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e&25(� &DWKROLF 8QLYHUVLW\ RI /RXYDLQ� �� YRLH GX 5RPDQ 3D\V� ���� /RXYDLQ�OD�1HXYH� %HOJLXP�

H�PDLO� QHVWHURY#FRUH�XFO�DF�EH� 7KH UHVHDUFK ZDV SDUWLDOO\ VXSSRUWHG E\ WKH %HOJLDQ 3URJUDP RI ,QWHUXQLYHUVLW\

3ROHV RI $WWUDFWLRQ LQLWLDWHG E\ WKH %HOJLDQ 6WDWH� 3ULPH 0LQLVWHU
V 2pFH� 6FLHQFH 3ROLF\ 3URJUDPPLQJ�
\7+(0$� 8QLYHUVLWuH GH &HUJ\ 3RQWRLVH� ��� %G GX 3RUW� ����� &HUJ\�3RQWRLVH &('(;� )UDQFH� 7HO� �������

�� �� �� � )D[� ���� �� �� �� �� � (�PDLO� GHSDOPD#X�FHUJ\�IU



Devwudfw

:H SUHVHQW D QHZ FODVV RI WUDQVSRUWDWLRQ V\VWHPV� WKH VWDEOH G\QDPLFV PRGHOV� ZKLFK

SURYLGHV D QDWXUDO OLQN EHWZHHQ WKH VWDWLF DQG G\QDPLF WUDpF QHWZRUN PRGHOV� 7KH\ FDQ

EH VHHQ DV VWHDG\ VWDWHV RI G\QDPLF QHWZRUNV �oRZV DUH FRQVWDQW LQ WLPH�� 7KHVH PRGHOV

WXUQ RXW WR EH YHU\ HDV\ WR VWXG\ DQDO\WLFDOO\ IRU VLPSOH QHWZRUNV� 0RUHRYHU� WKH\ FDQ

EH H[WHQGHG IRU ODUJH QHWZRUNV� IRU ZKLFK HpFLHQW �DQG VWDQGDUG� DOJRULWKPV WR VROYH IRU

HTXLOLEULXP FDQ EH GHULYHG� :H DOVR SUHVHQW D IRUPXODWLRQ IRU WKH HQGRJHQRXV RULJLQ�

GHVWLQDWLRQ FDVH� )LQDOO\� WKLV FODVV RI PRGHOV OHDGV WR YHU\ QDWXUDO DQG VLPSOH FDOLEUDWLRQ

PHWKRGV�

Nh| zrugv= &RQYH[ RSWLPL]DWLRQ� VWDWLF PRGHOV� VKRUWHVW SDWK� YDULDWLRQDO LQHTXDOL�

WLHV� VWDEOH G\QDPLFV�
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7KH VWDWLF PRGHOV DUH VWLOO YHU\ SRSXODU LQ WUDQVSRUWDWLRQ VFLHQFH DV ZHOO DV IRU SUDFWLFDO

DSSOLFDWLRQV DOO DURXQG WKH ZRUOG >�@� $ NH\ HOHPHQW RI WKRVH PRGHOV LV WKH VSHFLnFDWLRQ

RI WKH OLQN SHUIRUPDQFH IXQFWLRQV �FRQJHVWLRQ ODZ�� &RQVLGHU D OLQN RI D WUDQVSRUWDWLRQ

QHWZRUN� 7KH LQGHSHQGHQW YDULDEOH LV WKH LQSXW oRZ RQ WKLV OLQN DQG WKH GHSHQGHQW

YDULDEOH LV WKH WUDYHO WLPH WR FURVV WKLV OLQN �RU FURVVLQJ WLPH�� 7KLV UHODWLRQ� NQRZQ DV

WKH WUDYHO FRVW IXQFWLRQ RU WKH LPSHGDQFH IXQFWLRQ� VWDWHV WKDW WKH WUDYHO WLPH VKRXOG EH

DQ LQFUHDVLQJ �RU DW OHDVW QRQ�GHFUHDVLQJ� IXQFWLRQ RI WKH LQSXW oRZ �VHH >�@� >��@ DQG >�@��

0DQ\ VWXGLHV KDYH EHHQ SHUIRUPHG WR HVWLPDWH VXFK IXQFWLRQV �H�J� VHH >�@ DQG >�@�� :LWK

WKH LQKHUHQW SUREOHP WKDW ��� LQ PDQ\ VLWXDWLRQV RI SUDFWLFDO LQWHUHVW� WKH oRZV �DV ZHOO

DV WKH WUDYHO WLPHV� DUH UDUHO\ FRQVWDQW RYHU WLPH� DQG ��� ZKHQ WKH nHOG HVWLPDWHV RI WKH

FRVW IXQFWLRQV DUH XVHG LQ ODUJH WUDQVSRUWDWLRQ VRIWZDUH WKH\ QHHG VRPH UH�FDOLEUDWLRQ�

&DOLEUDWLRQ RI WKRVH SHUIRUPDQFH IXQFWLRQV LV D ORQJ DQG H[SHQVLYH WDVN WKDW LV RIWHQ

KDUG WR UHSURGXFH IRU PDQ\ FLW\ SODQQHUV� )LUVW� EHFDXVH WKHVH VSHFLDOL]HG VNLOOV PD\

QRW EH DYDLODEOH �HVSHFLDOO\ LQ GHYHORSLQJ FRXQWULHV� DQG VHFRQG� EHFDXVH WKH QHFHVVDU\

GDWD �WUDpF FRXQWV� HWF�� PD\ QHLWKHU EH DYDLODEOH� )RU WKHVH UHDVRQV� ZH SURSRVH WKH

H[SORUDWLRQ RI D QHZ DYHQXH RI UHVHDUFK ZKLFK ZH DUJXH LV PXFK VLPSOHU WKDQ FXUUHQW

SUDFWLFH IURP ERWK WKH FRPSXWDWLRQDO DQG WKH GDWD UHTXLUHPHQWV SRLQWV RI YLHZ�

7KH LGHD LV WR EDVH WKH GHVFULSWLRQ RI WKH FRQJHVWLRQ FRVW RQO\ RQ D VPDOO QXPEHU RI

SDUDPHWHUV ZKLFK KDYH DQ XQDPELJXRXV SK\VLFDO LQWHUSUHWDWLRQ� :H VKRZ EHORZ WKDW WKH

NQRZOHGJH RI WKH OHQJWK RI WKH URDG� WKH PD[LPXP VSHHG DQG WKH FDSDFLW\ RI WKH URDG

�GHnQHG DV PD[LPDO oRZ� SURYLGH HQRXJK LQIRUPDWLRQ WR GHWHUPLQH WKH HTXLOLEULXP WUDYHO

WLPH� 7KLV PD\ DSSHDU XQIDPLOLDU IRU WKH UHDGHU� ,QGHHG� WKLV LQIRUPDWLRQ LV QRW HQRXJK

WR FRPSXWH WKH WUDYHO WLPH RXW RI WKH HTXLOLEULXP SDWK� +RZHYHU� LW DSSHDUV WKDW WKH

PLVVLQJ LQIRUPDWLRQ LV SURYLGHG E\ D EHKDYLRUDO UXOH� WKH :DUGURS SULQFLSOH� ZKLFK VWDWHV

WKDW WKH XVHUV VHOHFW WKH PLQLPXP JHQHUDOL]HG FRVW VKRUWHVW SDWK�

7KH PRGHOV ZH FRQVLGHU LQ WKLV SDSHU DUH EDVHG RQ WKH PDWKHPDWLFDO EDFNJURXQG

GHYHORSHG LQ >�@� +RZHYHU� ZH SUHVHQW D YHUVLRQ DGDSWHG WR WKH VWXG\ RI FRQJHVWLRQ LQ

ODUJH FRQJHVWHG XUEDQ DUHDV� 0RUHRYHU� RQ VLPSOH H[DPSOHV� ZH VKRZ WKDW WKH VROXWLRQV

RI RXU PRGHOV DUH WKH RQO\ ORJLFDO VROXWLRQV� ZKLFK DUH FRQVLVWHQW ZLWK VRPH PLQLPDO VHW

RI EHKDYLRUDO DVVXPSWLRQV DQG SK\VLFDO FRQVWUDLQWV�

7KH SDSHU LV RUJDQL]HG DV IROORZV� ,Q 6HFWLRQ �� ZH LQWURGXFH WKH EDVLF QRWDWLRQ DQG

SUHVHQW WKH VWDQGDUG UHVXOWV RQ VWDWLF PRGHOV �DORQJ %HFNPDQQ
V IRUPXODWLRQ�� ,Q 6HFWLRQ

�� ZH VWXG\ VHYHUDO H[DPSOHV RI VLPSOH QHWZRUNV DQG GHULYH WKHLU HTXLOLEULXP VROXWLRQV�

7ZR RI WKHVH H[DPSOHV DUH UHODWHG WR %UDHVV SDUDGR[� :H VKRZ WKDW WKH QHJDWLYH HmHFW RI

DQ DGGLWLRQDO DUF FDQ DSSHDU HYHQ LQ WKH VLPSOH WULDQJXODU QHWZRUN� 0RUHRYHU� ZH VKRZ

WKDW WKLV HmHFW FDQQRW EH VHHQ LQ WKH VWDQGDUG IUDPHZRUN IRU %UDHVV SDUDGR[� LQ ZKLFK WKH

LPSHGDQFH IXQFWLRQV DUH DVVXPHG WR EH OLQHDU LQ DUF oRZV� ,Q 6HFWLRQ �� ZH LQWURGXFH WKH

PDWKHPDWLFDO IRUPXODWLRQ RI WKH 6WDEOH '\QDPLF PRGHO IRU JHQHUDO QHWZRUNV DQG SURYLGH

LW ZLWK VRPH LQWXLWLYH H[SODQDWLRQ� 7KH VRFLDO RSWLPXP VROXWLRQ LV DOVR GHVFULEHG� )LQDOO\�

ZH SURSRVH D IRUPXODWLRQ ZKHUH WKH RULJLQ�GHVWLQDWLRQ PDWUL[ LV FRPSXWHG HQGRJHQRXVO\ LQ

D FRQVLVWHQW ZD\� &RQFOXVLRQV DUH SURYLGHG LQ 6HFWLRQ �� 7KH SURRIV RI DOO VWDWHPHQWV RI WKH

SDSHU DUH SURYLGHG LQ $SSHQGL[� 1RWH WKDW WKH H[LVWHQFH UHVXOWV FDQ EH REWDLQHG GLUHFWO\

IURP WKH JHQHUDO WKHRU\ IRU QRQDWRPLF JDPHV >��@� +RZHYHU� SURYLGH WKH FRUUHVSRQGLQJ

VWDWHPHQWV ZLWK WKH SURRIV EDVHG RQ WKH WHFKQLTXH RI &RQYH[ $QDO\VLV VLQFH ZH QHHG WR
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FKDUDFWHUL]H WKH VROXWLRQV LQ D FRQVWUXFWLYH ZD\�
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)URP WKH YHU\ EHJLQQLQJ� WKH GHYHORSPHQW RI WKH PRGHOV IRU FRQJHVWHG WUDQVSRUWDWLRQ

