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Abstract

We present a branch-and-cut algorithm to solve the single commodity uncapacitated
fixed charge network flow problem, which includes the Steiner tree problem, uncapaci-
tated lot-sizing problems, and the fixed charge transportation problem as special cases.
The cuts used are simple dicut inequalities and their variants. A crucial problem when
separating these inequalities is to find the right cut set on which to generate the in-
equalities. The prototype branch-and-cut system, bc-nd includes a separation heuristic
for the dicut inequalities, and problem specific primal heuristics, branching and pruning
rules. Computational results show that bc-nd is competitive compared to a variety of
special purpose algorithms for problems with explicit flow costs.

We also examine how general purpose MIP systems perform on such problems when
provided with formulations that have been tightened a priori with dicut inequalities.

Keywords: Network Design, Fixed Charge, Branch and Cut, Dicut Inequalities,
Branching, Heuristics, Minimum cost flow.

1 Introduction

The single commodity uncapacitated fixed charge network flow problem (UFC) is one of a
large class of Network Design problems. Specifically, given a digraph/network D = (V,A),
demands at the nodes, and fixed and variable costs on the arcs, the problem is to select a
set of arcs to be opened, and to find a feasible flow in the resulting network such that the
sum of the fixed arc costs plus the variable flow costs is minimized.

Until recently the commercial mixed integer programming solvers just used linear pro-
gramming based branch-and-bound and did not perform at all well on most instances of
UFC. In the last two years these solvers have improved remarkably, and now generate cut-
ting planes such as flow cover inequalities designed for simple fixed charge flow problems.
However they still do not take full advantage of the structure of UFC.

This explains in part why much previous work has been on the development of specialized
algorithms for specific variants of UFC. Chopra et al. [9] and Koch and Martin [24] have
developed branch-and-cut codes for the Steiner tree problem which can be viewed as a
special case of UFC in which the flow costs are zero. Several branch-and-bound algorithms
have been described for the uncapacitated fixed charge transportation problem in which the
underlying network is bipartite, see for example [5], [8], [36], [33]. Some production planning
problems such as the single-level and (series) multi-level uncapacitated lot-sizing problem
can be formulated as UFC, but here again specialized algorithms have been developed, see
for example [6],[37]. Finally, for the single source UFC, Hochbaum and Segev in [19] present
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a Lagrangian relaxation algorithm and primal heuristics, and very recently Cruz et al. [12]
report results obtained with a branch and bound algorithm also based on a Lagrangian
relaxation.

The original goal of this study was to test whether the effectiveness of cutting planes
in solving uncapacitated lot-sizing problems [4],[40] extended to the more general and more
difficult UFC. In particular we were interested in how the prototype branch-and-cut system
bc-opt [11] (which among others generates path inequalities for fixed charge path net-
works generalizing the lot-sizing inequalities) behaved on such problems. Another question
was whether UFC, lying somewhere between a general mixed integer program, and highly
structured problems such as the fixed charge transportation or Steiner problems, was at
an appropriate level of generality for the study of cutting planes and the development of
algorithms.

One result of our study is that, whereas cuts based on paths (as implemented in bc-opt)
are fundamental for lot-sizing problems, simple “dicut” inequalities [2] and their variants are
crucial for UFC, and form the basis of the branch-and-cut system bc-nd implemented here.
Our test set contains 31 “hard” instances that are not solved by either Cplex [20], mp-opt
[14] or bc-opt within 30 minutes. bc-nd solves 6 of these instances to optimality, and the
average final duality gap for the other 25 instances is 4.4 % while it is 30.40, 23.55 and 18.31
% for the three systems just cited. Additionally, all the “medium” instances (those that are
solved by exactly one of the general systems) are solved with bc-nd.

The outline of the article is as follows. In Section 2 we formulate the problem and give
some definitions used throughout the paper. In Section 3 we describe the dicut inequality and
its variants, and consider the complexity of the separation problem. Section 4 is devoted to
a description of bc-nd. The test instances are described in Section 5, and the computational
results in Section 6. Some conclusions and extensions are discussed in Section 7.

2 Problem Formulation

The single commodity uncapacitated fixed charge network flow problem (UFC) can be for-
mulated as follows: given a directed graph D = (V, A), a demand vector b = (bi) for i ∈ V ,
fixed and variable costs fij and cij for (i, j) ∈ A, find a set of arcs and a feasible flow in the
resulting network that minimizes the total cost. This problem is NP-hard, as it generalizes
the Steiner tree problem [30].

In order to describe UFC as a mixed integer program, define xij to be the flow on arc
(i, j), and yij = 1 if the arc (i, j) is used ( xij > 0), and yij = 0 otherwise. A resulting
formulation is:
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
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min
∑

(i,j)∈A
cijxij +

∑

(i,j)∈A
fijyij (1)

s.t.
∑

j∈V −i

xji −
∑

j∈V +
i

xij = bi ∀ i ∈ V (2)

xij ≤ U yij ∀ (i, j) ∈ A (3)

xij ≥ 0 ∀ (i, j) ∈ A, yij ∈ {0, 1} ∀ (i, j) ∈ A (4)

where V +
i = {j ∈ V : (i, j) ∈ A} and V −

i = {j ∈ V : (j, i) ∈ A}, U is a large positive
integer and

∑

i∈V bi = 0. Constraints (2) are the well-known conservation constraints,
constraints (3) are the forcing constraints that guarantee that yij takes value one whenever
xij is positive. Note that it suffices to take U =

∑

i∈V :bi>0 bi.
As additional notation we use VS = {i ∈ V : bi < 0} to denote the set of supply nodes,

VD = {i ∈ V : bi > 0} the set of demand nodes, and V0 = {i ∈ V : bi = 0} the set
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of transshipment nodes. Let X be the set of vectors (x, y) satisfying (2) − (4). The next
proposition characterizes the extreme points of conv(X) (e.g. [1]).

Proposition 2.1 Given (x,y) in X, let

F (x, y) = {a ∈ A / 0 < xa < U , ya = 1}
L(x, y) = {a ∈ A / xa = 0 , ya ∈ {0, 1}}
U(x, y) = {a ∈ A / xa = U , ya = 1}

Then (x, y) is an extreme point of conv(X) if and only if the graph Dx,y = (V, F (x, y))
contains no cycles.

This characterization will be used in Section 4 to devise branching rules, a pruning
criterion, and also to fix variables in the enumeration tree.

3 Valid Inequalities

In this section we describe the dicut inequality and its variants. To present examples of the
different inequalities, we use the instance shown in Figure 1.

x21 − x14 − x15 = −1
−x21 − x23 = −3
x23 + x43 − x37 = 0
x14 + x54 + x74 − x43 − x46 = 2
x15 − x54 − x56 = −1
x56 + x46 − x67 = 0
x37 + x67 − x74 = 3

xij ≤ 5 yij

xij ≥ 0
yij ∈ {0, 1}
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Figure 1: Example

Consider a proper subset S of nodes for which the net demand is positive, i.e. b(S) =
∑

i∈S bi > 0. The set obtained by summing up the conservation constraints (2) over all
nodes in S is called XS and known as a single node flow problem. Mathematically it takes
the form:

XS =



























(x, y) ∈ IR|A| × IR|A| :

∑

(i,j)∈δ−(S)
xij −

∑

(i,j)∈δ+(S)
xij =

∑

i∈S
bi (5)

xij ≤ U yij for (i, j) ∈ A (6)

xij ≥ 0, yij ∈ {0, 1} for (i, j) ∈ A (7)



























where, δ+(S) = {(i, j) ∈ A : i ∈ S, j 6∈ S} is the set of arcs leaving S and δ−(S) = {(i, j) ∈
A : i 6∈ S, j ∈ S} is the set of arcs entering S.
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In the example with S = {3, 5, 6, 7}, the constraints (5) and (6) take the form:

x23 +x43 +x46 +x15 −x54 −x74 = 2

x23 ≤ 5y23, x43 ≤ 5y43, x46 ≤ 5y46, x15 ≤ 5y15 x54 ≤ 5y54, x74 ≤ 5y74.

