,s3) and (s2,s3), (s%,s3)

and (s?,s3), (s1,s3) and (s3,s3), (s9,s3) and (s%,s3), and back again from
(s3,s3) to (s, s3). Hence, the only component of equilibria has index +1 and
Euler characteristic zero. By Theorem 1 it cannot be potentially stable.

Yet, both the second and third strategy for each player is weakly domi-
nated (by the first). It is known (see Weibull (1995), Proposition 5.8) that if
a weakly dominated strategy does not vanish along an interior solution path
to a payoff-linear selection dynamics, then the opponent’s strategy against
which it does worse (than the dominating strategy) must vanish along that
path. Hence, if 07 does not converge to zero, then o} , must converge to
zero, for i = 1,2 and any interior trajectory. Likewise, if o} + 02 does not
converge to 1, then o} , + o%_, must converge to 1, for i = 1,2 along any
interior trajectory.

If 0? converges to zero along an interior path, then in a payoff-linear
dynamics o} must converge to 1. But this implies that o2 , converges to
zero, so that lim; ... 0; = (1,0) and lim; .o 03_; = (y,0) for y € [0,1],
for ¢+ = 1,2. Hence, the limit point is a Nash equilibrium for any interior
trajectory where o2 converges to zero, for i = 1,2. If 02 does not converge to
zero along an interior path, then o} , must converge to zero, for i = 1,2. But
if o1 . converges to zero, then in a payoff-linear dynamics the growth rates
of o} and % become identical and nonnegative. Thus, o} + o7 converges to 1
along an interior path. But then either 02 , — 0 or o} — 0. In the fist case
we are back to the previous argument and conclude that the limit point is a
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Nash equilibrium. If o} — 0, then all limit points sit on the edges connecting
(s2,52) with (s2,s3) or with (s3,s2). Those are again all Nash equilibria.
The conclusion is that all interior paths will converge to a Nash equi-
librium. Yet, Theorem 1 asserts that the set of Nash equilibria cannot be
asymptotically stable. This is due to a failure of Lyapunov stability.
Consider the face where o} + (7 =1for¢=1,2 and, say, the replicator

dynamics. The latter becomes &; = 20} (1 — 01) ol ,, so ol = 0 implies

6; = &5, = 0 for i = 1,2. This means that the edges connecting (s2, s2)
with (s, s3) and with (s?,s3) consist entirely of zeros. Therefore, trajecto-
ries starting on these edges do not converge to (s?,s2) and the set of Nash
equilibria is not asymptotically stable in the replicator dynamics.

If the replicator dynamics would be slightly modified, as in Proposition
3, then the movement along the edges connecting (s?,s3) with (s},s2) and
with (s, s3) would be away from (s?, s3). Hence, a trajectory starting close
to (s%,s2) would leave a neighborhood of the component, cross the interior
of the face, and eventually return to a Nash equilibrium “at the other end”,
close to (an edge containing) (s, s3).

While in this example the only component of Nash equilibria cannot be
potential stable, there is still a sense in which evolutionary (payoff-linear)
dynamics lend support to Nash equilibrium. The unique Nash equilibrium
component is an attractor for all interior trajectories. Theorem 1 only points
out that it fails Lyapunov stability (for a related example see Weibull (1995),

Ex. 3.6, pp. 90).

5 Conclusions

This paper first identifies a necessary condition for dynamic evolutionary sta-
bility of a component of Nash equilibria. If there exists a dynamics for which
a given component is asymptotically stable, then the component’s index must
agree with its Euler characteristic. Second, if moreover the component’s Eu-
ler characteristic is nonzero, then it will contain a strategically stable set in
the sense of Mertens ((1989) and (1991)). This is the weakest hypothesis on
dynamic evolutionary stability so far identified which implies the strongest
known rationalistic refinement criterion.

If evolutionary dynamics are meant to be a selection criterion among Nash
equilibria, the present results provide strong cutting power. In generic normal
form games roughly half of the equilibria fail to be potentially stable, despite
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meeting all rationalistic refinement criteria. At the same time evolution
favors both forward and backwards induction equilibria in games where these
notions are most compelling. Yet, the results also highlight that evolutionary
stability may be overly selective. There are games which do not have any
potentially stable Nash equilibrium component.
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Dept. of Economics and Finance, Institute for Advanced Studies, Stumper-
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6 Appendix

Proof of Theorem 1. Let V4 2 V4, O V3 be open neighborhoods of C
with compact closures such that

(a

(b
(c
(d) there is T' > 0 such that Fi(c) € V, for all 0 € V; and all ¢t > T.

C' is a deformation retract of V; for j =1,2,3,
the closure V; of Vj is a smooth manifold with boundary for j = 1,2, 3,

)
)
) Fy(c) € Vi for all 0 € V, and all t > 0,
)

That (a) and (b) hold follows from the assumption that f is semi-algbraic.
To satisfy (c) and (d) asymptotic stability of C' is required. Requirement (c)
follows from (Lyapunov) stability and (d) from C' being an attractor. By (d),

for ¢ > T the maps F; can be thought of as maps from V; into itself.
Let f be a sufficiently small homotopic perturbation of f such that

(i) f = f outside of V3,

(ii) F, is Kupka-Smale, i.e., it has periodic orbits and finitely many fixed
points which are all hyperbolic® (see Katok and Hasselblatt (1995),
Section 17.2; p. 213), where F} is the flow associated with f.

By (c), f can be chosen such that Fi(c) € V; for all ¢ € V, and all ¢ > 0
and, by (d), such that F; (¢) € Vi for all o € V; and all t > T for some
T >0, as in (d).

Now recall a few facts from Lefschetz theory. If & : R™ — R™ is a
smooth map and § € R™ is a regular fixed point for @, i.e., ®(y) = y and
|I — D,®(y)| # 0, then

Index ; () = sign (|1 — D, (7)) (10)

(see Katok and Hasselblatt (1995), Proposition 8.4.6). The relationship be-
tween the index of maps and the index of vector fields is given by the fol-
lowing result (see Katok and Hasselblatt (1995), Ex. 8.4.4): If @, is the flow
associated with a vector field ¢ and ¥ is a hyperbolic zero for ¢, then

Index 5 (®;) = ind 4 () (11)

3A point is hyperbolic if all eigenvalues of the Jacobian D, f have nonzero real parts.
Hence, every hyperbolic point is regular.
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Next, let ® : V — V be a smooth map on a smooth manifold V', possibly
with boundary, and define

K
L(®) =Y (—1)"trace @, u, (12)
k=1
where @y, @ H, (V) — Hj (V) is the induced map on homology with ratio-
nal coefficients. Then, provided all fixed points of ® are regular,

L(®) = Y Index, () (13)

y=2(y)

The proof now proceeds as follows. Let ¢!, ..., ™ be the zeros for f in V4
and choose ¢ > T such that F, has no periodic orbits of period ¢. Then the
only fixed points of F; are o', ..., 0™ which are all regular by the construction
of f. The definition of the index of C' implies that

Ind (C) = hi ind 7 (O‘h)

By (11), we have ind; (ah) = Index,n (13}) for all h = 1,...,m. Finally, by
the Lefschetz formula (13),

S Index o (F) = L (F) (14)

h=1

It remains to compute L (ﬁ’t) The Lefschetz number L (ﬁ’t) is defined
in terms of action on homology groups. This action is a homotopy invariant,
so L (Ft) = L (F}), because F; and F' = F; are homotopic by construction.

The action of F' on homology groups Hy, (‘_/1) is straightforward to com-
pute. Since F' is the identity on C, the commutative diagram

w Low
u U
c 4 ¢

obtains. This induces the diagram

He (Vi) = He(W)
I
Hy(C) 5 Hi(C)



of homology groups. But, since C' is a deformation retract of V;, Hy (C) ~
Hy (Vl) Hence, F, is the identity on Hy (V1) and trace F, g, = dim Hy (71).
Therefore,

L(F)= z_j (—1)* dim Hy (Vi) = x (C)

by the definition of the Euler characteristic (see (9)). Q.E.D.

Proof of Theorem 2. By potential stability and Theorem 1 the index
of C agrees with y (C') which is nonzero by hypothesis. Since the index equals
the local degree (see Demichelis and Germano (1996)), the local degree is also
nonzero. Then the proof of existence for strategically stable sets (Mertens
(1989), Theorem 1) can be adapted as follows.

Let D be a sufficiently small ball around u = ((uZ () 5c 5)7‘1—1’ the payoff
vector for the game I', and G the graph of the Nash equilibrilzl_m correspon-
dence. Let N be a neighborhood of C' x {u} in the ambient space such that
Np = GN N constitutes a neighborhood of C in G which projects onto D.
By the definition of the local degree this projection is homologically non-
trivial. Let W be the space of sufficiently small strategy perturbations for
the game I' and Gy the graph of the Nash equilibrium correspondence on
W. Since strategy trembles are particular payoff perturbations, W C D and
N{y = Gw N Np is the part of Gy that is close to C. The projection of Ny,
to W is not homologous to zero, due to the basic result of Mertens ((1986),
explained in Remark 2 of §2 and the discussion of Theorem 1 in Mertens
(1989)). Replacing Gw by Ny, the existence part of the proof for Theorem
1 of Mertens (1989) can now be applied.

Briefly, the argument works as follows. Consider the projection map P :
(N{y; ONYy,) — (W;0W) which is nontrivial in homology. Let Ny, Na, ..., N
be the connected components of Ny, \ ONj,. Once perturbations are small

enough, the number of components is constant, because everything is semi-
algebraic. Let N; be the closure of N; in Nj;, and ON; = N, \ N; for all

j. By the excision axiom H, (Ny,;0Ny,) ~ @; H, (Nj;GNj). So, at least
one of the maps P : (Nj;GNj) — (W;0W) is homologically nontrivial.
Choosing this particular component, N ; is a closed connected set of equilibria
(for the perturbed games) which projects nontrivially on perturbation space.

Hence, its (Hausdorff) limit is the set required in the definition of M-stable
sets. Q.E.D.
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