QHWZRUN ZDV EDVHG RQ WKH IROORZLQJ :DUGURS SULQFLSOH�

q $W HTXLOLEULXP� DOO URXWHV� ZKLFK DUH XVHG IRU WUDYHOLQJ EHWZHHQ WZR QRGHV $ DQG %

RI WKH QHWZRUN� KDYH WKH VDPH WUDYHO WLPH�

q 1RQH RI WKH XQXVHG URXWHV EHWZHHQ $ DQG % KDV D VPDOOHU WUDYHO WLPH�

7KLV SULQFLSOH SHUIHFWO\ nWV RXU LQWXLWLRQ �VHH >��@�� ,QGHHG� LI WKHUH LV D URXWH EHWZHHQ $

DQG %� ZKLFK LV IDVWHU WKDQ WKH XVHG URXWHV� WKHQ WKH GULYHUV ZLOO WU\ WR XVH LW� 6R� DQ\

VWHDG\ VWDWH RI WKH WUDQVSRUWDWLRQ oRZV PXVW XOWLPDWHO\ VDWLVI\ WKH DERYH UXOH�

,Q RUGHU WR GHVFULEH WKH VWDQGDUG PRGHOV� ZH QHHG WR LQWURGXFH D GHVFULSWLRQ RI WKH

WUDQVSRUWDWLRQ QHWZRUN� 6XSSRVH ZH KDYH D WUDQVSRUWDWLRQ QHWZRUN 5 FRPSRVHG E\ VRPH
VHW RI QRGHV 1 DQG WKH VHW RI GLUHFWHG DUFV $� )RU WKLV QHWZRUN ZH GHnQH WKH VHW RI
RULJLQ�GHVWLQDWLRQ SDLUV �2'�SDLUV��

2'  I�L� M�� L� M � 1 � L� MJ�

(DFK 2'�SDLU �L� M� JHQHUDWHV D GHPDQG G � 7KLV GHPDQG LV WUDGLWLRQDOO\ FRQVLGHUHG DV�L�M�

DQ DYHUDJH oRZ RI GULYHUV� ZKLFK QHHG WR WUDYHO IURP VRPH QRGH L WR DQRWKHU QRGH M� VR

WKH GHPDQG LV D QRQ�QHJDWLYH UHDO QXPEHU� ,Q RUGHU WR GHVFULEH WKH WUDYHO FRVW RI D WULS

ZH LQWURGXFH VRPH FRVW IXQFWLRQV �WUDYHO WLPH IXQFWLRQV�

F �I �� I w �� m  �� � � � �P s M$M�m m m

ZKLFK FDQ EH VSHFLnF IRU HDFK DUF� ,Q RUGHU WR HQVXUH WKH H[LVWHQFH RI WKH VROXWLRQ�

ZH DVVXPH WKDW WKH FRVW IXQFWLRQ LV QRQ�GHFUHDVLQJ LQ WKH oRZ I RQ WKH DUF m� �,Q Dm

PRUH JHQHUDO FDVH ZH FDQ DVVXPH WKDW WKH YHFWRU IXQFWLRQ F�I�  �F �I�� � � � � F �I�� ZLWK� P
PI � 5 GHSHQGV RQ DOO oRZV LQ WKH QHWZRUN DQG WKDW LV D PRQRWRQH RSHUDWRU LQ I ���

)XUWKHU� IRU HDFK 2'�SDLU �L� M� OHW XV GHnQH WKH VHW RI WKH URXWHV FRQQHFWLQJ L ZLWK M�Q R
�U� PD � 5 � U  �� � � � U ��L�M��L�M�

�U�
ZKHUH WKH m�FRPSRQHQW RI WKH YHFWRU D � m  �� � � � �P� LV HTXDO WR RQH LI WKH DUF m LV�L�M�
LQFOXGHG LQ WKLV URXWH� RWKHUZLVH WKLV FRPSRQHQW LV ]HUR� )RU WKH VDNH RI VLPSOLFLW\� ZH

�U� �GHQRWH $ WKH PDWUL[ ZLWK WKH FROXPQV D ��L�M� �L�M�t u
�U ���� �L�M�

$  D � � � � � D ��L�M� �L�M� �L�M�

)LQDOO\� IRU HDFK 2'�SDLU �L� M� ZH LQWURGXFH WKH VHW RI IHDVLEOH oRZV� �
U�L�M��  ;U �U��L�M�

c  ) � 5 � )  G ��L�M� �L�M� �L�M�� �L�M�� �
U �

�6RPHWLPHV WKLV PDWUL[ LV FDOOHG WKH DUF�URXWH LQFLGHQFH PDWUL[�

�



1RZ� IRU DQ\ FKRLFH RI WKH URXWH oRZV <
)  I) J � c s c ��L�M� �L�M��2' �L�M�

�L�M��2'

ZH FDQ FRPSXWH WKH YHFWRU RI DUF oRZV LQ WKH QHWZRUN�;
I  $ ) s $)��L�M� �L�M�

�L�M��2'

ZKHUH $  I$ J � 7KHUHIRUH� IRU HDFK 2'�SDLU �L� M� WKH FKRLFH RI WKH YHFWRU )�L�M� �L�M��2'

UHVXOWV LQ WKH IROORZLQJ FRVW RI WKH URXWHV�

7& �) �  $ F�$) ���L�M� �L�M�

7KXV� ZH FDQ SRVH WKH ZHOO NQRZQ VWDWLF HTXLOLEULXP SUREOHP�

)LQG D oRZ SDWWHUQ ) � c VXFK WKDW�

�N� �N� �U�
) ! � � & �) �  PLQ& �) ���L�M� �L�M� �L�M�U

&OHDUO\� WKLV SUREOHP LV MXVW D IRUPDO PDWKHPDWLFDO UHIRUPXODWLRQ RI WKH :DUGURS SULQFLSOH�

,W LV NQRZQ WKDW WKLV SUREOHP FDQ EH ZULWWHQ LQ WKH IRUP RI YDULDWLRQDO LQHTXDOLW\ >�@�

e e enQG ) � c � K&�) �� ) b ) L w � �) � c� ���

ZKHUH Kc� cL GHQRWHV WKH VWDQGDUG LQQHU SURGXFW LQ WKH FRUUHVSRQGLQJ VSDFH� ,Q WKH FDVH
ZKHQ WKH FRVW IXQFWLRQ RI WKH DUF GHSHQGV RQO\ RQ WKH oRZ RI WKLV DUF� WKH YDULDWLRQDO

LQHTXDOLW\ ��� LV HTXLYDOHQW WR D PLQLPL]DWLRQ SUREOHP� ZKLFK LV NQRZQ DV %HFNPDQQ

PRGHO� � �
Im! !=�  ;

PLQ F �~�G~ � I  $)� ) � c � ���m! !I�) � �m�$ �

,I DOO F �c� DUH QRQ�GHFUHDVLQJ IXQFWLRQV� WKH SUREOHP ��� LV FRQYH[� VR ZH FDQ JXDUDQWHHm

WKH H[LVWHQFH RI WKH VROXWLRQ�

7KH DSSURDFK ZH KDYH GHVFULEHG LV FRPSOHWHO\ VWDQGDUG DQG GXULQJ PDQ\ \HDUV WKHUH

KDYH EHHQ QR PDMRU DWWHPSWV WR UHYLVH LW� ,W ZDV DOVR VKRZQ WKDW WKH HTXLOLEULXP oRZV

LQ FRQJHVWHG QHWZRUNV FDQ H[KLELW YHU\ QRQ�WULYLDO EHKDYLRU �%UDHVV SDUDGR[�� 1DPHO\�

LW DSSHDUV WKDW FRQVWUXFWLRQ RI D QHZ URDG LQ WKH QHWZRUN FDQ LQFUHDVH WKH HTXLOLEULXP

WUDYHO WLPH� $IWHU nQGLQJ DQ H[DPSOH RI VXFK D VLWXDWLRQ LQ D UHDO WUDQVSRUWDWLRQ QHWZRUN

�*HUPDQ\�� WKH VWDWLF PRGHOV EHFDPH RQH RI WKH PDLQ WRROV IRU WUDQVSRUW HQJLQHHUV� 1RZ

DOPRVW DOO H[LVWLQJ VRIWZDUH SDFNDJHV �VHH� IRU H[DPSOH� >�@� >�@� DUH XVLQJ WKLV WKHRU\ IRU

DQDO\]LQJ WUDpF FRQJHVWLRQ LQ WKH UHDO XUEDQ QHWZRUNV�

+RZHYHU� LQ WKLV SDSHU ZH SUHVHQW DQ DOWHUQDWLYH IRUPXODWLRQ WR WKH RULJLQDO %HFN�

PDQQ
V PRGHO� 7KH PDLQ PRWLYDWLRQ IRU RXU UHVHDUFK LV WKDW WKH WUDGLWLRQDO WUDYHO WLPH

PRGHO GHVFULEHV D VLWXDWLRQ ZKLFK KDUGO\ KDSSHQV LQ VLWXDWLRQV RI SUDFWLFDO LQWHUHVW� ,Q�

GHHG� WKH LQWXLWLRQ FRQnUPV WKDW D ODUJH oRZ FRUUHVSRQGV WR D IDVW PRYHPHQW� 7KHQ� WKH

WUDYHO WLPH FDQQRW EH WRR ODUJH� 2Q WKH FRQWUDU\� LI D URXWH LV FRQJHVWHG� WKHQ WKH oRZ FDQ

EH YHU\ FORVH WR ]HUR� EXW WKH WUDYHO WLPH FDQ EH YHU\ ODUJH� 7KHVH VLPSOH REVHUYDWLRQV

�



VKRZ WKDW WKH DVVXPSWLRQ WKDW WKH WUDYHO WLPH LV DQ LQFUHDVLQJ IXQFWLRQ RI oRZ LV TXLWH

DUWLnFLDO� 0RUHRYHU� WKH GDWH ZH JHW IURP WKH WUDpF FRXQWV YHU\ RIWHQ GRHV QRW VXSSRUW

WKLV DVVXPSWLRQ DV ZHOO� 2Q WKH RWKHU KDQG� DV ZH DUJXHG LQ ,QWURGXFWLRQ� LW LV FOHDU WKDW

WKH oRZ RQ D JLYHQ DUF FDQQRW EH XVHG DV WKH PDLQ PRGHOLQJ SDUDPHWHU� ,I ZH VD\ WKDW WKH

oRZ LV VPDOO� ZH VKRXOG DOVR H[SODLQ VRPHKRZ ZK\ LW LV VR� (LWKHU WKH URDG LV FRQJHVWHG

RU QRERG\ LV XVLQJ LW�
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:H VWDUW RXU E\ GLVFXVVLQJ VHYHUDO VLPSOH H[DPSOHV� :H ZLOO WU\ WR UHVWULFW RXUVHOYHV

E\ WKH PLQLPDO DPRXQW RI UHOLDEOH SDUDPHWHUV� &OHDUO\� IRU HDFK DUF m RI WKH QHWZRUN
xZH FDQ HVWLPDWH WKH PLQLPDO IUHH WUDpF WUDYHO WLPH W � /HW XV LQWURGXFH DOVR DQRWKHUm

xFKDUDFWHULVWLF RI WKH DUF� WKH PD[LPDO RXWSXW oRZ I � ,Q XUEDQ QHWZRUN WKH PD[LPDOm

oRZ GHSHQGV RQ WKH QXPEHU RI ODQHV RI WKH URDG� WKH GXUDWLRQ RI WKH JUHHQ OLJKW DW WKH

LQWHUVHFWLRQ� WKH ZHDWKHU FRQGLWLRQV� HWF� 6XUSULVLQJO\ HQRXJK� HYHQ IURP WKLV UHVWULFWHG

�DQG HDVLO\ DYDLODEOH� LQIRUPDWLRQ ZH FDQ UHWULHYH WKH HTXLOLEULXP WUDYHO WLPH� )RUPDOO\�

ZH ZLOO GHULYH WKH HTXLOLEULXP VROXWLRQ IURP WKH IROORZLQJ EHKDYLRUDO DVVXPSWLRQ�

Dvvxpswlrq 4 *LYHQ WKH DUF WUDYHO WLPH SDWWHUQ W  IW J LQ WKH QHWZRUN 1 � HDFKm m�$

GULYHU FKRRVHV RQH RI WKH VKRUWHVW �ZLWK UHVSHFW WR W� SDWKV WR WUDYHO IURP KLV RULJLQ WR WKH

GHVWLQDWLRQ�

0RUHRYHU� ZH LQWURGXFH DQ DVVXPSWLRQ FKDUDFWHUL]LQJ WKH FRQJHVWLRQ SDWWHUQ�

x xDvvxpswlrq 5 7KH oRZ I � REVHUYHG RQ DUF m� QHYHU H[FHHGV I � ,I I � I � WKHQ WKHm m m m

xxWUDYHO WLPH RQ WKLV DUF LV HTXDO WR W �WKDW LV WKH IUHH WUDpF WUDYHO WLPH�� ,I I  I � WKHQm m m

xWKH WUDYHO WLPH W FDQ EH DQ\ YDOXH JUHDWHU RU HTXDO WR W �m m

,Q WKH UHPDLQGHU RI WKLV VHFWLRQ� ZH H[DPLQH KRZ WKHVH DVVXPSWLRQ ZRUN LQ VRPH

VLPSOH FDVHV�

��� ��� �����
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/HW XV FRQVLGHU D VLPSOH �VXE�QHWZRUN FRQVLVWLQJ RI WZR QRGHV $ DQG % FRQQHFWHG E\