Because S has a positive supply of 2 units, every feasible flow must contain at least 2
units leaving S. Thus, at least one arc of δ−(S) = {(2, 3), (4, 3), (4, 6), (1, 5)}, the set of arcs
entering S, must be open. This is expressed in the inequality:

y23 + y43 + y46 + y15 ≥ 1.

We now make a more general statement.

Proposition 3.1 For S ⊂ V with
∑

i∈S bi > 0, the basic dicut inequality

∑

(i,j)∈δ−(S)

yij ≥ 1

is valid for X.

These inequalities have been used to formulate the directed Steiner tree problem [26].
Consider again the same subset S = {3, 5, 6, 7}. A relaxation of the aggregated set XS

is obtained if x23 and x15 are replaced by their upper bounds, and x54 and x74 are replaced
by their lower bounds of zero. The resulting set is:

5y23 + x43 + x46 + 5y15 ≥ 2, y23, y15 ∈ {0, 1}, x43, x46 ≥ 0.

Applying coefficient reduction [28] or the mixed integer rounding procedure [32] gives the
inequality:

2y23 + x43 + x46 + 2y15 ≥ 2

In general we have the following result.

Proposition 3.2 For S ⊂ V with
∑

i∈S bi > 0, the mixed dicut inequality

∑

(i,j)∈δ−(S)\C

xij +
∑

(i,j)∈C

b(S)yij ≥ b(S)

is valid for X for all C ⊆ δ−(S).

Further, taking S = {4, 5, 6, 7}, one such mixed dicut inequality is:

x14 + 4y37 + x15 ≥ 4.

Now, the flow going from V \ S = {1, 2} to satisfy demand in S passing through the arc
(3, 7) is at most 3 units, the supply of node 2. This observation allows us to tighten the
coefficient associated to y37 giving the valid inequality:

x14 + 3y37 + x15 ≥ 4.

In general, for e ∈ C ⊆ δ−(S) let E(S) = {(i, j) ∈ A : i, j ∈ S}, V +
e,S = {i ∈ S : bi > 0

and there exists a dipath in GS = (S, E(S)) between the head node of e and the node i},
V −

e,S = {i ∈ V \ S : bi < 0 and there exists a dipath in GV \S = (V \ S,E(V \ S)) between
the node i and the tail node of e}, αe(S) = min{

∑

i∈V +
e,S

bi,
∑

i∈V −e,S
|bi|}.
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Proposition 3.3 For S ⊂ V with
∑

i∈S bi > 0, the simple inflow-outflow inequality
∑

(i,j)∈δ−(S)\C

xij +
∑

(i,j)∈C

αij(S)yij ≥ b(S)

is valid for X for all C ⊂ δ−(S).

This modification is important when the underlying graph is sparse. For the single item
uncapacitated lot-sizing problem all the inequalities required to give a complete description
of the convex hull are of this type.

With S = {3, 4, 6, 7}, we obtain the following mixed dicut inequality

x23 + x14 + 5y54 + 5y56 ≥ 5.

Now suppose that the contribution of the flow in arc (7, 4) to satisfy the demand b(S) is
measured separately. In this case, the maximum flow that can pass through the arc (5, 6)
using the arcs of E(S) except for (7, 4) to satisfy the demand b(S) is 3, the demand of node
7. So the inequality

x23 + x14 + 5y54 + 3y56 + x74 ≥ 5

is valid.
In general, given R ⊂ E(S), define V R

e,S = {i ∈ S : bi > 0 and there exists a dipath in
GS = (S,E(S) \R) between the head node of e and the node i}, and αR

e (S) =
∑

i∈V R
e,S

bi.

Proposition 3.4 For S ⊂ V with
∑

i∈S bi > 0, the inflow-outflow inequality
∑

(i,j)∈(δ−(S)\C)∪R

xij +
∑

(i,j)∈C

αij(S)yij ≥ b(S)

is valid for X for all C ⊂ δ−(S), R ⊆ E(S).

The above inequality is a particular case of the network inequalities of Van Roy and Wolsey
[39].

With S = {3, 5, 6, 7}, another possible relaxation of XS is given by

5y23 + 5y43 + x46 + 5y15 ≥ 2 + x74, x74 ≤ 5y74.

Letting, x̄74 = 5y74 − x74 ≥ 0 and ȳ74 = 1− y74 we get

5y23 + 5y43 + x46 + 5y15 + x̄74 + 5ȳ74 ≥ 7.

Now applying the MIR procedure, we obtain

2y23 + 2y43 + x46 + 2y15 + x̄74 + 2ȳ74 ≥ 4,

and reintroducing the original variables, we get the following valid inequality:

2y23 + 2y43 + x46 + 2y15 ≥ 2 + (x74 − 3y74).

The general expression is given in the next proposition.

Proposition 3.5 For S ⊂ V with
∑

i∈S bi > 0, the mixed dicut with outflow inequality
∑

(i,j)∈δ−(S)\C−
xij +

∑

(i,j)∈C−
b(S)yij ≥ b(S) +

∑

(i,j)∈C+

{xij − r(S)yij}

is valid for X for all and C− ⊆ δ−(S) and C+ ⊆ δ+(S), with r(S) = U − b(S).

5



Proof: The proof is a direct generalization of the procedure used in the example. Con-
sider the following relaxation of XS :

∑

(i,j)∈δ−(S)\C−
xij + U

∑

(i,j)∈C−

yij ≥ b(S) +
∑

(i,j)∈C+

xij

plus xij ≤ Uyij for all (i, j) ∈ δ−(S) ∪ C+ and all yij binary. Defining the variables
x̄ij = Uyij − xij , and ȳij = 1− yij , we can make the substitution xij = U − Uȳij − x̄ij for
(i, j) ∈ C+. Now the previous constraint can be rewritten as

∑

(i,j)∈δ−(S)\C−
xij + U

∑

(i,j)∈C−
yij +

∑

(i,j)∈C+

x̄ij + U
∑

(i,j)∈C+

ȳij ≥ b(S) + U |C+|

Applying the MIR procedure, we get:

∑

(i,j)∈δ−(S)\C−
xij +

∑

(i,j)∈C+

x̄ij ≥ b(S)



1 + |C+| −
∑

(i,j)∈C−

yij −
∑

(i,j)∈C+

ȳij



 ,

which after substitution back gives the required inequality.

At least two other classes of inequalities can potentially be used in solving UFC. First
it is possible to mix dicut inequalities for different sets S using the mixing procedure of
Günlük and Pochet [17]. A second class are the Multi-dicut inequalities. They were initially
presented by Rardin and Wolsey in [35] for the single source case. A recent version for the
multiple source case can be found in [27].

Before finally leaving the Example in Figure 1, it is also worth pointing out that all
but one of the inequalities presented are facet defining. In fact, the complete description
of conv(X), obtained with the code Porta [10], contains 7143 facet defining inequalities of
which the majority are not dicut inequalities.

3.1 Difficulty of the Separation Problem

First we formalize the separation problem for simple dicut inequalities. To find a violated
simple dicut inequality, we look for a subset of nodes S such that b(S) > 0 and

∑

(i,j)∈δ−(S)

ȳij < 1.

This can be seen as a minimum cut problem with an additional constraint to ensure that
b(S) > 0. For i ∈ V , define variable zi = 1 if i belongs to S, and zi = 0 otherwise. The
separation problem reduces to solving the problem:

ξ = min







∑

(i,j)∈A

ȳijzj(1− zi) :
∑

i∈V

bizi > 0, zi ∈ {0, 1} for all i ∈ V.







If ξ < 1, the set S defined by {i ∈ V : zi = 1} leads to a violated inequality.
By reduction from the exact partitioning problem the separation problem associated to

the simple dicut inequalities can be shown to be NP-complete [31]. However for the single
source problem in which |VS | = 1, the imposed constraint can be dropped. The separation
problem can be solved in polynomial time. It can be reduced to |VD| minimum s-t cut
problems where s is the source and t varies over the set VD.
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The problem of finding a violated mixed dicut inequality can be stated as follows: given
a fractional point (x̄, ȳ), we look for S ⊂ V with b(S) > 0 and C ⊆ δ−(S) such that:

∑

(i,j)∈δ−(S)\C

x̄ij +
∑

(i,j)∈C

b(S)ȳij < b(S).

For a given S, finding the most violated inequality is trivial. It suffices to set C = {ij ∈
δ−(S) : x̄ij > b(S)ȳij}. Therefore, the principal difficulty regarding the separation of dicut
inequalities is to find the right set S.

For mixed dicut inequalities, the complexity of the separation problem is still an open
problem (e.g [2]) as far as we know.

The above observations led us to consider using heuristics to separate the various dicut
inequalities. The separation heuristic based on searching for good candidate cut sets is
presented in the next section.

4 bc-nd : a Branch-and-Cut System for UFC

In this section we describe the branch-and-cut system bc-nd. We begin with some basic im-
plementation issues, then we present the separation heuristic, the primal heuristic, branching
rules, and finally pruning and variable fixing criteria.

4.1 The Basics

Our implementation is based on the Extended Modeling and Optimisation Subroutine Li-
brary (EMOSL) from Xpress [13]. This library implements a branch and bound algorithm
with a series of “entry points” that allow users to include their own routines. Using these
entry points we can generate cuts and add them to the matrix, apply heuristics and develop
branching rules. At the top node we have used those entry points to generate cuts, and to
apply a heuristic. In the enumeration tree we have used the entry points to generate cuts,
prune a node, to choose branching variables and to implement a primal heuristic. Addi-
tionally, the library has routines to access the information contained in the model file. Such
information is used to determine the digraph that defines the instance being solved. The
data structure used to store the graph has been borrowed from MCF [25].

Because several cuts can be generated from the same set S, we have set up a set pool
in order to store the candidate sets. The set pool is a dynamic double linked list. Sets are
active until an associated frequency parameter falls below a certain value, at which point the
set becomes inactive. How this parameter is updated and when a set is declared inactive
are described later in the Cut generation step.

4.2 Separation

The separation consists of the following steps: cut deletion, shrinking, set generation, cut
generation and reoptimization. One realization of all these steps is called a pass. The
default number of passes at the top node has been fixed at 30. Whereas in the enumeration
tree it has been fixed at 5. We describe now each step of a pass.

• Cut deletion. Because the number of violated dicuts can be large, keeping all of them
in the matrix during all the passes can be too expensive. Therefore, we eliminate the
non binding cuts from the matrix at the beginning of each pass. Because some of the
deleted cuts may be violated later, we perform cut pool separation at the beginning
of the cut generation step. No cuts are deleted from the cut pool.
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• Shrinking. In order to reduce the size of the graph on which we search for “interest-
ing” subsets, the graph is shrunk based on the current linear programming solution.
Specifically, whenever ȳij > 0.99 and x̄ij > 10−6, the two end nodes i, j are contracted
into one super node. The demand of the new super node is the sum of the demands.
Only nodes are contracted, so the resulting reduced graph typically contains multiple
arcs and loops. This shrinking procedure is heuristic. Arcs with ȳij > 0 but x̄ij = 0
are not used for shrinking because the addition of the dicut inequalities often forces
yij > 0 artificially in the linear programming relaxation, even when there is never flow
in the corresponding arc.

• Subset generation. The dicut inequalities are based on “node subsets”. Therefore find-
ing good subsets can reduce the number of iterations of cut generation, and also lead
to a better top node reformulation. In our implementation, three greedy procedures
are used to generate subsets for a given fractional solution (x̄, ȳ). They differ in the
choice of the initial node and in the quantity used to enlarge the current set. Below,
we describe these choices:

– Initialize S = {i0} for i0 ∈ VS ∪ VD. Enlarge S using max{ȳij : (i, j) ∈
δ−(S) , ȳij ∈ (0, 1)}.

– Initialize S = {i0} for i0 ∈ VS ∪VD. Enlarge S using max{x̄ij− b(S)ȳij : (i, j) ∈
δ−(S) , ȳij ∈ (0, 1)}.

– Given an arc a = (i0, j0) such that ȳi0j0 is fractional, two candidate sets S are
built. In the first case, we start with a set S such that j0 ∈ S, b(S) > 0 and
a ∈ δ−(S), and we expand S using the criterion max{x̄ij − b(S)ȳij : (i, j) ∈
δ−(S) , ȳij ∈ (0, 1), b(S) + di > 0}. In the second case, we start with a set
S̃ = V \ S such that i0 ∈ V \ S, b(V \ S) < 0, and a ∈ δ+(V \ S) and we expand
V \ S using the criterion max{x̄ij − |b(V \ S)|ȳij : (i, j) ∈ δ+(V \ S) , ȳij ∈
(0, 1), b(V \S)+dj < 0}. The procedure stops either when the maximum number
of nodes allowed is reached or when a violated inequality can be generated.

The three procedures are called sequentially. The sets generated are stored in the set
pool with the status “active”, and the frequency parameter initialized at zero.

• Cut generation. We start by performing cut pool separation. Then for each active set
S, three dicut inequalities can be generated:

a) Simple dicut. if
∑

a∈δ−(S) ȳa < 1− 0.015, then the inequality

∑

a∈δ−(S)

ya ≥ 1

is added to the cut pool.

b) Simple inflow-outflow inequality. define C = {a ∈ δ−(S) : x̄a > αa(S)ȳa} and if
∑

a∈δ−(S)\C x̄a +
∑

a∈C αa(S)ȳa < b(S)− 0.015, then the inequality

∑

a∈δ−(S)\C

xa +
∑

a∈C

αa(S)ya ≥ b(S)

is added to the cut pool. The coefficient αij(S) is computed using breadth-first
search to determine the sets V +

ij,S and V −
ij,S defined in proposition 3.3. Then,

αij(S) = min
{

b(S),
∑

k∈V +
ij,S

bk,
∑

k∈V −ij,S
|bk|

}

.
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c) Mixed dicut with outflow. Define C− = {a ∈ δ−(S) : x̄a > b(S)ȳa}, r(S) =
U − b(S), and C+ = {a ∈ δ+(S) : x̄a > r(S)ȳa} and if

∑

a∈δ−(S)\C− x̄a +
∑

a∈C− b(S)ȳa < b(S) +
∑

a∈C+{x̄a − r(S)ȳa} − 0.015, then the inequality
∑

a∈δ−(S)\C−
xa +

∑

a∈C−

b(S)ya ≥ b(S) +
∑

a∈C+

{xa − r(S)ya}

is added to the cut pool.

If a cut is added to the cut pool the frequency parameter is increased by 1. Otherwise,
decrease the frequency parameter by 1 and look at the next set.

Whenever the frequency parameter of a set is less than -3, the set is declared inactive.
Once, all the active sets have been visited, the cuts generated are added into the
matrix.

• Reoptimization. If violated inequalities have been found, the linear program is re-
optimized. If the number of passes is less than the maximum, go to the next pass.
Otherwise go to the enumeration phase.

4.3 Primal Heuristics

Given the structure of UFC, we have examined the possibility of developing effective primal
heuristics to find good feasible solutions rapidly. After several attempts, motivated by [18],
[12], [38], [16] , two heuristics have been retained:

• Slope scaling [22]. This algorithm is based on the idea that there exists a linear
program,

(P (c̄))min

8><>: X
(i,j)∈A

c̄ijxij :
X

j∈V−i

xji −
X

j∈V +
i

xij = bi ∀ i ∈ V, 0 ≤ xij ≤ U ∀ (i, j) ∈ A

9>=>;
that has the same optimal solution as the original mixed integer problem, or in other
words, that there exists ĉ such that v(UFC) = v(P (ĉ)).

To find such a ĉ, a sequence {c̄k}K
k=1 of slopes are constructed, such that c̄K is not

far from ĉ. Let xk be an optimal solution of P (c̄k). The slope at iteration k + 1 is
computed as follows:

c̄k+1
ij =











cij + fij

xk
ij

if xk
ij > 0

g(xk, xk−1, ..., x1) otherwise

where, c and f are the original variable and fixed costs, and g(·) is a function that
depends on the solutions of the previous iterations. In our implementation, the first
objective function is computed from the solution obtained after the cut generation
phase. Indeed, let (x̄, ȳ) be such a solution. The first objective function is given by:

c̄1
ij =











cij + fij

x̄ij
if x̄ij > 0

cij + fij

U otherwise

Then, at iteration k + 1 we define the cost function as follows :

c̄k+1
ij =











cij + fij

xk
ij

if xk
ij > 0

λc̄r
ij + (1− λ)(cij + fij

U ) otherwise
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where λ ∈ (0, 1) and r ∈ {1, .., k−1} is the last iteration in which xr
ij > 0 and the cost

assigned was c̄r
ij .

If xk+1 = xk, then stop. Otherwise, go to the next iteration. If the maximum number
of iterations is attained, we stop. If no solution has been found, we apply a rounding
heuristic. Let A′ = {a ∈ A : ȳa > 0}. Find a feasible flow x∗ using just the arcs of A′.
Set y∗a = 1 if x∗a > 0. (x∗, y∗) is the heuristic solution.

• Min cost Flow. Here we solve a minimum cost flow problem on the graph defined by
the open arcs of the current fractional solution. In other words, given a fractional
solution (x̄, ȳ), we define the graph G′ = (V, A′) where A′ = {(i, j) ∈ A : ȳij > 0}.
The objective function is defined as:

c̄ij(x̄) =











cij + fij

x̄ij
if x̄ij > 0

cij + fij

uij
otherwise

for all (i, j) ∈ A′

The solution to this problem is obtained with the network simplex implementation
MCF [25]. The basis is stored and reused as initial basis in the next call.

The slope scaling procedure is called at the top node, whereas the Min cost flow heuristic is
called at 10 consecutive nodes every 100 nodes in the branch-and-bound tree.

4.4 Branching Rules

Whereas many specialized branch-and-cut codes use simple variable branching rules such as
most fractional, most costly, etc, commercial MIP systems use pseudo-costs based on dual
variable estimates. As UFC falls somewhat between the general and the special purpose, we
have attempted to compare some of the simple branching rules.

Below, we briefly present the variable and constraint branching rules that we have tried.

• Variable Branching. The rules we have studied are :

– Most fractional. Branch on the variable that maximizes wa = max{ ȳa , 1− ȳa}
over the set of arcs a ∈ A such that ȳa ∈ (0, 1).

– Least fractional. This criteria is similar to the previous one. Branch on the
variable that minimizes wa = max{ȳa, 1− ȳa}.

– Maximum fixed charge. Branch on the variable for which the fixed cost fa is
maximum among those with ȳa fractional.

– Maximum remaining fixed charge. Branch on the variable that maximizes wa =
(1− ȳa) · fa among those with ȳa fractional.

– 2-strong branching (2-st). Select the two arcs, a1, a2 with the biggest and second
biggest fixed charge. Then compute (using five iterations of dual simplex) a lower
bound of their possible offsprings, namely, z1

0 , z1
1 for a1 and z2

0 , z2
1 for a2 when the

variable is fixed to zero and one respectively. Then, compute w1 = min{z1
0 , z1

1}
and w2 = min{z2

0 , z2
1}, and branch on the variable that maximizes wi.

• Constraint Branching. Branching can also be based on linear inequalities. Here we
consider the possibility of branching on subtour constraints, motivated by the fact that
optimal solutions of uncapacitated problems do not contain cycles (Proposition 2.1).
These inequalities have the following form:

∑

a∈E(S)

ya ≤ |S| − 1 ∀S ⊂ V.
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Given the solution at the current node, determine a fractional subtour, i.e. a set S for
which there exists at least one arc a ∈ E(S) with ȳa fractional. Then

– If the subtour is encountered for the first time, compute its value, i.e. l(S) =
∑

a∈E(S) ȳa. If this value is less than |S| − 1 and greater than or equal to one,
then the branching constraints chosen are

∑

a∈E(S) ya ≤ bl(S)c and
∑

a∈E(S) ya ≥
dl(S)e. The node to be solved in the next iteration is one of the successors of the
current node.

– Otherwise, if the subtour has already been used, select the most fractional variable
in E(S) to branch on.

4.5 Pruning Criteria and Variable Fixing

When the variable and fixed costs are non negative, there exists an optimal solution that
is cycle-free (Proposition 2.1). This allow us to prune some nodes of the enumeration tree,
and also provides a test allowing us to fix an arc variable ya to zero, if arc a plus the arcs
fixed to one form a cycle. Both these tests are carried out before solving the linear program
at each node of the enumeration tree.

5 A set of Test Problems

Several problem classes have been used to test our implementation. Here, we describe the
test instances and how they have been generated. Some of the problems are from the
literature and the others have been randomly generated. Problems are classified according
to the number of source nodes and the structure of the underlying graph. The different
classes of problems are shown below.

single-source

{

Grids
Kn

Kn + 1
Steiner
Multi-segment
Multi-level LS

multi-source

{

Grids
Series-parallel
Kn
Planar
Random

In all cases, the formulation we have used is based on (1)-(4) from Section 2. For the
single source cases, the structure of the optimal extreme solutions says that for every node,
only one inflow are can have a positive flow. This gives us the following additional tree
constraint:

∑

j∈V −i
yji ≤ 1 for all i ∈ V .

Now we explain how the different instances have been created, or indicate their origin.

• Grids. Here the graph is a two dimensional rectangular grid. The parameters used to
generate a grid problem are the width and the height (in number of nodes), the total
demand, the number of source and demand nodes, and bounds on the costs. Demand
and supply nodes are selected randomly as well as the fraction of the demand/supply
assigned to a node. The random number generator is that of NETGEN [23]. The
variable and fixed costs are uniformly generated over the specified interval using the
C/C++ random number generator.

• Complete, Kn. The graph is complete. The number of nodes, the bounds on the costs
and the total demand are the parameters needed to specify an instance. The source
and demand nodes, the value of the demand and supply, and the costs are chosen in
the same way as for grid graphs.

11



• Random. Here the number of nodes, arcs, source nodes, demand nodes, total demand,
and costs intervals are specified. The procedure iteratively selects an arc that has not
already been chosen and then assigns costs. Finally, we define the source and demand
nodes using the same strategy as before.

• Planar. To generate planar graphs, we have used the planar graph generator included
in LEDA [29]. The position and the number of the source and demand nodes are
determined with the uniform random number generator from LEDA. The cost function
is computed as for Grids.

• Series-Parallel. Here we also use the series-parallel graph generator from LEDA. The
rest of the parameters, number of source and demand nodes, total demand and costs
are calculated as for planar graphs.

• Hochbaum, Kn + 1. These are single source instances taken from [19]. To clarify
the description, suppose node 1 is the source node and {2, .., n} are the other nodes.
The set of arcs consist of (1, j) for every j > 1 and (i, j) for every i, j > 1, i 6= j.
So the nodes {2, .., n} induce a complete directed graph. The demand of each node is
uniformly selected from {0, 1, 2, .., 10}. The fixed cost is a multiple of the variable cost.
We use the same factor 50 as in the paper. To generate the variable costs, we randomly
select n points in the plane that are associated to each node. The variable cost of an
arc is then calculated as the square of the distance between the points associated to
each end node, in other words, if (wi, hi) and (wj , hj) are the coordinates associated
to the nodes i and j the cost of the arc (i, j) is given by cij = (wi −wj)2 + (hi − hj)2.

• Steiner. These undirected instances have been obtained from the Steiner problem Li-
brary at ZIB ftp://ftp.zib.de/pub/Packages/mp-testdata/index.html. A com-
plete description of all these problems can be found in [24]. In our tests we have
selected a small subset of the instances:

– Beasley. Problems 1,2 and 3 of series C described in [21]. Instances from series
B were not considered as they are too easy.

– X: Instances brasil and berlin. These have complete graphs and Euclidean weights.

– Mc7, Mc8 and Mc11. These instance are described in [24].

The formulation we have used is again (1)-(4) from Section 2. An arbitrary node is
defined as root node with supply equal to the number of terminal nodes minus one.
Each terminal node has a demand of one unit. Undirected edges have been modeled
with two directed arcs.

• Multi-Segment. These are single source problems with a concave piecewise linear
objective function, see [15] for a survey on this kind of model. One of the instances
beavma, that comes from a practical harvesting problem in Chile, involves a planar
graph and the objective function has at most two segments per arc. The others are
randomly generated instances. mtest4ma has at most 4 segments. g150x1100, k15x420
and p50x576 have 2 segments. The other three instances have three segments. In order
to model multiple segments, we use a directed multigraph. The formulation used is
given by: xij =

∑

k xk
ij , xk

ij ≤ uk
ij yk

ij and yij =
∑

k yk
ij ≤ 1.

In order words, each arc with more than one segment is repeated as many times as
the number of segments in the objective function. The constraint that at most one of
the arcs can have a positive flow is then added.

• fixnet6 is a single source problem from the MIPLIB [7], .
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• Multi-Level Lot-sizing. The production in series lot-sizing problem [34] can be for-
mulated as a single source UFC problem. The parameters required to generate these
instances are the number of periods, the number of levels, the maximum demand and
the intervals for the costs. The fixed and variable costs are uniformly selected from the
given interval, except that the fixed costs are zero on the stock arcs. The demand is
uniformly selected from zero to the maximum demand. The supply is the negative sum
of all the demands. Note that this problem is polynomialy solvable by dynamic pro-
gramming. However though many strong valid inequalities are known that generalize
single-level inequalities, a complete description of the convex hull is not known.

An instance is named according to the graph type and its size or origin. In the first
case, a typical instance name is: tnxm where t is the type of the graph, n is the number
of nodes and m is the number of arcs. Graph types are: g grid, p planar, k complete, sp
series-parallel, r random, l multi-level lot-sizing, h hochbaum. Instances coming from the
literature keep their original name.

Our test set consists of 38 multi-source instances and 45 single source instances. The
complete list and some of the principal characteristics of the instances are given in Annex
A.

6 Computational Experiments

The computational results reported below can be viewed as an an attempt to answer the
following questions:
Q1. How well do standard commercial mixed integer programming systems perform on this
class of problems ?
Q2. What is the effect of tightening the formulation of UFC with dicut inequalities and
their variants?
Q3. Can the specific structure of UFC be used to improve features of the branch-and-cut
process such as primal heuristics, branching strategies, etc ?
Q4. Can anything be said about the complexity of different instances of UFC as a function
of the graph structure, the number of source nodes, or the cost structure?
Q5. For specific classes of UFC, how effective is the general approach of reformulating with
dicuts as compared with algorithms developed for the specific problem class?

Specifically in subsection 6.1 we report on the behavior of three MIP systems on our
test set, and use the results to obtain an initial classification of the difficulty of the 83 test
instances. In Subsection 6.2 we first present the results of the preliminary tests carried out
to define a default strategy for bc-nd. At the end of this section the results on the complete
test set are reported. Then, in Subsection 6.3 we rerun the three MIP systems after adding
dicut inequalities at the top node. In Section 6.4 we look at the effect of the variations in
some of the parameters, such as the graph structure, the number of source nodes, and the
cost ratio. Additionally, comments on specialized codes for the different special cases are
presented at the end of this section.

6.1 Instance Classification

The three MIP systems used to solve the test instances were Cplex 6.6 [20] on a Sun Ultra
60, 250 Mhz, 256 MB RAM running Sun Solaris 2.6. mp-opt v11.50o [14] and bc-opt [11]
on a Pentium II, 400 Mhz, 128 MB RAM running Windows NT 4.0. All the numerical
tolerances have been fixed to 10−6. The maximum time per instance has been fixed to be
1800 CPU seconds.
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Based on the results obtained, we have classified the test instances into three classes
Easy, Medium and Hard. An instance is Easy when at least two of the three systems solve
it to optimality. It is Medium when only one of the system solves it to optimality and Hard
when no system solves it. Among the 83 instances 43 are Easy, 9 are Medium and 31 are
Hard. In 6 hard instances the best integer solution has been found, but optimality has not
been proved. Table 1 summarizes the results for each system. The first line, # solved,
is the number of instances solved to optimality, the second <gap> is the average gap of
non solved problems, where gap = 100(BestIP − BestBound)/(BestIP ), and the third
< ∆LP> is the average lower bound improvement using the cuts of the system, where ∆LP
= 100(XLP−LP )/(BestIP−LP ). Here LP is the value of the linear relaxation, XLP is the
value of the LP relaxation after the addition of systems cuts at the top node, BestBound
is the value of the lower bound at the end of the enumeration and BestIP is the value of
the best integer solution found.

Hard ( 31 Ins.) Medium ( 9 Ins.) Easy ( 43 Ins.)
param Cplex bc-opt mp-opt Cplex bc-opt mp-opt Cplex bc-opt mp-opt

# solved 0 0 0 1 2 6 41 37 43
< gap > 28.23 21.41 15.74 16.46 2.84 9.49 0.05 0.17 0.01
< ∆LP > 50.97 68.51 75.75 36.42 77.26 79.11 60.87 87.15 94.49

Table 1: Instance classification: summary results

6.2 Solving UFC with bc-nd

The first step when using a branch-and-cut system is to define the default strategy to be
used. In this case, we had to decide the cut generation strategy, the branching strategy and
the option of if and when to use the primal heuristic. The results of these preliminary tests
are presented in the next subsection. bc-nd is running on a Pentium II, 400 Mhz, 128 MB
RAM under Windows NT 4.0.

6.2.1 Choosing a default strategy

The first step is the cut generation strategy, namely which inequalities to use, how to
separate, which cuts to keep, and when and how often to separate.

To decide which variants of the dicut inequality to include in the final prototype, our
first implementation included simple dicut, mixed dicut, simple inflow-outflow and the mixed
dicut with outflow inequalities. Evaluating each of them separately on the test set, the best
results were obtained with just the simple dicut and the simple inflow-outflow inequalities.

In choosing which cuts to keep, the first unsurprising observation is that simple dicut
inequalities involving just the 0-1 arc variables typically produce a much more significant
increase in the linear programming lower bound than the various mixed dicut inequalities
which include the flow variables. The second is that simultaneously adding simple and
mixed dicut inequalities for the same node set seems to lead to LP degeneracy, and increases
running times. So the default is for each active set to add a violated simple dicut inequality
if possible, and, if not, to try to add just a simple inflow-outflow (mixed dicut) inequality.

How often to separate, when to delete cuts, and when to make cut sets inactive was
determined in part by testing and in part by earlier experience with bc-opt. The final
strategy selected is as follows: 30 passes are made, non-binding cuts are deleted at the
beginning of each pass, cut pool separation is performed, and a threshold of -3 is used to
discard node sets. This strategy is based on a trade-off between the quality of the resulting
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lower bound and the execution time, in that the LP relaxation is not too difficult to solve
and the memory requirements are reasonable.

The second part concerns the branching rules. The rules tested are least fractional,
most fractional, maximum fixed charge, and strong branching with a candidate list of two
elements. 13 instances were selected for this experiment, 3 of them Steiner tree instances
and 10 multi-source instances. The latter set contains 4 grid graphs, 2 complete graphs,
2 planar graphs and 2 random graphs. The results are summarized in Table 2. The first
column gives the rule, the second the number of instances solved within 1800 secs, the third
the average number of nodes evaluated and, the fourth gives the average duality gap at the
end of the enumeration for the unsolved problems.

Rule Solved avg # Nodes <gap>
least frac 3 11075 1.87
most frac 1 13838 2.55
max fa 7 7715 1.22
max 2-st 2 3137 1.80
subtour 3 7866 4.35
xpress 7 17253 1.94

Table 2: branching rules

From Table 2, we conclude that, given the time limit, the best strategy is to use the
branching selection rule provided by the Xpress library as the number of nodes explored is
much larger than for the other strategies, and the number of instances solved to optimality
is the greatest. The maximum fixed charge rule seems to be the best, but we finally se-
lected library branching because it was more robust. In addition we chose best bound node
selection, in the belief that it is effective when the duality gaps after adding cuts are very
small

The third part of this experiment is related to the effects produced by the min cost flow
heuristic within the enumeration phase of the algorithm. First we select the instances that
need enumeration to be solved, in other words, those that are not solved at the top node by
bc-nd. That gives 59 instances. Then we use bc-nd without and with the heuristic. The
rest of the parameters are the same in both runs. The results are summarized in Table 3.
The first column is the class, the second is the number of instances used within the class,
the next four columns summarize the results without using the heuristic, and the last four
the results with the heuristic. The columns # sol and <gap> are defined as before. sol0 is
the average number of nodes for the instances that are solved. unsol is the average number
of nodes for the instances that cannot be solved either with or without the heuristic. ∗

appearing as a superscript of <gap> means no feasible solution has been found for one
instance.

The results reported in Table 3 showed that 31 instances are solved with the primal heuris-
tic and 27 instances are solved without the primal heuristic. For the instances solved to
optimality by both versions, the number of nodes needed to prove optimality is significantly
smaller when using the heuristic. Also, for the instances that cannot be solved by either
version, the final gap is smaller when using the heuristic. So the default choice is to use the
heuristic at a frequency described in Subsection 4.3

15



Without Heuristic With Heuristic
<nodes> <nodes>

class # ins. # sol. <gap> sol0 unsol # sol. <gap> sol0 unsol
grid 8 2 7.0∗ 621 8167 4 5.0 423 1399
Kn 6 3 12.0 455 14342 4 3.8 182 37913
plan 10 1 9.0 53 4660 1 4.1 17 7138
rand 5 1 5.0 5661 10200 2 2.3 923 17849
s-p 4 4 0 2073 – 4 0 6 –
stein 8 2 3.0 69 2120 2 2.3 16 986
m-s 5 3 5.0 35 1574 3 0.6 19 473
grid 3 3 0 18 – 3 0 9 –
Kn + 1 3 2 0.3 38 1009 2 0.3 21 966
Kn 4 4 0 28 – 3 0 18 –
l-s 1 1 0 3 – 1 0 23 –
plan 1 1 0 6 – 1 0 0 –
Total 57 27 31

Table 3: with heuristic v/s without heuristic

6.2.2 Using the default strategy: results

Table 4 summarizes the results obtained by bc-nd with the default strategy for the set of test
instances. The maximum limit time and the tolerances are fixed as before. The measures
reported here are the same as in Table 1 with in addition <gap0 >, the average duality gap
at the beginning of the enumeration, where gap0 = 100(firstIP − LP )/firstIP .

param Hard ( 31 Ins.) Medium ( 9 Ins.) Easy ( 43 Ins.)
# solved 6 8 42
<gap> 4.98 0.01 0.01
<gap0 > 7.70 0.16 1.17
< ∆LP> 91.83 98.95 97.54

Table 4: bc-nd summary results

Comparing this table with Table 1, we observe that for the hard instances the duality
gap after 30 minutes is dramatically reduced. Moreover, the medium instances can be solved
within the limit time. The average value of ∆LP, the improvement obtained by reformulating
the problem using the dicuts, is 95.9 %. In other words, a large part of the gap is directly
closed by the dicut inequalities. In fact 25 instances are solved without enumeration. Note
that one medium and one easy instance are not solved to optimality. However both have
a duality gap of almost zero, and the optimal solution has been found. It is also worth
pointing out that the average duality gap at the top node for the 31 Hard instances is 7.7%.
Table 5 shows <gap0 > for each class of graph.

Multi-source Single-source
grid Kn plan rand s-p stein m-s grid Kn + 1 Kn l-s plan
7.00 10.10 5.80 7.60 0.30 12.50 1.10 1.40 0 0.60 0 0

Table 5: Initial duality gap

Detailed tables containing the solutions of all the instances used in the experiments can

16



be found in Annex B.

6.3 Effectiveness of Dicut Inequalities

Given the classification of Subsection 6.1, we would like to study how much the dicut in-
equalities alone contribute to the overall improvement. To that aim, the instances are first
reformulated using bc-nd and then given to the three systems, Cplex 6.6, mp-opt 11.50o
and bc-opt under the same conditions as in Subsection 6.1, namely, time limit 1800 CPU
seconds, all tolerances fixed to 10−6, default system strategy for the cut generation and the
enumeration. The reformulation of each instance is obtained using the default strategy of
bc-nd. The results are summarized in Table 6. The measures reported are # solved the
number of instance solved, <gapi > and <gapr > are the average gap of the non-solved
instances using the original formulation and the improved formulation. <Nodesi > and
<Nodesr > are the average number of nodes used to solve the original and the improved
formulation. Finally, <Ti > and <Tr > are the average time needed to solve the original
and the improved formulation.

Hard ( 31 Ins.) Medium ( 9 Ins.) Easy ( 43 Ins.)
param Cplex bc-opt mp-opt Cplex bc-opt mp-opt Cplex bc-opt mp-opt

# solved 12 9 11 9 8 8 43 43 43
<gapi > 30.07 20.94 14.55 - - - - - -
<gapr > 6.96 10.23 7.68 0.00 0.00 1e−3 0.0 0.0 0.0
<Nodesi > - - - 427178 47737 33476 50474 6346 9640
<Nodesr > - - - 15 21 3 6 26 33
<Ti > - - - 1800 764 582 184 215 81
<Tr > - - - 1 3 5 6 26 33

Table 6: reformulated instances: summary of results

It turns out that 5 Hard instances are solved by exactly one system, and 9 Hard instances by
at least 2 systems. Also 8 Medium instances are now solved by all three systems. Detailed
results for the hard instances can be found in Table 11 in Annex B.

From the above table we observe that all the Easy and Medium instances can be solved to
optimality with the three systems. Moreover, compared with Table 1 the number of nodes
and the time required are reduced. In the case of Hard instances 14 of the 31 instances are
now solved. For the other 17 instances, the final duality gap is considerably reduced.

6.4 Structure, and Comparison with Specialized Codes

In this subsection we look at the subclasses of UFC appearing in our test set. In Table 7 we
consider their difficulty based on the classification of Subsection 6.1. The first four columns
give the results for the single-source instances and the last four columns for the multi-source
instances. In each case, the first three columns give the number of Hard, Medium and Easy
instances in the class, and the last one the average improvement obtained with the dicut
inequalities at the top node using bc-nd.

We see that of the single-source instances 9 are Hard, 6 Medium and 30 Easy, while of the
multi-source instances 22 are Hard, 3 Medium and 13 Easy. Below we analyze the results by
class of instance.

Single-source instances. The average gap reduction for these instances is 99.07 %, meaning
that dicut inequalities are effective when solving single source instances. We now
discuss the results obtained for each specific subclass of UFC
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Single-source Multi-source
Hard Medium Easy ∆LP Hard Medium Easy ∆LP

grid 0 3 3 99.97 6 0 2 90.92
Kn 0 0 5 99.84 3 0 3 89.38
plan 0 0 5 99.99 9 0 1 92.47
rand – – – – 3 0 2 89.30
s-p – – – – 1 3 5 99.10
stein 7 1 0 94.83 – – – –
m-s 2 0 6 98.91 – – – –
Kn + 1 0 3 5 99.96 – – – –
l-s 0 0 4 99.99 – – – –

Table 7: complexity depending on problem subclass

• Steiner.
These are the only single source instances for which bc-nd performs poorly in that
the gap reduction obtained is only 94% as opposed to 99% on the other instances.
One possible reason is that the UFC formulation (1)-(4) is unsuitable for the
Steiner problem, and in addition that the number of flow and set-up variables is
doubled so as to produce a directed network flow problem. However compared
to the three general systems, bc-nd is much more effective. In Table 9, we see
that on the 7 hard instances, the final duality gap with bc-nd is 2.54%, while
for Cplex, bc-opt and mp-opt, it is 49.21%, 43.14% and 24.94% respectively.
However if the dicut-tightened formulation is given to the three systems, 6 of
these 7 instances are solved at least once.
This is one of the most studied special cases of UFC. Recently Koch and Martin
[24] have developed a successful branch-and-cut code for the undirected Steiner
tree problem. The Steiner instances in the test set are all solved to optimality
without branching by their specialized code within 20 seconds. However as the
authors point out, these remarkable solution times are probably due in part to
the specialized preprocessing that leads to significant reductions in the size of the
network. For example brasil initially has 58 nodes and 1653 edges, whereas after
preprocessing it has 39 nodes and 113 edges, and the number of terminal nodes
is reduced from 25 to 10. Similar reductions are obtained for the other instances.

• Kn + 1.
Among the 8 instances in the test set, bc-nd solves 6 without enumeration, and
the gap is less that 0.5 % for the other two instances. The main difficulty en-
countered is that the number of variables involved in each dicut is fairly large,
and thus the LP relaxation becomes difficult to solve. In fact the LP relaxation
of these instances is quite degenerate even without adding the dicuts. These
difficulties are only significant for instances with more than 50 nodes.
In Hochbaum and Segev [19] where these instances were introduced, two La-
grangian relaxations were studied. The first is obtained by relaxing the forcing
constraints (3) and the second by relaxing the flow balance constraints (2). They
also incorporate three primal heuristics into their algorithm. They report a final
average gap (defined as in Section 6.1) of 3 % with CPU times going from 10 to
80 seconds. The average gap when the first primal solution is found is around
8%.
Additionally, they define a measure of the complexity of an instance depending on
the cost function. The parameter is defined as the ratio between the maximum
demand and twice the ratio between the fixed and variable cost. One of their
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empirical conclusions is that when the parameter lies in the interval [0.05,0.1] the
instances seems to be hard. For the instances in our test set, the value of this
parameter is 0.1.

• Lot-sizing.
All these instances turn out to be easy, with mp-opt being fastest. We observe
that the strengthened lower bound XLP obtained with dicuts using bc-nd is
better than that obtained with the path inequalities from bc-opt. One possible
reason is that for uncapacitated lot-sizing problems, appropriately chosen inflow-
outflow inequalities resemble path inequalities and give a complete description
of the convex hull of solutions in the single item case, and provide strong valid
inequalities for multilevel problems.

• Multi-segment.
bc-nd seems to be highly effective on this class. For example the two instances
beavma and mtest4ma are both solved without enumeration. Neither could be
solved with the versions of Cplex and mp-opt available two years ago, though
bc-opt was able to solve both instances making extensive use of the path in-
equalities. Now mp-opt also solves them both at the top node, and even more
rapidly than bc-nd.

• Grids, planar and Kn.
8 of the 16 instances are solved without enumeration, and for the other instances
the average gap reduction at the top node is 99.93 %. For identical graph and
cost structure, the single-source instances appear to be much easier than in the
multi-source case. For such instances, no specialized code is known.

• Other single source instances.
During the development of bc-nd, we received a new set of 36 instances used
by Cruz et al. [12] who implemented a Lagrangian relaxation to solve the single
source case of UFC. The instances are randomly generated in the plane with 16 to
32 nodes and 30 to 248 arcs. The objective function is defined using the Euclidean
distance between node i and j, such that the ratio between the fixed and variable
cost is fixed. The values of that ratio are 1/10, 1, and 10/1. Each instance is
solved by bc-nd within 2 seconds, several of them without enumeration.

Multi-source instances. Though 23 of the 38 instances can be solved to optimality by
bc-nd, these instances are considerably more difficult to solve than the single source
instances. In particular, the average gap reduction is only 90 %. The exception are the
instances defined on series-parallel graphs on which both bc-nd and mp-opt perform
well.

Unfortunately, we do not know any other code developed for this type of model.

6.4.1 Importance of Fixed/Variable cost ratio

In this experiment we took a subset of 27 instances of different kinds from our list of instances
and solved them with bc-nd (default strategy) for four ratios: 10, 100 , 1000 and ∞ (that
means, fij = 1, cij = 0). A summary of the results is presented in Table 8 that is organized
as follows: the first two columns give the class and the number of instances used in the
experiment. The next four columns give in the first line # solved, and in the second the
<gap>, both defined as before. The last four columns give the average value of ∆LP in
the first line, and the average solution time of the solved instances in the second line. The
single source instances were put all together in one line S-s, due to the homogeneity of the
results obtained. ∗ appearing as superscript of <gap> means one of the instances was not
solved due to a numerical problem.
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# solved < ∆LP>
< gap > <T>

# ins 10 102 103 ∞ 10 102 103 ∞
S-s 9 8 8 8 7 99.43 88.9 91.54 97.70

0∗ 0.12 0.73 2.1 13.7 277.1 531 873.7
grid 5 4 3 3 0 99.45 96.40 95.91 86.62

5−2 1.5 5.0 9.0 36.5 258.6 50 –
plan 5 5 4 3 0 99.95 99.17 99.21 85.96

0 0.2 1.0 9.0 100.2 514.5 6 –
rand 5 4 4 4 0 97.59 97.16 95.99 75.89

0.015 7.3 9.0 19.0 24.5 43.2 235 –
s-p 2 2 2 2 2 100 100 99.98 99.54

0 0 0 0 3 16.5 445 51.5

Table 8: Modifying the cost ratio: summary of results

As we might expect, instances become harder when the fixed/variable cost-ratio in-
creases. For the single-source instances the execution time increases when the ratio increases,
but the gap reduction at the top node does not show a clear trend. In the multi-source case,
we observe that the gap reduction decreases when the cost ratio increases. However, some
strange behavior is observed. For example, the time required for the grid graphs and planar
graphs is much smaller when the cost ratio is 103 than when it is 102. The same occurs
for series-parallel graphs for ratios 103 and ∞. Finally, the number of instances solved to
optimality decreases when the cost ratio increases.

7 Conclusions

In spite of the improvements brought about by the introduction of cutting planes into com-
mercial mixed integer programming systems, it appears that the solution of uncapacitated
fixed charge network design problems is significantly improved by the use of dicut inequali-
ties either within a special purpose system such as bc-nd, or by giving a dicut-strengthened
reformulation to an MPS system. Another important step in the development has been the
use of a dynamic active node set list as part of the separation heuristic for dicut inequalities.
This has been particularly important for certain single-source instances where the number
of potential node sets has exploded rapidly.

Further work on the choice of dicut inequalities is probably needed. It would be inter-
esting to design and test separation routines for input-output inequalities, and preliminary
tests indicate that the mixing (Günluk and Pochet [17]) of dicut inequalities may be valu-
able. There remains also the important question of understanding why the duality gaps
for multi-source instances are more important, and the need to find new classes of valid
inequalities and heuristics for such instances.

Another difficulty concerns actual MIP systems. One reason that bc-nd does not more
significantly outperform ”dicut reformulation + an MIP system” is that the MIP system
uses its powerful preprocessor to reduce the tightened formulation, while bc-nd keeps the
initial tightened formulation as it needs the network structure for cut generation and its
primal heuristics. This handicap will only be overcome when the MPS subroutine libraries
provide a two way mapping between the original and preprocessed matrices.

Obvious developments are to extend the system to tackle both single commodity capac-
itated fixed charge network design problems, and to multicommodity problems. The set XS

(5)-(7) modified with active capacity constraints is the natural starting point as a variety
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of valid inequalities (flow cover, mixed integer rounding, etc.) can be generated for XS

modified, and the heuristics to generate good node sets S probably need only minor modi-
fications. In addition practically all the inequalities used for multicommodity problems are
direct adaptations of single commodity inequalities.
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Annex A: Characteristics of the test instances

The next two tables give the principal parameters of the instances we have used to test our
algorithm. The columns are: the name of the problem, the number of nodes and arcs, the
number of source nodes and demand nodes, total demand, and the last column indicates
whether the variable costs are zero or not.

Multi-Source Problems

Type Name nodes arcs nsrc ndem totdem c=0
Grid g200x740 200 740 100 10 1500

g200x740b 200 740 10 80 1000
g200x740g 200 740 100 100 1000
g200x740h 200 740 100 100 10000
g200x740i 200 740 100 100 200
g40x132 40 132 10 15 934
g50x170 50 170 13 18 1000
g55x188 55 188 17 14 1000

Complete k10x90 10 90 6 4 100
k14x182 14 182 4 6 1000
k14x182b 14 182 10 2 1000
k16x240 16 240 10 5 794
k16x240b 16 240 8 8 1000
k20x380 20 380 10 6 437

Planar p100x588 100 588 40 25 900
p100x588b 100 588 40 25 900
p200x1188 200 1188 40 25 900
p200x1188b 200 1188 40 25 900
p500x2988 500 2988 80 40 10000
p500x2988b 500 2988 80 40 10000
p50x288 50 288 10 15 500
p50x288b 50 288 10 15 500
p80x400 80 400 30 15 800
p80x400b 80 400 30 15 800

Random r20x100 20 100 8 8 1000
r20x200 20 200 8 8 1000
r30x160 30 160 10 8 1000
r50x360 50 360 30 15 100
r80x800 80 800 40 25 944

Series-Parallel sp100x200 100 200 14 11 51
sp150x300 150 300 11 13 90
sp150x300b 150 300 15 23 313 X
sp150x300c 150 300 18 26 1174
sp150x300d 150 300 18 33 1135 X
sp50x100 50 100 18 21 776
sp80x160 80 160 4 10 47
sp90x180 90 180 16 16 309
sp90x250 90 250 13 14 122
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Single-Source Problems

Type Name nodes arcs nsrc ndem totdem c = 0
Steiner beasleyC1 500 1250 1 4 4 X

beasleyC2 500 1250 1 9 9 X
beasleyC3 500 1250 1 82 82 X
berlin 52 2652 1 15 15 X
brasil 58 3306 1 24 24 X
mc11 400 1520 1 212 212 X
mc7 400 1520 1 169 169 X
mc8 400 1520 1 187 187 X

Multi-Segment beavma 89 195 70 1 14505
mtest4ma 100 975 70 1 3959
g150x1100 150 1100 1 50 1000
g150x1650 150 1650 1 50 1000
k15x420 15 420 1 14 95
k15x630 15 630 1 14 95
p50x576 50 576 1 30 968
p50x864 50 864 1 30 968

MIPLIB fixnet6 100 500 1 80 500
Grid g200x740c 200 740 1 30 10000

g200x740d 200 740 1 100 10000
g200x740e 200 740 1 150 10000
g200x740f 200 740 1 199 10000
g180x666 180 666 1 150 10000
g55x188c 55 188 1 30 1000

Kn + 1 h50x2450 50 2450 1 49 277
h50x2450b 50 2450 1 49 303
h50x2450c 50 2450 1 44 252
h50x2450e 50 2450 1 44 253
h80x6320 80 6320 1 74 408
h80x6320b 80 6320 1 69 354
h80x6320c 80 6320 1 71 396
h80x6320d 80 6320 1 68 384

Complete k15x210 15 210 1 14 95
k20x380b 20 380 1 10 89
k20x380c 20 380 1 15 100
k20x380d 20 380 1 19 91
k20x380e 20 380 1 5 100

Lot-Sizing l121x232 121 232 1 15 4202
l451x885 451 885 1 30 5677
l451x885b 451 885 1 30 7677
l61x114 61 114 1 10 1810

Planar p100x588c 100 588 1 5 673
p100x588d 100 588 1 5 673 X
p200x1188c 200 1188 1 6 140 X
p500x2988c 500 2988 1 6 606
p500x2988d 500 2988 1 6 606 X
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Annex B: Results

Table 9 reports the results for the single-source problems and Table 10 for the multi-source
problems. Within the tables the problems are grouped by graph type. The first column is
the name of the instance, the second column is the class the instance belongs to. The third
column gives the value of the LP relaxation. The rest of the columns are grouped by system
reporting the value of the LP after adding cuts at the top node, the value of the best IP
solution found, the gap and the total time used by the system.

Table 11 reports the results for the hard instances after reformulation. The first column
is the name of the instance, the second column is the class the instance belongs to. A
superscript (1) means the instance is solved by exactly one system after adding dicuts and
(2) means the instance is solved by at least two of the systems after adding dicuts. The next
column give the value of the LP relaxation after reformulation. The rest of the columns
are grouped by system and reporting the value of the LP relaxation improved with system
cuts, the value of the best IP solution, the final duality gap, and the execution time is CPU
seconds.
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Table 9: Single-source instances: detailed results
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Table 10: Multi-source instances: detailed results
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Table 11: Hard instances : reformulated
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