WZR GLUHFWHG SDUDOOHO DUFV� $VVXPH WKDW IRU WKHVH WZR DUFV ZH NQRZ WKH PLQLPDO WUDYHO
x xx x x xWLPH W DQG W � W � W � DQG WKH XSSHU ERXQG RQ WKH PD[LPDO RXWSXW oRZV I DQG I �� � � � � �

,Q DGGLWLRQ� OHW XV LQWURGXFH DQ DUF� ZKLFK JRHV RXW RI WKH QRGH % DQG RQ ZKLFK ZH FDQ

PHDVXUH WKH oRZ I � ,Q RUGHU WR VLPSOLI\ RXU DQDO\VLV� OHW XV DVVXPH WKDW WKH oRZ ERXQGV

RQ WKLV DQG RQ WKH VHFRQG DUFV DUH ELJ HQRXJK WR FDUU\ RXW DQ\ oRZ ZLWKRXW FRQJHVWLRQ�

,W DSSHDUV� WKDW LQ WKH PRVW FDVHV WKH PHDVXUHPHQW I JLYHV XV D SRVVLELOLW\ WR UHFRQVWUXFW

WKH HTXLOLEULXP oRZV DQG WUDYHO WLPH RQ WKH nUVW WZR DUFV�
x,QGHHG� LI � � I � I � WKHQ WKH FDSDFLW\ RI WKH VKRUWHVW DUF LV HQRXJK WR FDUU\ DOO oRZ��

x7KHUHIRUH� LQ WKLV FDVH WKH WUDYHO WLPH W RQ WKH nUVW DUF LV HTXDO WR W �$VVXPSWLRQ ���� �

7KXV� LQ YLHZ RI $VVXPSWLRQ �� QRERG\ ZLOO XVH WKH VHFRQG DUF �I  I � I  ���� �
x1RZ� DVVXPH WKDW I ! I � 6XFK PHDVXUHPHQW JLYHV XV DQ HYLGHQFH WKDW WKH GULYHUV�

VWDUWHG WR XVH WKH VHFRQG DUF �$VVXPSWLRQ ��� 7KH RQO\ H[SODQDWLRQ RI WKLV SKHQRPHQD�

FRPSDWLEOH ZLWK $VVXPSWLRQ �� LV WKDW WKH WUDYHO WLPH RQ WKH nUVW DUF� W � ZDV VRPHKRZ�

�



xLQFUHDVHG XS WR WKH OHYHO W �VHH DOVR WKH GLVFXVVLRQ RI G\QDPLFV � RU DGMXVWPHQW SURFHVVHV�

� LQ WKH FRQWH[W RI VWDWLF PRGHOV LQ >��@�� 7KXV� LQ WKLV FDVH ZH DOVR FDQ ZULWH GRZQ WKH

HTXLOLEULXP VROXWLRQ�
x x xI  I � I  I b I � W  W  W �� � � � � � �

1RWH WKDW ZH PDQDJHG WR JHW WKLV VROXWLRQ VD\LQJ QRWKLQJ DERXW WKH UHDVRQ IRU WKH GHOD\
x xRQ WKH nUVW DUF� 1HYHUWKHOHVV� ZH NQRZ WKDW WKH GHOD\ LV W b W � ,I ZH DUH LQWHUHVWHG LQ D� �

SDUWLFXODU PHFKDQLVP RI DULVLQJ RI FRQJHVWLRQ� ZH QHHG WR H[WHQG RXU PRGHO DQG LQWURGXFH

VRPH DGGLWLRQDO DVVXPSWLRQV� )RU H[DPSOH� LI ZH ZRUN ZLWK XUEDQ QHWZRUN� ZH FDQ DVVXPH

WKDW WKH RQO\ UHDVRQ IRU WKH DUF GHOD\ FDQ EH D TXHXH� JURZLQJ LQ WKH HQG RI HDFK DUF�

7KHQ� LQWURGXFLQJ DGGLWLRQDO SDUDPHWHUV RI WKH PRGHO �WKH OHQJWK RI WKH DUF� WKH DYHUDJH

OHQJWK RI D FDU� QXPEHU RI ODQHV RQ WKH URDG� HWF�� ZH FDQ HVWLPDWH WKH VL]H RI WKH TXHXH�

)RU LQWHU�XUEDQ KLJKZD\V ZH KDYH WR XVH DQRWKHU PRGHO RI FRQJHVWLRQ� +RZHYHU� LQ DQ\

FDVH WKLV SDUWLFXODU PHFKDQLFV GRHV QRW DmHFW WKH HTXLOLEULXP WUDYHO WLPH DQG WKH GHOD\

RQ WKH DUF� ,QGHHG� LQ RXU H[DPSOH ZH FDQ VHH WKDW WKH GHOD\ RQ WKH nUVW DUF GHSHQGV RQO\

RQ WKH SHUIRUPDQFH RI WKH VXUURXQGLQJ QHWZRUN VWUXFWXUH�

/HW XV FKHFN ZKDW KDSSHQV ZLWK RXU VROXWLRQV LQ G\QDPLFV� $VVXPH WKDW WKH oRZV LQ

RXU QHWZRUN FKDQJH LQ WLPH ~ � ,W LV PRUH FRQYHQLHQW WR ZRUN ZLWK WKH WRWDO RXWJRLQJ oRZ

I �~� IURP WKH QRGH $� 2XU G\QDPLF FKDUDFWHULVWLFV ZLOO KDYH WKH IROORZLQJ VHQVH��

q I �~�� L  �� � � WKH LQSXW oRZ RQ DUF L DW WLPH ~ �L

q W �~�� L  �� � � WKH WUDYHO WLPH IRU GULYHUV HQWHULQJ WKH DUF L DW WLPH ~ �L

&OHDUO\� I �~�  I �~��I �~�� :H FDQ DVVXPH DOVR� ZLWKRXW ORRVLQJ WRR PXFK LQ JHQHUDOLW\�� � �

WKDW WKH WUDYHO WLPH IXQFWLRQV W �~� DUH FRQWLQXRXV LQ ~ �L

/HW XV ORRN nUVW DW WKH IROORZLQJ G\QDPLFV� WKHUH LV D FULWLFDO PRPHQW A~ VXFK WKDW

xI �~� � I IRU ~ � A~ �� �

x x xI � I �~� � I � I IRU ~ ! A~ �� � � �

�5
x)RU VLPSOLFLW\� OHW XV DVVXPH WKDW �I �~�b I �G~  ��� �

A~
)URP $VVXPSWLRQ �� ZH NQRZ WKDW EHIRUH WKH PRPHQW A~ WKHUH LV QR FRQJHVWLRQ�

x x xI �~�  I �~ �� I �~�  �� W �~�  W � W �~�  W ! W � ~ � A~ �� � � � � � � �

x:KDW KDSSHQV DW ~  A~" 6LQFH W �~� DUH FRQWLQXRXV� ZH ZLOO KDYH W �~�  W ! W �~� IRU ~L � � �

IURP VRPH LQWHUYDO >A~ � x~�� 'XULQJ WKLV SHULRG RI WLPH� WKH nUVW DUF ZLOO VWD\ PRUH DWWUDFWLYH

IRU WKH GULYHUV� 6R�

I �~ �  I �~�� ~ � >A~ � x~��� �

+RZHYHU� GXULQJ WKLV SHULRG RI WLPH� WKH LQSXW oRZ RI WKH nUVW DUF ZLOO EH JUHDWHU WKDQ WKH

PD[LPDO RXWSXW oRZ� 7KLV PXVW UHVXOW LQ D TXHXH JURZLQJ DW WKH HQG RI WKLV DUF� 7KLV

TXHXH ZLOO LQFUHDVH WKH WUDYHO WLPH W �~���

7KXV� ZH KDYH VHHQ WKDW VWDUWLQJ IURP WKH WLPH A~ WKH IXQFWLRQ W �~� VWULFWO\ LQFUHDVHV��

+RZ ORQJ WKDW FDQ KDSSHQ" &OHDUO\� XS WR WKH PRPHQW LWV UHDFK WKH OHYHO RI WKH WUDYHO

WLPH RQ WKH VHFRQG DUF�
xW �x~�  W �� �

�



6WDUWLQJ IURP WLPH x~ � WKH GULYHUV ZLOO EH VKDUHG EHWZHHQ WKH WZR DUFV LQ VXFK D ZD\ WKDW

NHHSV WKH WUDYHO WLPHV RQ ERWK DUFV UHPDLQ WKH VDPH� 7KHUHIRUH� IRU DQ\ ~ w x~ ZH KDYH

WKH IROORZLQJ HTXLOLEULXP VROXWLRQ�

x xxW �~�  W �~�  W � I �~�  I � I �~ �  I �~�b I �� � � � � � � �

:H VHH WKDW WKH DERYH G\QDPLFV FDQ EH VHHQ DV D WUDQVLWLRQ SURFHVV EHWZHHQ WZR VWHDG\

HTXLOLEULXP VWDWHV RI WKH QHWZRUN� 7KH G\QDPLFV RI WKLV SURFHVV FDQ EH TXLWH FRPSOLFDWHG�

EXW LW GRHV QRW FKDQJH WKH nQDO VWDEOH VWHDG\ VWDWH� 7KLV VWDWH LV VWDEOH LQ WKH VHQVH WKDW

IRU DQ\ oRZ SDWWHUQ I �~� VXFK WKDW�

x x xI � I �~� � I � I � IRU ~ w x~ �� � � �

WKH HTXLOLEULXP DUF WUDYHO WLPHV� oRZV DQG TXHXHV UHPDLQ FRQVWDQW LQ WLPH�
x/HW XV ORRN QRZ DW WKH ODVW YDULDQW RI RXU VWDWLF H[DPSOH� LQ ZKLFK ZH KDYH I  I � ,Q�

WKLV FDVH
xI  I � I  ��� � �

EXW ZH FDQQRW DVVLJQ D VSHFLnF YDOXH WR WKH HTXLOLEULXP WUDYHO WLPH� :H FDQ RQO\ VD\ WKDW
x xW � >W � W @�� � �

7KLV XQFHUWDLQW\ KDV DQ REYLRXV G\QDPLF LQWHUSUHWDWLRQ� ,I LQ RXU G\QDPLF VHWWLQJ WKH

LQWHJUDO
�=

x�I �~�b I �G~� �

A~

LV nQLWH DQG VPDOO HQRXJK� WKH WUDYHO WLPH W �~� FDQ VWDELOL]H DW VRPH OHYHO LQ WKH LQWHUYDO�

x x>W � W @� %XW WKLV OHYHO LV QRW VWDEOH� DQ\ ORFDO FKDQJH RI WKH oRZ I �~ � ZLOO UHVXOW LQ WKH� � �

FKDQJH RI WKH VL]H RI WKH TXHXH DQG� DV D UHVXOW� LQ WKH VWDELOL]DWLRQ RI WKH WUDYHO WLPH W �~ ��

DW VRPH QHZ OHYHO�

7KXV� OHW XV PDNH VRPH LQWHUPHGLDWH FRQFOXVLRQV�

q ,Q RXU H[DPSOH ZH PDQDJHG WR nQG VRPH VWDWLF HTXLOLEULXP ZLWKRXW XVLQJ DQ\ SUH�

GHnQHG WUDYHO WLPH IXQFWLRQV� :H XVH RQO\ WKH ORJLFDO FRQVHTXHQFHV RI $VVXPSWLRQV

� DQG ��

q :H KDYH VHHQ WKDW WKH DUF SHUIRUPDQFH PRGHO LV QRW QHFHVVDULO\ D IXQFWLRQDO GHSHQ�

GHQFH� ,Q RXU H[DPSOH LW LV UHSUHVHQWHG DV VRPH ERXQGV RQ WKH DUF WUDYHO WLPH DQG

WKH DUF oRZ�
xxW �~� w W � � � I �~� � I � L  �� ��L L L L

q 2XU VWDWLF HTXLOLEULD FDQ EH VHHQ DV VWHDG\ HTXLOLEULXP VWDWHV RI WKH G\QDPLF WUDQV�

SRUWDWLRQ QHWZRUN�

:H ZLOO IRFXV LQ WKLV SDSHU RQ WKH VWXG\ RI VWDWLRQDU\ UHJLPHV� :H UHIHU WR WKHVH

UHJLPHV DV 6WDEOH '\QDPLFV� 7UDpF FRXQW GDWD VXJJHVW WKDW WKLV DSSURDFK LV OLNHO\ WR

EH UHOHYDQW IRU ERWK WKH SHDN DQG WKH Rm�SHDN KRXUV� :KDW ZLOO EH LJQRUHG� LV KRZ WKH

WUDQVSRUWDWLRQ V\VWHP HYROYHV IURP RQH VWDWLRQDU\ UHJLPH WR DQRWKHU� /DWHU RQ� ZH ZLOO

SURYH WKDW WKH H[LVWHQFH RI D VWDWLRQDU\ UHJLPH FDQ EH JXDUDQWHHG IRU JHQHUDO QHWZRUNV

XQGHU YHU\ PLOG DVVXPSWLRQV DQG WKDW WKH VLPLODU FRQFOXVLRQV FRXOG WKHQ EH GHULYHG�

+RZHYHU� EHIRUH WKDW ZH ZLVK WR GHYHORS RXU LQWXLWLRQ RQ VRPH RWKHU H[DPSOHV�

�



��� ��
����� �������

/HW XV FRQVLGHU D VLPSOH QHWZRUN ZLWK WZR RULJLQ QRGHV� $ DQG %� DQG RQH GHVWLQDWLRQ
xxQRGH &� 1RGH $ LV FRQQHFWHG ZLWK & E\ DQ DUF ZLWK FKDUDFWHULVWLFV W DQG I DQG QRGH� �

xx% LV FRQQHFWHG ZLWK & E\ WKH VHFRQG DUF ZLWK FKDUDFWHULVWLFV W DQG I � :LWKRXW ORVV RI� �
x xJHQHUDOLW\� ZH FDQ DVVXPH WKDW W � W �� �

1RZ� LI WKH GHPDQG oRZV G IURP $ WR & DQG G IURP % WR & VDWLVI\ WKH UHODWLRQD E

x xG � I � G � I �D � �E

WKHQ WKHUH LV QR FRQJHVWLRQ LQ WKH QHWZRUN� ,Q WKLV FDVH

x xW  W � W  W �� � � �

DQG WKH VRFLDO FRVW LQ WKH QHWZRUN LV DV IROORZV�

e x xF  G W � G W �D � �E�

,Q ZKDW IROORZV� ZH DVVXPH WKDW
xG � G ! I � ���D �E

/HW XV PRGLI\ RXU QHWZRUN� 1DPHO\� OHW XV FRQQHFW WKH QRGHV % DQG $ E\ D QHZ YHU\
xxVKRUW DQG HpFLHQW DUF ZLWK WKH FKDUDFWHULVWLFV W � I � :H DVVXPH WKDW WKHVH FKDUDFWHULVWLFV� �

VDWLVI\ WKH IROORZLQJ UHODWLRQV�

x xx x xW � W � W � I ! I �� � � � �

:KDW LV WKH LPSDFW RI WKLV PRGLnFDWLRQ" &OHDUO\� LW FKDQJHV QRWKLQJ IRU GULYHUV RI 2'�

SDLU �$�&�� +RZHYHU� IRU WKH GULYHUV RI 2'�SDLU �%�&� LW FUHDWHV D QHZ VKRUWHVW SDWK�

7KHUHIRUH WKHVH GULYHUV ZLOO WU\ WR XVH LW� %XW� VLQFH WKH FDSDFLW\ RI WKH nUVW DUF LV QRW

HQRXJK WR FDUU\ RXW WKH WRWDO GHPDQG oRZ �VHH ����� WKH GULYHUV IURP % ZLOO FUHDWH D

TXHXH RQ WKH nUVW DUF� 7KH VL]H RI WKLV TXHXH ZLOO EH JURZLQJ XS WR WKH PRPHQW WKH WUDYHO
xWLPH DORQJ WKH URXWH % � $ � & EHFRPHV HTXDO WR W � 6LQFH WKHUH LV QR FRQJHVWLRQ RQ�

WKH QHZ DUF� WKH WUDYHO WLPH RQ WKH nUVW DUF PXVW EH DV IROORZV�

x xW  W b W �� � �

7KXV� WKH DERYH PRGLnFDWLRQ RI WKH QHWZRUN UHVXOWV LQ WKH IROORZLQJ HTXLOLEULXP WUDYHO

WLPHV DQG DUF oRZV�
xx xW  W b W � I  I �� � � � �

xxW  W � I  G � G b I �� � � D �E

xxW  W � I  I b G �� � � � D

7KH HTXLOLEULXP WUDYHO WLPH IRU WKH GULYHUV RI 2'�SDLU �%�&� ZDV QRW LPSURYHG� %XW WKH

WUDYHO WLPH IRU WUDYHOLQJ IURP $ WR & EHFRPH ZRUVH� 7KH QHZ VRFLDO FRVW LV DV IROORZV�

e ex x xF  G �W b W � � G W ! F �D � � �E �

7KXV� QRERG\ LV EHWWHU Rm DIWHU WKH DERYH PRGLnFDWLRQ DQG VRPH GULYHUV DUH ZRUVH Rm�

�



6XFK D SKHQRPHQRQ LV NQRZQ LQ WUDQVSRUWDWLRQ VFLHQFH DV WKH %UDHVV SDUDGR[� +RZ�

HYHU� WKH FODVVLFDO IRUP RI WKDW SDUDGR[ FRUUHVSRQGV WR WKH VWDWLF PRGHO ZLWK OLQHDU DUF

SHUIRUPDQFH IXQFWLRQV� 0RUHRYHU� LW LV GHULYHG IRU D YHU\ VSHFLDO QHWZRUN �ZH FRQVLGHU WKLV

QHWZRUN LQ 6HFWLRQ ����� 8S WR QRZ WKH WKHRUHWLFDO FRQGLWLRQV IRU DULVLQJ VXFK QHJDWLYH

HmHFWV LQ JHQHUDO VWDWLF PRGHOV DUH VWLOO QRW ZHOO XQGHUVWRRG �VHH >��@ IRU GHWDLOV��

7KH H[DPSOH ZH KDYH VHHQ LQ WKLV VHFWLRQ VHHPV WR EH QHZ� 0RUHRYHU� LW FRUUHVSRQGV WR

WKH VLPSOHVW QHWZRUN VWUXFWXUH DQG LW LV PXFK HDVLHU IRU FRPSOHWH WKHRUHWLFDO DQDO\VLV� $Q

LQWHUHVWLQJ TXHVWLRQ LV ZK\ WKLV WULDQJXODU QHWZRUN ZDV QHYHU FRQVLGHUHG DV DQ H[DPSOH

IRU WKH %UDHVV SDUDGR[� 7KH DQVZHU LV TXLWH LQWULJXLQJ� ,W DSSHDUV WKDW IRU WKH WULDQJXODU

QHWZRUN WKH QHJDWLYH LPSDFW FDQQRW EH REVHUYHG LQ D VWDWLF PRGHO ZLWK VWURQJO\ LQFUHDVLQJ

OLQHDU WUDYHO WLPH IXQFWLRQV�

,QGHHG� OHW XV DVVXPH WKDW WKH DUF WUDYHO WLPH GHSHQGV OLQHDUO\ RQ WKH DUF oRZ�

W  m � n I � L  � � � � ��L L L L

7KHQ WKH HTXLOLEULXP WUDYHO WLPH LQ RXU LQLWLDO QHWZRUN DUH DV IROORZV�

W  m � n G � W  m � n G �� � � D � � � E

,Q RUGHU WR nQG DQ HTXLOLEULXP IRU WKH QHZ QHWZRUN ZH QHHG WR VROYH WKH IROORZLQJ OLQHDU

V\VWHP�
W �I �  W �I � � W �G � I ��� � � � � D �

I � I  G �� � E

I � I w ��� �

7KHQ� LI WKH QHZ DUF LV XVHG �I ! ��� WKH QHZ HTXLOLEULXP WUDYHO WLPH IRU 2'�SDLU �%�&��

PXVW GHFUHDVH SURYLGHG WKDW n ! ���

W �I �  W �G b I �  W �G �b n I �� � � � � � �E E

+RZHYHU� HYHQ LQ WKLV IUDPHZRUN WKH VRFLDO LPSDFW RI WKH QHZ DUF FDQ EH QHJDWLYH�

>G W �G � I � � G W �I �@b >G W �G � � G W �G �@D � D � � � D � D �E E E

 I >G n b G n @�� D � �E

7R FRQFOXGH ZLWK WKLV H[DPSOH� QRWH WKDW WKH DERYH HTXLOLEULXP VROXWLRQV FDQ EH

VXSSRUWHG E\ WKH VDPH W\SH RI G\QDPLF DQDO\VLV IRU WKH VWDEOH VWHDG\ VWDWHV DV LW ZDV

GRQH LQ 6HFWLRQ ����

��� ����

 �������

/HW XV FKHFN ZKDW NLQG RI ORJLFDO VROXWLRQV ZH FDQ KDYH LQ WKH FODVVLFDO IRXU�QRGH QHWZRUN

RI %UDHVV SDUDGR[� &RQVLGHU D QHWZRUN ZLWK IRXU QRGHV $� % � % DQG &� 7KH QRGH $� �

LV DQ RULJLQ� WKH QRGH & LV WKH GHVWLQDWLRQ� /HW XV VWDUW ZLWK WKH IROORZLQJ DUF VWUXFWXUH�

7KH QRGH $ LV FRQQHFWHG ZLWK % �nUVW DUF� DQG WKH QRGH % LV FRQQHFWHG ZLWK & �VHFRQG� �

�



DUF�� 6LPLODUO\� $ LV FRQQHFWHG ZLWK % DQG % LV FRQQHFWHG ZLWK & �WKLUG DQG IRXUWK� �

DUFV�� )RU DOO DUFV ZH KDYH RXU VWDQGDUG FKDUDFWHULVWLFV

xxW � I � L  �� � � � � ��L L

,Q RUGHU WR VLPSOLI\ RXU DQDO\VLV ZH DVVXPH WKDW

x xI  I  ���� �

7KXV� QR FRQJHVWLRQ HYHU RFFXUV DW WKH VHFRQG DQG WKH WKLUG DUFV�

'HQRWH E\ G WKH GHPDQG oRZ IURP $ WR &� ,Q WKLV LQLWLDO QHWZRUN WKHUH DUH RQO\ WZR

URXWHV IRU WUDYHOOLQJ IURP $ WR &� +HQFH� WKH VLWXDWLRQ LV DEVROXWHO\ WKH VDPH DV LQ WKH

H[DPSOH RI 6HFWLRQ ���� :H FDQ UHSUHVHQW WKH URXWH $ � % � & E\ D VLQJOH DUF ZLWK�

FKDUDFWHULVWLFV
x xx x xW  W � W � I  I ��� � � �� �

DQG WKH URXWH $� % � & E\ DQRWKHU DUF ZLWK FKDUDFWHULVWLFV�

x xx x xW  W � W � I  I ��� � � �� �

x x:LWKRXW ORVV RI JHQHUDOLW\� ZH FDQ DVVXPH WKDW W ! W � 7KHQ� WKHUH DUH WZR FDVHV��� ��
x x x x)LUVW� LI G � I WKHQ WKHUH LV QR FRQJHVWLRQ LQ WKH QHWZRUN� ,I G � �I � I � I �� WKHQ WKH� � � �

FRQJHVWLRQ RFFXUV RQO\ RQ WKH IRXUWK DUF� ,Q WKLV FDVH� WKH HTXLOLEULXP WUDYHO WLPH RQ WKH

IRXUWK DUF LV
e x x x x x xW  W b W  W � W b W ! W ��� � � � � ��

e7KXV� WKH HTXLOLEULXP WUDYHO WLPH WW LQ RXU H[DPSOH LV DV IROORZV���
xxW � LI G � I ��� �eWW  � x x xxW � LI I � G � I � I ��� � � �

/HW XV DVVXPH WKDW LQ RXU QHWZRUN ZH KDYH WKH IROORZLQJ UHODWLRQV EHWZHHQ WKH PLQLPDO

DUF WUDYHO WLPHV�
x x x xW � W � W ! W �� � � �

7KHQ� ZH FDQ DGG WR RXU QHWZRUN D YHU\ VKRUW DQG HpFLHQW nIWK DUF� ZKLFK FRQQHFWV WKH

QRGHV % DQG % DQG ZKLFK KDV WKH IROORZLQJ FKDUDFWHULVWLFV�� �

xx x x x xW � PLQIW b W � W b W J� I  ��� ���� � � � � �

:KDW KDSSHQV ZLWK WKH HTXLOLEULXP WUDYHO WLPH" ,Q ZKDW IROORZV ZH DQDO\]H WKH PRVW

LQWHUHVWLQJ FDVH
x x x xG � �PD[II � I J� I � I ��� � � �

)LUVW RI DOO� QRWH WKDW ZH KDYH FUHDWHG D QHZ VKRUWHVW SDWK

$� % � % � &�� �

7KHUHIRUH WKH nIWK DUF ZLOO EH GHnQLWHO\ LQ XVH� 2Q WKH RWKHU KDQG� VLQFH G LV ODUJH HQRXJK�

DOO WKUHH URXWHV RI WKH QHWZRUN PXVW EH XVHG�

�



)XUWKHU� WKH IUHH WUDpF WUDYHO WLPH IRU JRLQJ IURP $ WR % GLUHFWO\ �XVLQJ WKH WKLUG�

DUF� LV JUHDWHU WKHQ WKH WUDYHO WLPH RI WKH WULS $ � % � % � 7KHUHIRUH� WKH TXHXH ZLOO� �

DSSHDU DW WKH nUVW DUF �WKH RQO\ SRVVLEOH SODFH IRU FRQJHVWLRQ�� 2Q WKLV DUF WKH TXHXH ZLOO

HVWDEOLVK WKH IROORZLQJ WUDYHO WLPH�

e x x xW  W b W ! W� � ��

�VHH ����� 6LPLODUO\� WKH GULYHUV ZKLFK WUDYHO WR & WKURXJK QRGH % FDQ VHH WKDW WKH IUHH�

WUDpF WUDYHO WLPH IRU JRLQJ WR & GLUHFWO\ �XVLQJ WKH VHFRQG DUF� LV ZRUVH WKHQ WKH WUDYHO

WLPH RI WKH WULS % � % � &� 7KHUHIRUH� WKH TXHXH ZLOO DSSHDU RQ WKH IRXUWK DUF� 7KH� �

WUDYHO WLPH RQ WKLV DUF ZLOO EH DGMXVWHG XS WR WKH OHYHO

e x x xW  W b W ! W� � ��

�VHH ����� 2Q DOO RWKHU DUFV WKH WUDYHO WLPH ZLOO EH HTXDO WR WKH IUHH WUDpF WUDYHO WLPH�

1RZ ZH FDQ HDVLO\ FKHFN� WKDW WKH WUDYHO WLPH DORQJ DOO WKUHH URXWHV IURP $ WR & LV

WKH VDPH� 7KXV� ZH KDYH IRXQG WKH QHZ HTXLOLEULXP WUDYHO WLPH

e x x xWW  W � W b W � ���� � �

7KH HTXLOLEULXP oRZV LQ RXU QHWZRUN DUH DV IROORZV�

e e e e ex x x x x xI  I � I  Gb I � I  Gb I � I  I � I  I � I b G�� � � � � �� � � � �

e e1RWH WKDW LQ RXU H[DPSOH ZH DJDLQ KDYH WW ! WW �LQ YLHZ RI ����� 7KDW LV QRW VXUSULV��

LQJ� VLQFH WKH %UDHVV QHWZRUN FDQ EH VHHQ DV D FRPELQDWLRQ RI WZR WULDQJXODU QHWZRUNV�

RQ ZKLFK ZH KDYH DOUHDG\ REVHUYHG VXFK D SKHQRPHQD �VHH 6HFWLRQ �����

:H KDYH VHHQ WKDW WKH HTXLOLEULXP WUDYHO WLPH LQ RXU QHWZRUN LV D GHFUHDVLQJ IXQFWLRQ
ex xRI W �VHH ����� 7KXV� WKH ODUJHVW YDOXH RI WW FRUUHVSRQGV WR W  �� 7RSRORJLFDOO\� WKLV� �

PHDQV WKDW LQ WKH ZRUVW FDVH WKH QRGHV % DQG % FRLQFLGH DQG EHFRPH D VLQJOH QRGH %�� �

7KHQ ZH KDYH WZR FRQVHFXWLYH WZR�URXWH�LQ�SDUDOOHO QHWZRUN VWUXFWXUHV �VHH 6HFWLRQ �����

$ � % DQG % � &� 6LQFH WKHVH QHWZRUNV DUH LQGHSHQGHQW� WKH HTXLOLEULXP WUDYHO WLPH

IRU JRLQJ IURP $ WR & LV WKH VXP RI HTXLOLEULXP WUDYHO WLPHV IRU JRLQJ IURP $ WR % DQG
x xIURP % WR &� WKDW LV W � W � 7KH DERYH DQDO\VLV VKRZV WKDW WKLV HTXLOLEULXP WUDYHO WLPH� �

GHFUHDVHV LI ZH GR QRW DOORZ GULYHUV� FRPLQJ DW % E\ WKH nUVW DUF� HQWHU WKH IRXUWK DUF�

� ������ �����
	


,Q WKH SUHYLRXV VHFWLRQ ZH KDYH VKRZQ WKDW LW LV SRVVLEOH WR nQG HTXLOLEULXP VROXWLRQV IRU

VRPH VLPSOH QHWZRUNV� :H PDQDJHG WR GR WKDW RQO\ E\ XVLQJ WKH ORJLFDO FRQVHTXHQFHV RI

$VVXPSWLRQV � DQG �� ZLWKRXW DQ\ XVH RI WKH VWDQGDUG FRQFHSW RI DUF SHUIRUPDQFH IXQFWLRQ�

,Q WKLV VHFWLRQ� ZH VKRZ WKDW ZH FDQ nQG VXFK VROXWLRQV LQ JHQHUDO QHWZRUNV� 2I FRXUVH�

LQ WKH PRVW FDVHV WKDW FDQQRW EH VROYHG LQ D FORVHG IRUP� +RZHYHU� ZH VKRZ WKDW WKHVH

VROXWLRQV FDQ EH IRXQG QXPHULFDOO\ XVLQJ WKH VWDQGDUG WRROV RI FRQYH[ RSWLPL]DWLRQ� ,Q WKLV

VHFWLRQ ZH XVH WKH IRUPDO QHWZRUN GHVFULSWLRQ LQWURGXFHG LQ 6HFWLRQ �� 7KH SURRIV RI DOO

VWDWHPHQWV EHORZ FDQ EH HDVLO\ GHULYHG IURP WKH WKHRU\ GHYHORSHG LQ >�@� )RU FRPSOHWHQHVV

RI WKH SDSHU ZH SUHVHQW DOO QHFHVVDU\ SURRIV LQ $SSHQGL[�

��
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�� "��


&RQVLGHU QRZ D JHQHUDO WUDQVSRUWDWLRQ QHWZRUN� /HW XV DVVXPH WKDW WKH DUF WUDYHO WLPH

SDWWHUQ W  IW J LV JLYHQ� :KLFK URXWH ZLOO EH XVHG E\ DQ LQGLYLGXDO WR WUDYHO EHWZHHQm m�$

KLV RULJLQ�GHVWLQDWLRQ SDLU" 2I FRXUVH� WKDW PXVW EH D VKRUWHVW SDWK GHnQHG E\ W� $ VLQJOH

LQGLYLGXDO FDQQRW FKDQJH VLJQLnFDQWO\ WKH WUDYHO WLPH IRU RWKHU GULYHUV �UHFDOO WKDW ZH KDYH

D FRQWLQXXP RI GULYHUV�� +RZHYHU� LI ZH LQWURGXFH LQ WKH QHWZRUN DQ DGGLWLRQDO nQLWH oRZ

RI GULYHUV� ZH FDQ H[SHFW VRPH FKDQJHV� :H KDYH GLVFXVVHG WKH SRVVLEOH G\QDPLFV RI WKDW

FKDQJH LQ 6HFWLRQ ���� ,QLWLDOO\� WKH DGGLWLRQDO GULYHUV ZLOO FUHDWH TXHXHV �RU� LQFUHDVH WKH

VL]H RI H[LVWLQJ TXHXHV� VRPHZKHUH DORQJ WKHLU VKRUWHVW SDWKV� :KHQ WKLV TXHXH EHFRPHV

VXpFLHQWO\ ODUJH� ZH ZLOO VHH D ELUWK RI D QHZ VKRUWHVW SDWK� 7KXV� DW WKLV PRPHQW WKH VHW

RI WKH VKRUWHVW SDWKV LV LQFUHDVHG DQG DOO VXFK SDWKV DUH LQ XVH WR FDUU\ RXW WKH GHPDQG

oRZ�

)URP RXU FRQVLGHUDWLRQV� ZH FDQ PDNH WZR LPSRUWDQW REVHUYDWLRQV�

q ,Q FRQJHVWHG QHWZRUNV ZH FDQ H[SHFW WKDW WKH VKRUWHVW SDWK� FRQQHFWLQJ DQ RULJLQ�
GHVWLQDWLRQ SDLU� LV QRW XQLTXH�

q 7KH HTXLOLEULXP WUDYHO WLPH RQ WKH XVHG DUFV LV HVWDEOLVKHG LQ VXFK D ZD\ WKDW LW
�FUHDWHV D YDULHW\ RI VKRUWHVW SDWKV ODUJH HQRXJK WR FDUU\ RXW WKH GHPDQG oRZ�

,Q RWKHU ZRUGV� LQ FRQJHVWHG QHWZRUNV WKH HTXLOLEULXP DUF WUDYHO WLPH EHFRPHV D IXQFWLRQ

RI GHPDQG oRZV� /HW XV WU\ WR GHVFULEH WKLV GHSHQGHQFH�

/HW LQ RXU QHWZRUN 5 WKH DUF WUDYHO WLPH SDWWHUQ W LV n[HG� 7KHQ� IRU HDFK 2'�SDLU

�L� M� ZH FDQ FRPSXWH WKH VKRUWHVW�SDWK WUDYHO WLPH� 7KLV YDOXH LV D IXQFWLRQ RI W DQG LW

KDV WKH IROORZLQJ DQDO\WLFDO IRUP

�U�
7 �W�  PLQIKD � WL� U  �� � � � � U J��L�M� �L�M��L�M�

P7KXV� 7 �W� LV D FRQFDYH SLHFH�ZLVH OLQHDU IXQFWLRQ RI W� ,W LV GHnQHG IRU DQ\ W � 5 ��L�M�
P5HFDOO� WKDW IRU DQ\ IXQFWLRQ I�[�� ZKLFK LV FRQFDYH RQ 5 � DW HDFK SRLQW ZH FDQ GHnQH

D VXSHUGLmHUHQWLDO #I�[�� 7KLV LV D FORVHG FRQYH[ VHW VXFK WKDW IRU DQ\ J � #I�[� ZH KDYH

PI�\� � I�[� � KJ� \ b [L� �\ � 5 �

/HW XV ORRN DW WKH VXSHUGLmHUHQWLDO RI WKH IXQFWLRQ 7 �W���L�M�

'HnQH
�U�

, �W�  IU � >� � � � U @ � KD � WL  7 �W�J��L�M� �L�M� �L�M��L�M�

,Q RWKHU ZRUGV� , �W� LV WKH VHW RI DOO VKRUWHVW SDWKV �ZLWK UHVSHFW WR W�� ZKLFK FRQQHFW�L�M�

WKH RULJLQ L ZLWK WKH GHVWLQDWLRQ M� 7KHQ

�U�
#7 �W�  &RQY ID � U � , �W�J��L�M� �L�M��L�M�

7KLV VHW DOORZV XV WR FKDUDFWHUL]H WKH HTXLOLEULXP oRZV LQGXFHG E\ WKH 2'�SDLU �L� M� LQ

QHWZRUN 5 LQ D YHU\ FRPSDFW IRUP�

�0RUH SUHFLVHO\� RQ WKH PLQLPDO OHYHO� 7KDW LV DJDLQ D GLUHFW FRQVHTXHQFH RI $VVXPSWLRQV � DQG �� :H ZLOO

GLVFXVV D PDWKHPDWLFDO MXVWLnFDWLRQ IRU WKLV FRQFOXVLRQ LQ 6HFWLRQ ����

��



Ohppd 4 7KH oRZ YHFWRU I LV FRPSDWLEOH ZLWK $VVXPSWLRQ � LI DQG RQO\ LI WKHUH�L�M�

H[LVWV VRPH J � #7 �W� VXFK WKDW�L�M�

I  G J��L�M� �L�M�

,Q WKH VHTXHO� ZH FDOO VXFK D YHFWRU I WKH HTXLOLEULXP oRZ RI WKH 2'�SDLU �L� M�� 1RWH�L�M�

WKDW WKH FXPXODWLYH DUF oRZ YHFWRU I LV MXVW D VXPPDWLRQ RI DOO 2'�oRZV�;
I  I � ����L�M�

�L�M��2'

:H FDOO I WKH HTXLOLEULXP oRZ LI LW FDQ EH UHSUHVHQWHG DV D VXP RI HTXLOLEULXP oRZV RI DOO

2'�SDLUV� 1RWH WKDW WKH HTXLOLEULXP oRZV DUH GHnQHG ZLWK UHVSHFW WR WKH DUF WUDYHO WLPH

SDWWHUQ W�

&RQVLGHU QRZ WKH FRVW IXQFWLRQ ;
&�W�  G 7 �W���L�M� �L�M�

�L�M��2'

PWkhruhp 4 7KH DUF oRZ YHFWRU I � 5 LV DQ HTXLOLEULXP oRZ ZLWK UHVSHFW WR WKH DUF

WUDYHO WLPH SDWWHUQ W LI DQG RQO\ LI

I � #&�W�� ���

7KLV WKHRUHP DOORZV XV WR DQVZHU VRPH LQWHUHVWLQJ TXHVWLRQV� /HW WKH GHPDQG oRZ

IG J EH NQRZQ��L�M� �L�M��2'

�� *LYHQ WKH DUF WUDYHO WLPH YHFWRU W� ZH FDQ GHVFULEH DOO SRVVLEOH HTXLOLEULXP oRZV�

ZKLFK FDQ DULVH LQ WKH QHWZRUN� 7KDW LV

I � G #7 �W�� �L� M� � 2'��L�M� �L�M� �L�M�

3
I  I ��L�M�

�L�M��2'

�� *LYHQ WKH DUF oRZ YHFWRU I � ZH FDQ FKHFN ZKHWKHU LW LV SRVVLEOH WR nQG DQ DUF WUDYHO

WLPH YHFWRU W� ZLWK UHVSHFW WR ZKLFK I LV DQ HTXLOLEULXP oRZ�

Ohppd 5 7KH DUF oRZ I LV DQ HTXLOLEULXP oRZ LQ WKH QHWZRUN 5 LI DQG RQO\ LI WKH

IROORZLQJ RSWLPL]DWLRQ SUREOHP

PD[ > &�W�b KI� WL @ ���
W

e
DGPLWV D QRQ�QHJDWLYH VROXWLRQ W �

7KLV VWDWHPHQW VKRZV WKDW WKH LQIRUPDWLRQ IURP WUDpF FRXQWHUV FDQ KHOS WR UHFRQVWUXFW

WKH HTXLOLEULXP WUDYHO WLPH LQ WKH QHWZRUN� ,I DOO DUF oRZV DUH NQRZQ� WKLV GDWD LV HQRXJK

LQ RUGHU WR nQG WKH HTXLOLEULXP WUDYHO WLPH� +RZHYHU� HYHQ D SDUWLDO NQRZOHGJH FDQ KHOS

�VHH 6HFWLRQ �����

1RWH WKDW WKH UHVXOWV SUHVHQWHG LQ WKLV VHFWLRQ DUH EDVHG RQO\ RQ $VVXPSWLRQV � DQG

�� :H GLG QRW XVH DQ\KRZ D SDUWLFXODU PRGHO RI WKH DUF SHUIRUPDQFH�

��



��� #�$%"�� �����

/HW XV VKRZ QRZ KRZ ZH FDQ JHW WKH HTXLOLEULXP VROXWLRQV GLVFXVVHG LQ 6HFWLRQ �� :H XVH

WKH IROORZLQJ PD[�oRZ DUF SHUIRUPDQFH PRGHO�

xxW w W � � � I � I � m � $� ���m m m m

e eWkhruhp 5 7KH DUF WUDYHO WLPH W DQG WKH DUF oRZ YHFWRU I LV DQ HTXLOLEULXP VROXWLRQ

e
RI WKH PRGHO ��� LI DQ RQO\ LI W LV D VROXWLRQ WR WKH SUREOHP

x xPD[>&�W�b KI� WL � W w W@� ����
W

e e exDQG I  I b V � ZKHUH V LV D YHFWRU RI RSWLPDO GXDO PXOWLSOLHUV IRU WKH LQHTXDOLW\

FRQVWUDLQWV LQ �����

/HW XV VKRZ RQ D VLPSOH H[DPSOH KRZ WKLV WKHRUHP ZRUNV� &RQVLGHU WKH %UDHVV QHWZRUN�

GHVFULEHG LQ 6HFWLRQ ���� ,Q WKLV FDVH WKH REMHFWLYH IXQFWLRQ RI WKH SUREOHP ���� LV DV

IROORZV�
�;
xGPLQIW � W � W � W � W � W � W J b I W �� � � � � � � L L

L �

x x x:H KDYH DVVXPHG WKDW I � I DQG I DUH YHU\ ODUJH� 7KHUHIRUH� LQ WKH VROXWLRQ RI WKH� � �

SUREOHP ���� ZH QHFHVVDULO\ ZLOO KDYH

x x xW  W � W  W � W  W �� � � � � �

7KXV� RXU SUREOHP EHFRPHV D SUREOHP RI WZR YDULDEOHV�

x xx x x x xPD[>GPLQIW � W � W � W � W � W � W J b I W b I W � W w W � W w W @�� � � � � � � � � � � � � � �
W �W� �

7KH VROXWLRQ GLVFXVVHG LQ 6HFWLRQ ��� LV DQ LQWHULRU VROXWLRQ RI WKLV SUREOHP �LQHTXDOLW\

FRQVWUDLQWV DUH QRW DFWLYH�� 1RWH WKDW D FDQGLGDWH VROXWLRQ FDQ EH IRXQG IURP WKH V\VWHP

RI OLQHDU HTXDWLRQV�
e e e ex x xW � W  W � W � W  W � W �� � �� � � �

e ex x x x7KDW LV W  W b W � W  W b W � 7KH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU WKDW SRLQW WR� � � �� �

EH RSWLPDO DUH DV IROORZV� )LUVWO\� ZH PXVW KDYH

e ex xW ! W � W ! W �� �� �

6HFRQGO\� WKHUH PXVW H[LVW WKH PXOWLSOLHUV w w �� L  � � � � �� VXFK WKDWL� � � � � � �� � �
x� � � I�

G w � w � w  �� � � x� � � I�

w � w � w  ��� � �

7KDW LV
x x x xG w I � G w I � G � I � I �� � � �

��



��� ���� ��$%"�� �����

1RWH WKDW ���� LV D FRQYH[ RSWLPL]DWLRQ SUREOHP� 7KHUHIRUH LW FDQ EH UHIRUPXODWHG LQ DQ

HTXLYDOHQW GXDO IRUP� /HW XV ORRN DW WKLV UHIRUPXODWLRQ�

,Q RUGHU WR GR WKDW� LW LV FRQYHQLHQW WR LQWURGXFH IRU HDFK RULJLQ L � 2 D GHPDQG oRZ
QYHFWRU G � 5 � ZKHUH Q  M 1 M� (DFK FRPSRQHQW RI WKLV YHFWRU LV WKH GHPDQG oRZ IURP LL

QdPWR WKH FRUUHVSRQGLQJ QRGH� 'HQRWH E\ ( � 5 WKH LQFLGHQFH PDWUL[ RI WKH QHWZRUN 5��! � LI DUF M HQWHUV QRGH L��
(  b� LI DUF M JRHV RXW IURP QRGH L� � L  �� � � � � Q� M  �� � � � �P�LM !� � RWKHUZLVH�

P7KH SUREOHP GXDO WR ���� FDQ EH ZULWWHQ LQ WHUPV RI DUF oRZ YHFWRUV I � 5 � JHQHUDWHGL

E\ WKH RULJLQV L � 2�

Ohppd 6 7KH SUREOHP

x xPLQ KI b I� WL�
I�IL

3 xV�W� I  I � I�L
L�2 ����

(I  G � L � 2�L L

I w �� L � 2�L

LV GXDO WR �����

7KXV� WKH SUREOHP GXDO WR ���� LV WKH PLQLPDO FRVW PXOWL�FRPPRGLW\ WUDQVSRUWDWLRQ

SUREOHP ZLWK ERXQGHG DUF FDSDFLWLHV >��@� ,Q RXU NQRZOHGJH� WKLV SUREOHP ZDV QHYHU

FRQVLGHUHG IRU nQGLQJ D XVHU HTXLOLEULXP LQ WUDQVSRUWDWLRQ V\VWHPV� 7UDGLWLRQDOO\� WKH

SUREOHPV RI WKDW W\SH DUH XVHG IRU nQGLQJ D V\VWHP RSWLPXP� +RZHYHU� QRWH WKDW LQ RXU

IUDPHZRUN WKH VROXWLRQ RI WKLV SUREOHP JLYHV XV RQO\ WKH oRZ SDWWHUQ LQ WKH FRQJHVWHG

QHWZRUN� $QG LQWXLWLYHO\ LW VHHPV UHDVRQDEOH WKDW� ZKHQ FRQJHVWLRQ RFFXUV� WKH GULYHUV

LQFUHDVH WKH VHW RI WKH XVHG SDWKV LQ D PRQRWRQH ZD\� VWDUWLQJ IURP WKH IUHH WUDpF VKRUWHVW

SDWK� 7KH HTXLOLEULXP DUF WUDYHO WLPHV DULVH LQ WKLV SUREOHP DV WKH RSWLPDO GXDO PXOWLSOLHUV
xIRU WKH LQHTXDOLWLHV I � I �

,W LV LQWHUHVWLQJ WKDW WKH SUREOHP ���� SURYLGHV XV DOVR ZLWK D VRFLDO RSWLPXP VROXWLRQ�
e e x,QGHHG� LI I LV D VROXWLRQ WR WKLV SUREOHP� WKHQ KI � WL LV WKH RSWLPDO VRFLDO FRVW� 7KXV� WKH

HTXLOLEULXP VROXWLRQ GLmHUV IURP WKH VRFLDO RSWLPXP VROXWLRQ RQO\ E\ WKH TXHXHV FUHDWHG

E\ WKH GULYHUV DORQJ WKH PRVW DWWUDFWLYH URXWHV� 7KHVH TXHXHV DUH FOHDUO\ LQHpFLHQW IURP

WKH VRFLDO SRLQW RI YLHZ DQG WKH\ DUH QXOO DW WKH VRFLDO RSWLPXP� +RZHYHU� WKH\ LQFUHDVH

WKH WUDYHO WLPH DORQJ WKH EHVW URXWHV XS WR DQ HTXLOLEULXP OHYHO� $V ZH KDYH VHHQ� WKH oRZ

SDWWHUQ IRU WKH XVHU HTXLOLEULXP DQG WKH VRFLDO RSWLPXP LV WKH VDPH�

��� #
$�� ��$%"�� �����

,Q WKH HQG RI 6HFWLRQ ���� LW ZDV PHQWLRQHG WKDW WKH FRPSOHWH NQRZOHGJH RI DUF oRZV LQ WKH

QHWZRUN JLYHV XV D SRVVLELOLW\ WR nQG WKH HTXLOLEULXP WUDYHO WLPH DQG WKH HTXLOLEULXP 2'�

oRZV ZLWKRXW DQ\ DGGLWLRQDO PRGHO IRU WKH DUF SHUIRUPDQFH� +RZHYHU� LQ UHDO QHWZRUNV

��



WKH PHDVXUHPHQWV RI WUDpF FRXQWHUV DUH DYDLODEOH RQO\ IRU D VPDOO QXPEHU RI DUFV� ,Q WKLV

VLWXDWLRQ ZH FDQ FRPELQH WKH DYDLODEOH LQIRUPDWLRQ ZLWK WKH PD[�oRZ DUF SHUIRUPDQFH

PRGHO� /HW XV FRQVLGHU WKH IROORZLQJ PRGHO�

AI  I � m � &�m m

����
x x� � I � I � W w W � m � $ Q &�m m m m

,Q WKH DERYH PRGHO WKH VHW & FRUUHVSRQGV WR D VXEVHW RI DUFV� IRU ZKLFK ZH NQRZ WKH
PHDVXUHPHQW RI WUDpF FRXQWHUV�

e eWkhruhp 6 7KH DUF WUDYHO WLPH W DQG WKH DUF oRZ YHFWRU I LV DQ HTXLOLEULXP VROXWLRQ

e
WR WKH PRGHO ���� LI DQ RQO\ LI W LV D QRQ�QHJDWLYH VROXWLRQ WR WKH SUREOHP

� �; ;
A x� �xPD[ &�W�b I W b I W � W w W � m � $ Q & � ����m m m m m m

W
m�& m�$Q&

e e exDQG I  I b V � m � $ Q &� ZKHUH V DUH WKH RSWLPDO GXDO PXOWLSOLHUV IRU WKH LQHTXDOLW\mm m m

FRQVWUDLQWV LQ �����

1RWH WKDW WKH SUREOHP ���� PD\ EH XQVROYDEOH� ,Q WKLV FDVH WKH REVHUYHG WUDpF FRXQWV

FRQWUDGLFW WR RXU FKRLFH RI WKH GHPDQG oRZV�

��& '�����
�� (�%����
$

8VXDOO\� LQ SUDFWLFDO DSSOLFDWLRQV WKH H[DFW RULJLQ�GHVWLQDWLRQ PDWUL[ LV QHYHU NQRZQ� ,Q�

VWHDG� IRU HDFK RULJLQ ZH PD\ NQRZ WKH DYHUDJH QXPEHU RI GULYHUV� ZKLFK JR RXWVLGH WKLV

QRGH� DQG WKH DYHUDJH QXPEHU RI GULYHUV� ZKLFK FRPH WR WKLV QRGH IURP DOO RWKHU RULJLQV�

8VLQJ WKLV LQIRUPDWLRQ� ZH FDQ HVWLPDWH WKH RULJLQ�GHVWLQDWLRQ PDWUL[� DVVXPLQJ WKDW WKH

oRZ RI GULYHUV RI DQ RULJLQ�GHVWLQDWLRQ SDLU LV VRPH IXQFWLRQ RI WKH QXPEHU RI ZRUNLQJ

SODFHV DW WKH GHVWLQDWLRQ� WKH VL]H RI SRSXODWLRQ DW WKH RULJLQ DQG WKH GLVWDQFH EHWZHHQ

WKH RULJLQ DQG GHVWLQDWLRQ SRLQWV� ,W LV QDWXUDO WR DVVXPH WKDW WKLV IXQFWLRQ LQFUHDVHV LQ

WZR nUVW SDUDPHWHUV DQG GHFUHDVHV LQ WKH ODVW RQH�

7KH PRVW SRSXODU PRGHO RI WKDW W\SH LV WKH JUDYLW\�W\SH PRGHO� ZKLFK VWDWHV WKDW

mL�M
G { ��L�M� t�n � W �L�M L�M

ZKHUH t� m DQG n DUH VRPH SDUDPHWHUV DQG W LV VRPH GLVWDQFH EHWZHHQ WKH RULJLQ LL�M L�M L�M

DQG WKH GHVWLQDWLRQ M� 8VXDOO\ m GHSHQGV RQ WKH VL]H RI WKH SRSXODWLRQ DQG HFRQRPLFL�M

DFWLYLW\ DW L DQG M� 7KH SDUDPHWHUV n DUH FKRVHQ WR VDWLVI\ VRPH EDODQFH FRQGLWLRQV�L�M

6LQFH LQ WKH H[LVWLQJ PRGHOV WKH 2'�PDWUL[ PXVW EH FRPSXWHG EHIRUH WKH FRPSXWDWLRQ RI

WKH HTXLOLEULXP WUDYHO WLPH� WKH QDWXUDO FDQGLGDWH IRU W LV WKH IUHH WUDpF VKRUWHVW SDWKL�M

GLVWDQFH� $W WKH VDPH WLPH� LW LV FOHDU WKDW LQ FRQJHVWHG QHWZRUNV WKH IUHH WUDpF WUDYHO

WLPH FDQ GLmHU IURP WKH HTXLOLEULXP WUDYHO WLPH VLJQLnFDQWO\� ,Q WKLV VHFWLRQ ZH VKRZ WKDW

LQ WKH IUDPHZRUN RI 6WDEOH '\QDPLFV PRGHOV� ZH FDQ FRPSXWH WKH 2'�PDWUL[ DQG WKH

HTXLOLEULXP WUDYHO WLPH VLPXOWDQHRXVO\� LQ WKH VDPH FRPSXWDWLRQDO SURFHVV� ,QWXLWLYHO\� LW

��



LV FOHDU WKDW VXFK DQ HVWLPDWLRQ RI WKH 2'�PDWUL[ ZLOO EH PRUH UHDVRQDEOH DV FRPSDUHG

ZLWK FXUUHQW SUDFWLFH�

/HW 2� M2M  Q � EH WKH VHW RI RULJLQV DQG '� M'M  Q � EH WKH VHW RI GHVWLQDWLRQ�R G

'HQRWH
Q dQR G' � 5

WKH RULJLQ�GHVWLQDWLRQ PDWUL[� 7KH IHDVLEOH VHW IRU WKH PDWUL[ ' LV DV IROORZV�

7' � c  I' w � � 'H  S� ' H  TJ�Q QRG

NZKHUH H LV WKH YHFWRU RI DOO RQHV IURP 5 � S LV WKH GHPDQG YHFWRU RI GHVWLQDWLRQV DQG TN

LV WKH RXWSXW oRZ YHFWRU RI RULJLQV�

/HW XV LQWURGXFH D IDPLO\ RI DWWUDFWLRQ IXQFWLRQV

� �G�� G ! �� L  � � � � Q � M  � � � � Q �L�M R G

�ZKLFK DUH FRQYH[ DQG GHFUHDVLQJ IXQFWLRQV LQ G� :H DVVXPH WKDW � �G�� b� DV G� ��L�M
�ZKHUH � �c� VWDQGV IRU WKH GHULYDWLYH RI IXQFWLRQ � ��L�M��cL�M

,Q WKH IUDPHZRUN RI PD[�oRZ PRGHO �6HFWLRQ ����� ZH FDQ FRQVLGHU WKH IROORZLQJ

PLQLPD[ SUREOHP� � ��  K L;;
xPD[ PLQ ' 7 �W� � � �' � b KI� WL � ����L�M�L�M� �L�M� �L�M�

x � �'�cWwW
L�2 M�'

1RWH WKDW WKLV LV D VDGGOH SRLQW FRQYH[�FRQFDYH SUREOHP� 6R� WKH H[LVWHQFH RI LWV VROXWLRQ�
e e�W � ' �� IROORZ IURP WKH VWDQGDUG UHVXOWV RI FRQYH[ RSWLPL]DWLRQ�

8VLQJ WKH nUVW�RUGHU RSWLPDOLW\ FRQGLWLRQV IRU ����� ZH FRQFOXGH WKDW WKHUH H[LVW WKH
Q QR GGXDO PXOWLSOLHUV w � 5 DQG x � 5 VXFK WKDW

e � e7 �W � � � �' �  w b x � L  � � � � Q � M  � � � � Q �L M R G�L�M� L�M �L�M�

e e6ROYLQJ WKLV HTXDWLRQ IRU ' � ZH FDQ nQG LWV GHSHQGHQFH LQ 7 �W ���L�M��L�M� S
)RU H[DPSOH� IRU � �G�  b� G ZH JHWL�M

�e'  ��L�M� e ��7 �W � � x b w �M L�L�M�

$QRWKHU UHDVRQDEOH YDULDQWV IRU WKH IXQFWLRQ ��G� FDQ EH DV IROORZV�

��G�  G OQ G� ��G�  b OQ G� HWF�

7KH nUVW YDULDQW OHDGV WR WKH ZHOO NQRZQ ORJLW PRGHO�

& '��	���
�� ������


,Q WKLV SDSHU ZH KDYH SUHVHQWHG VHYHUDO VLPSOH VWDWLF PRGHOV� WKDW ZH FDOO 6WDEOH '\QDPLF

PRGHO VLQFH WKH\ FDQ EH LQWHUSUHWHG DV D VWDWLRQDU\ UHJLPH RI D G\QDPLF WUDQVSRUWDWLRQ

QHWZRUN PRGHO� 2XU DSSURDFK UHOLHV RQO\ RQ D GLUHFWO\ REVHUYDEOH SDUDPHWHUV RI WKH

��



WUDQVSRUWDWLRQ V\VWHP� PLQLPDO WUDYHO WLPH WR FURVV D OLQN DQG PD[LPXP oRZ RQ WKLV

OLQN� 7RJHWKHU ZLWK WKH EHKDYLRUDO DVVXPSWLRQ WKDW XVHUV VHOHFW WKH VKRUWHVW SDWK� ZH

ZHUH DEOH WR VROYH RXU PRGHOV IRU WKH XVHU HTXLOLEULXP DQG VRFLDO RSWLPXP� 0RUHRYHU� WKH

IRUPXODWLRQ FDQ EH H[WHQGHG WR WKH FDVH ZKHUH WKH RULJLQ�GHVWLQDWLRQ PDWUL[ LV HQGRJHQRXV�

,Q WKLV FDVH� VWDQGDUG VRFLR�HFRQRPLF GDWD �SRSXODWLRQ DQG MREV� DUH DOVR UHTXLUHG�

2QH RI WKH PDLQ UHVXOW RI WKLV SDSHU LV WKDW WKH HTXLOLEULXP VROXWLRQV RI RXU PRGHOV

FDQ EH IRXQG IURP D PXOWL�FRPPRGLW\ oRZ SUREOHP� IRU ZKLFK YDULRXV HpFLHQW DOJRULWKPV

KDYH EHHQ GHYHORSHG� ,Q D FRPSDQLRQ SDSHU� ZH SODQ WR SUHVHQW VLPXODWLRQ UHVXOWV WKDW

ZLOO EH FRPSDUHG ZLWK DFWXDO GDWD �WUDpF FRXQWV��

6LQFH WKH SURSRVHG DSSURDFK FDQ EH HDVLO\ OLQNHG WR ZHOO HVWDEOLVKHG PDWKHPDWLFDO

WKHRULHV� LW LV WHPSWLQJ WR ZRQGHU KRZ LW FRXOG EH H[WHQGHG WR IXOO\ G\QDPLF PRGHOV LQ

WKH YHLQ RI :LOOLDP 9LFNUH\ �VHH LQ SDUWLFXODU 3DUW ,9 LQ >�@�� 7KLV �GLpFXOW� WRSLF ZLOO

EH DGGUHVVHG� ZH KRSH� E\ VRPH UHVHDUFKHUV LQ WKH QHDU IXWXUH�

Dfnqrzohgjphqw= 7KH DXWKRUV ZRXOG OLNH WR WKDQN 0LFKHO /H %UHWRQ IRU KHOSIXO

FRPPHQWV�

��



)� ����	�


>�@ $UQRWW� 5�� .� $UURZ� $� $WNLQVRQ DQG -� 'UtH]H �HGV�� 3XEOLF (FRQRPLFV� 6HOHFWHG

3DSHUV E\ :LOOLDP 9LFNUH\� &DPEULGJH 8QLYHUVLW\ 3UHVV� &DPEULGJH� 8QLWHG .LQJ�

GRP� �����

>�@ %XUHDX RI 3XEOLF 5RDGV� 8�6� +LJKZD\ &DSDFLW\ 0DQXDO� 86 'HSW� RI &RPPHUFH�

:DVKLQJWRQ '�&�

>�@ %HFNPDQQ� 0�� &�0F*XLUH DQG &�:LQVWHQ� 6WXGLHV LQ (FRQRPLFV RI 7UDQVSRUWDWLRQ�

<DOH 8QLYHUVLW\ 3UHVV� 1HZ +DYHQ� �����

>�@ &(578� /H ORJLFLHOV GH SODQLnFDWLRQ GHV GuHSODFHPHQWV XUEDLQV� &ROOHFWLRQV GX

&HUWX� 0LQLVWtHUH GH O
(TXLSHPHQW� GHV 7UDQVSRUWV HW GX /RJHPHQWV� &(7( GH /\RQ�

'uHFHEUH �����

>�@ 'DJDQ]R� &� )XQGDPHQWDOV RI 7UDQVSRUWDWLRQ DQG 7UDpF 2SHUDWLRQV� 3HUJDPRQ

3UHVV� 8QLWHG .LQJGRP� �����

>�@ GH 3DOPD� $�� DQG <X� 1HVWHURY� 2SWLPL]DWLRQ )RUPXODWLRQV DQG 6WDWLF (TXLOLEULXP

LQ &RQJHVWHG 7UDQVSRUWDWLRQ 1HWZRUNV� &25( '3 ������ 8QLYHUVLWuH &DWKROLTXH GH

/RXYDLQ� -DQXDU\ �����

>�@ ?(PPH�� 8VHU
V 0DQXDO�� 5HOHDVH �� ,152� 0RQWUHDO� �����

>�@ 1DJXUQH\�� $� 1HWZRUN (FRQRPLFV� $ 9DULDWLRQDO ,QHTXDOLW\ $SSURDFK� .OXZHU $FD�

GHPLF 3XEOLVKHUV� 'RUGUHFKW� �����

>�@ 1HVWHURY� <X� 6WDEOH )ORZV LQ 7UDQVSRUWDWLRQ 1HWZRUNV� &25( '3 ������ 8QL�

YHUVLWuH &DWKROLTXH GH /RXYDLQ� -DQXDU\ ����� 7R DSSHDU LQ 2SWLPL]DWLRQ DQG (QJL�

QHHULQJ�

>��@ 2XRURX� $�� 0DKH\� 3� DQG -��3K� 9LDO� $ 6XUYH\ RI $OJRULWKPV IRU &RQYH[ 0XOWL�

FRPPRGLW\ )ORZ 3UREOHPV� 5HVHDUFK UHSRUW ������ (FROH GHV +DXWHV (WXGHV &RP�

PHUFLDOHV� 8QLYHUVLWuH GH *HQtHYH� 6ZLW]HUODQG� �����

>��@ 6KHp� <� 8UEDQ 7UDQVSRUWDWLRQ 1HWZRUNV� (TXLOLEULXP $QDO\VLV ZLWK 0DWKHPDWLFDO

3URJUDPPLQJ 0HWKRGV� 3UHQWLFH�+DOO� (QJOHZRRG &OLmV� 1HZ -HUVH\� �����

>��@ 6FKPHLGOHU� '� (TXLOLEULXP 3RLQWV RI 1RQDWRPLF 'DPHV� -RXUQDO RI 6WDWLVWLFDO

3K\VLFV� Y��� 1R��� ����� SS� ���^����

>��@ 6PLWK� 0�-� ([LVWHQFH DQG 8QLTXHQHVV� DQG 6WDELOLW\ RI 7UDpF (TXLOLEULD� 7UDQV�

SRUWDWLRQ 5HVHDUFK� ��%� ����� SS� ��������

>��@ 6WHLQEHUJ� 5� DQG :�,� =DQJZLOO� 7KH SUHYDOHQFH RI %UDHVV
 SDUDGR[� 7UDQVSRUWDWLRQ

6FLHQFH� Y���� 1R��� SS� ���^����

>��@ :DUGURS� -�*� 6RPH 7KHRUHWLFDO $VSHFWV RI 5RDG 7UDpF 5HVHDUFK� LQ 3URFHHGLQJV

RI WKH ,QVWLWXWH RI &LYLO (QJLQHHUV� 3DUW ,,� ����� SS� ��������

��
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41 Surri ri Ohppd 41 /HW I EH D IHDVLEOH oRZ SDWWHUQ IRU WKH 2'�SDLU �L� M���L�M�

&RQVLGHU WKH VXE�QHWZRUN 1 GHnQHG E\ WKH VHW RI DUFV�L�M�

�m�
$  Im � $ � I ! �J��L�M� �L�M�

7KH oRZ YHFWRU I VDWLVnHV $VVXPSWLRQ � LI DQG RQO\ LI DQ\ URXWH IURP L WR M LQ 1�L�M� �L�M�

KDV WKH VDPH WUDYHO WLPH DQG WKLV WUDYHO WLPH LV HTXDO WR 7 �W���L�M�

6LQFH
�U�

#7 �W�  &RQY ID � U � , �W�J��L�M� �L�M��L�M�

LQFOXVLRQ I � G c#7 �W� LV HTXLYDOHQW WR WKH SRVVLELOLW\ WR UHSUHVHQW WKH oRZ YHFWRU�L�M� �L�M� �L�M�

DV IROORZV�
1;

�U �OI  G c w D ����L�M U�L�M� O �L�M�
O �

13
ZLWK VRPH w w � VXFK WKDW w  �� &RQVLGHU QRZ DQ DUELWUDU\ URXWH D IRUP L WRU UO O

O �

M� ZKLFK EHORQJV WR VXE�QHWZRUN 1 � ,Q YLHZ RI ����� DQ DUF m FDQ EH LQFOXGHG LQ WKH�L�M�

URXWH D RQO\ LI WKHUH LV D VKRUWHVW SDWK IURP L WR M ZKLFK JRHV WKURXJK WKLV DUF� )URP

WKLV REVHUYDWLRQ ZH FDQ SURYH WKDW D LV DOVR WKH VKRUWHVW SDWK XVLQJ D VLPSOH LQGXFWLRQ LQ

WUDYHO WLPH DORQJ D� (

51 Surri ri Wkhruhp 41 7KH SURRI IROORZV IURP WKH GHnQLWLRQ ���� /HPPD � DQG WKH

VWDQGDUG UHODWLRQ IRU VXSHUGLmHUHQWLDOV�

;
#&�W�  G #7 �W���L�M� �L�M�

�L�M��2'

(

61 Surri ri Ohppd 51 1RWH WKDW ��� LV D nUVW RUGHU RSWLPDOLW\ FRQGLWLRQ IRU WKH

SUREOHP ���� 6LQFH &�W� LV D FRQFDYH IXQFWLRQ� WKLV FRQGLWLRQ LV QHFHVVDU\ DQG VXpFLHQW
eFKDUDFWHUL]DWLRQ RI WKH RSWLPDO VROXWLRQ W � (

71 Surri ri Wkhruhp 51 /HW XV GHQRWH E\ V WKH GXDO PXOWLSOLHUV IRU LQHTXDOLW\ FRQ�
xVWUDLQWV W w W LQ SUREOHP ����� 7KHQ WKH /DJUDQJHDQ IRU WKLV SUREOHP KDV WKH IROORZLQJ

IRUP�
x x/�W� V�  &�W�b KI� WL� KV� Wb WL � PLQ PD[ �

WVw�

e e7KH SUREOHP ���� LV VROYDEOH LI DQG RQO\ LI WKHUH H[LVWV D VDGGOH SRLQW �W � V � RI /�W� V��
7KLV PHDQV WKDW

e e exI  I b V � V w ��
����

e e e xV �W b W �  �� L  �� � � � �P� W w W�LL L

��



e e eIRU VRPH I � #&�W �� ,Q YLHZ RI WKH ODVW LQFOXVLRQ DQG 7KHRUHP �� YHFWRU I LV DQ
eHTXLOLEULXP oRZ ZLWK UHVSHFW WR WKH DUF WUDYHO WLPH W � (

81 Surri ri Ohppd 61 ,W LV HQRXJK WR VKRZ WKDW WKH SUREOHP GXDO WR ���� LV �����
x'HQRWH E\ ~ WKH GXDO PXOWLSOLHUV IRU WKH LQHTXDOLWLHV I � I � 7KHQ WKH SULPDO�GXDO IRUP

RI SUREOHP ���� LV DV IROORZV�

� �3x xxPLQPD[ KI b I� WL� KI b I� ~L � I  I � (I  G � I w �� L � 2L L L L
~w�I�IL L�2

� �3x x PD[PLQ KI b I� W� ~L � I  I � (I  G � I w �� L � 2L L L L
~w� I�IL L�2

� �3 x x PD[PLQ K I b I� W� ~L � (I  G � I w �� L � 2L L L L
~w� IL L�2

� �3x x x PD[ bKI� W� ~L� PLQ >KI � W� ~ L � (I  G � I w �@ �L L L L
~w� ILL�2

,W UHPDLQV WR QRWH WKDW

Q;
�O�x xPLQ >KI � W� ~L � (I  G � I w �@  G 7 �W� ~�L L L L �L�O�L

IL
O �

eVLQFH WKH RSWLPDO oRZ I LQ WKLV SUREOHP FRUUHVSRQGV WR WKH VKRUWHVW SDWK WUHH �ZLWKL
xUHVSHFW WR W� ~� ZLWK WKH URRW DW QRGH L� (

91 Surri ri Wkhruhp 61 7KH SURRI RI WKLV WKHRUHP LV YHU\ VLPLODU WR WKH SURRI RI

7KHRUHP �� 7KH RQO\ GLmHUHQFH LV WKDW IRU DUFV ZLWK NQRZQ oRZV ZH GR QRW KDYH WKH

LQHTXDOLW\ FRQVWUDLQWV� 7KHUHIRUH WKH nUVW RUGHU RSWLPDOLW\ FRQGLWLRQV HQVXUH

e AI  I � m � &�mm

�FRPSDUH ZLWK ������ (

��


