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1 Introduction

With the aim of modelling durations between events such as trades and quote updates
that occur randomly during the market hours on stock exchanges, Engle and Russell
(1998) introduced the autoregressive conditional duration (ACD) model. This model
combines elements from transition analysis and Engle’s (1982) autoregressive condi-
tional heteroskedasticity (ARCH) model. One motivation behind the ACD and the
ARCH model appears similar: market events, such as trades and quote arrivals, occur
in clusters. The ACD model also makes it possible to test some implications of market
microstructure models (see O’Hara, 1995, for a survey) through the introduction of
conditioning information.

Following the contribution of Engle and Russell (1998), other duration models have
been put forward. Bauwens and Giot (2000) introduced a logarithmic version of the
ACD model, called the Log-ACD model, which is more convenient than the ACD model
when conditioning variables are included in the model in order to test microstructure
effects. The reason is that the ACD model practically requires to impose non-negativity
restrictions on its parameters, whereas the Log-ACD model does not. As an alterna-
tive to the Weibull distribution used in the original ACD model, Grammig and Maurer
(2000) introduced an ACD model based on the Burr distribution (which includes the
Weibull as a particular case). Ghysels, Gouriéroux, and Jasiak (2004) proposed the
stochastic volatility duration model, which accounts for stochastic volatility in the du-
rations. Bauwens and Veredas (2004) put forward the stochastic conditional duration
(SCD) model, which uses a stochastic volatility-type model instead of a GARCH-type
model to model the durations.

Until the present contribution, one drawback of the Log-ACD model, with respect
to the ACD and the SCD models, was that the unconditional moments implied by the
model were not available analytically. Bauwens and Giot (2000) therefore relied on nu-
merical simulations to compute the moments of several Log-ACD models, in particular
their autocorrelation function (ACF) and dispersion index (i.e. the ratio of standard
deviation to mean). This led them to conclude that Log-ACD models were able to
fit the stylized facts of stock market durations ‘as well’ as ACD models. These facts
are a rather slowly decreasing ACF that starts from a relatively low positive value, a
consequence of the clustering of activity, and overdispersion. The latter implies that
very small and very large durations occur in higher proportions than is compatible with
an exponential distribution.

In this paper we thus provide analytical expressions for the unconditional moments
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and ACF for the models belonging to the Log-ACD class as defined in Bauwens and
Giot (2000), focusing on its most general parametrization. The results of this paper
are proved using the method that has been proposed by He, Teriisvirta, and Malmsten
(2002) and He (2000) for the moments of exponential GARCH models. We also provide
an empirical application in which we compute the unconditional moments and ACF
for the ACD and Log-ACD models estimated on financial durations for several stocks
traded on the New York Stock Exchange.

The paper is organized as follows. In Section 2, we define the class of Log-ACD
models, we provide the conditions of existence and the general formulae of the mo-
ments. In Section 3, we look at the properties of the dispersion index and the ACF.
In Section 4, a comparison between the conditions for the existence of moments and
autocorrelations is carried out between Log-ACD, ACD and SCD models. Section 5
presents the comparison using real data. Section 6 concludes. Proofs are relegated to

the Appendix.

2 Log-ACD Models: Definition and Moments

We denote by z; the duration between two events that happened at times ¢, ; and {;,
i.e. x; =t; —t;_1. We assume that the stochastic process {z;} generating the durations
is doubly infinite (i goes from —oo to +00).

A Log-ACD model specifies the observed duration as the mixing process

z; = elie, (1)

where the ¢; are independent and identically distributed, with

Var (&) = o2, (3)

so that E(x;|H;) = pexp(v;), where H; denotes the information set available at time
t;—1 (the beginning of the duration z;), which includes the past durations.

The important assumption, which is the same as for ACD models (see Engle and
Russell 1998), is that the dependence in the duration process can be subsumed in the
conditional expectation E(z;|H;), in such a way that z;/E(x;|H;) is iid. For further
reference, we define

Ui = exp(¥;). (4)
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To introduce dependence in the process, which can produce a clustering of durations,
1, is specified as an autoregressive equation,! which in its most general form (in this

paper) is written as

P p
Yy =w+ Z a;g(€i—j) + Zﬁjwi—ja (5)
j=1 j=1
which is equivalent to
P
T, = ¥ ei9(€i—j) H \I/fi] (6)
j=1 j=1

Two choices of the function g(e;—;) are In¢;_; or €;_;. The first one corresponds to the

Log-ACD; model, in which equation (5) becomes

i = w+ T oylne i+ 370, B

7
= WA ayna i+ 30 (8 — ) ¥y, g

and the second one to the Log-ACD, model, for which

Vv, = w+ Z;):l Qj€i_j + Z?ﬂ 5;’%‘—]‘

8
= W+ Z§=1 a;(zi—j/ expiy;_;) + Z§=1 Biij- ¥

Several choices are available for the distribution of ¢;: exponential, gamma, generalized
gamma, Weibull, Burr, lognormal, Pareto..., in principle any distribution with positive
support. The choice of a particular distribution should be guided by the desire to have
a ‘correct’ specification, and perhaps by its convenience for estimation. Among the dis-
tributions cited above, the Burr and the Pareto do not necessarily have finite moments,
so restrictions on their parameters must be imposed to ensure that the variance and the
mean exist. The Burr family includes the Weibull (and the exponential) as a particular
case, while the generalized gamma includes the gamma and the Weibull (hence the
exponential). All these distributions depend on a scale parameter that we normalize at
1. For distributions that are indexed by a single shape parameter (gamma, Weibull),
p and o2 are linked through that parameter. For the exponential distribution, the pa-
rameter is fixed to 1 so that u = 0% = 1. The Burr and generalized gamma depend on
two shape parameters, and are therefore more flexible; in particular they can have a
non-monotonous hazard function. The moments of a Log-ACD model depend of course

on the moments of ¢;.

!The results derived for the Log-ACD(p, p) can be directly applied to any Log-ACD(r, ¢) model with
r # g, as the latter specification can always be nested in the former by simply choosing p = max{r, ¢}.
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In order to proceed, let us introduce the matrix

[ B1 By By ... ﬁp—l 5,) |
1 0 0 ... 0 0
Q=0 1 0 ... 0 0 |, 9)
| 0 0 0 1 0 |
and the coefficients
b, =B QP g for k> p, (10)

where 8 = (84,...,8,)', and ¢ = (¢1,...,¢,) such that

¢0 =1,

¢1 =Py,

¢s:Zj:16j¢s—j7 §$=2,...,p,
¢ = ?:1 qubsfjv s> Dp.

(11)

Let A(£2) be the absolute value of the maximum eigenvalue of the matrix €. The
unconditional moments of z; exist and are independent of 7 as k — oo if and only if
M) < 1. In this case, Q¥ — 0 and Zj:o QY — (I -—Q) ! as k — oo, which is
necessary for the sequence {¢,} to converge to a finite value (see for example Hamilton
(1994) page 20).

Theorem 1 Assume that E [exp (mf;g(e;))] and p,, = E|x| exist for an arbitrary
m € Ry. For the Log-ACD process defined by equations (1)-(5), the condition \(2) < 1

is necessary and sufficient for the existence of the m-th moment E |x"|. Under this

condition,
p [ee)
E(z") = p,, exp lmw(l =Y B T Elexp (mbjg(e))], (12)
j=1 j=1
where
91 = (q,
Qs — Z;:l ajgbsfj’ s = 27 e Py (13)
?:1 ozjgzﬁs_j, s> p.

In the following corollary, we adapt this result to the Log-ACD (1,1) case.
Corollary 1 For the Log-ACD (1,1), the hypotheses of Theorem 1 reduce to the fol-

5
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lowing: E [exp (maﬁj_lg(ei))} < 00, W, < 0o for an arbitrary positive integer m and

|B| < 1. Under these conditions,

o0
E(«) = exp<%) [T E [exp (map'g(e))] (14)
j=1
(Note that o = «ay, and 5 = 3,).

For the practical computation of (12), the infinite product that appears in the
moment expression can be truncated after a sufficiently large number of terms since 3’
tends to 0.2 For example, if we use an exponential distribution, E(e®’) = I'(1 + o)
and E (exp (eas’)) = 1/(1 — af’), so that both expectations tend to 1 when j tends
to infinity.

If « and 8 are both positive (as is practically always the case), computing the
moment given in the previous theorem requires knowledge of E(eP) for any positive
p (not necessarily integer) in the Log-ACD; case, and E (exp(pe)) in the Log-ACDy
case. The (non-integer) moments FE(eP) are available for the generalized gamma and
Burr distributions, and all their particular cases. The moment generating function
which provides E (exp(pe)) is only available analytically for the gamma distribution
(including the exponential).

To be able to obtain an approximation of the moment generating function for
the other distributions considered, namely the Weibull, the Burr and the generalized

gamma, one can notice that the following Taylor expansion can be used:
A
(e — 15
xp(pe)) ;;— X (15)

For any of the p-th order moments E (exp(pe)) to exist, the infinite series of integer
moments F (ek) must converge to a finite value. In the Burr case, this condition is
never satisfied, as the maximum fractional finite moment is determined by the ratio of
its two shape parameters. For the Weibull and the generalized gamma on the other
hand, the infinite moment series converges only if the shape parameter common to the
two distributions is larger than one. In this case, it is possible to truncate the infinite

sum and obtain an approximation of the p-th moment F (exp(pe)).

2In practice, we found that for first and second-order moments, truncation after 1000 terms was
more than sufficient to get a high accuracy.
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3 Dispersion and Autocorrelation Function

Durations between stock market events are often characterized by overdispersion, mean-
ing that the standard deviation of the data is larger than their mean (see Section 5).
Another important stylized fact is the shape of the ACF, which usually decreases slowly
from a relatively low positive first-order autocorrelation. It is therefore essential that
Log-ACD models be able to fit such stylized facts, for some parameter values.

Let us measure the degree of dispersion of the random variable x by the variation
coefficient, or its square root (= standard deviation/mean) that we call the dispersion
index and we denote by ¢§,. This ratio is larger than 1 in the case of overdispersion.

This measure is a direct by-product of Theorem 1, and we have the following result:

Corollary 2 For the Log-ACD process defined by equations (1)-(5), assume that the
hypotheses of Theorem 1 hold for m = 1,2. Then

[T, E (205
T2, 2 ()]

1+62=(146% > > 1+ 67, (16)

where § = o/ is the dispersion indez of ;.

The dispersion index of x; cannot be smaller than that of ¢;. Thus, it suffices that
¢; be equidispersed (6 = 1) for z; to be overdispersed, as long as a # 0. Figure 1
illustrates the variation of 0, as a function of a (from 0 to 0.2) and /5 (from 0.8 to 0.98)
when ¢; is exponential (so that 6 = 1) and the model is a Log-ACD;(1,1). For the Log-
ACDy(1,1) model, the figure is almost identical, the difference being that the values of
d, are slighlty smaller (except for the combinations o = 0.2 and 0.8 < § < 0.94).

The next theorem provides the autocorrelation function.

Theorem 2 For the Log-ACD process defined by equations (1)-(5), assume that p < oo,
AMQ) <1, E [659(61’)] < oo forany 0 € R, E[e;_nexp (0,9(€i—n))] < 0o for any n € N,
and E [exp ((¢,_;0jin + 05)9(€i—n-n))] < o0 for j and h such that n > 1. Then, for

n > 1, the n-th order autocorrelation of {x;} has the form

B e [} B [ )] TI, B [50)] My — g (17, B [e0])

i T2 B [e2000)] — 2 (T2 B [eejg(ei)Dz

Pn =
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where
= [0 E [ (S5 fnsoniitOin)oteionn)
M,, — -\ E [6(22-;1 ¢n—jap7h+j+92—h,n)g(ﬁi*n*h)} for 1 <n <p, (18)
_ Hz:i B [e(zﬁ;{l ¢n7jah+j+02n)g(ei_n_h):| for n. > p,

05, is defined in equation (57) in the Appendiz, and jiy = o* 4 1i°.

Figure 1

Dispersion index of log-ACD; model (exponential distribution).

The following corollary is the special Log-ACD (1,1) case of Theorem 2.

Corollary 3 For the Log-ACD (1,1) process, the hypotheses of Theorem 2 reduce to the
following: |B| <1 and E [exp (2ag(€;))] < 0o. Under these conditions

LB [eieo‘ﬁn_lg(q)] :ljllE[ea@j—lg(ei)] j]ojl E[e“(lJan)Bj*lg(ei)] —p? jljl E[eo‘ﬁj—lg(ei)]>2 (19)

pn — o H;)il E[eQQBj—lg(gi)]_Mz(H;il E[eaﬁj_lg(ﬁi)]>2

Some remarks can be made on the features of the autocorrelation function provided
by Theorem 2.

First, it is worthwhile to notice that lim,, ., p,, = 0. This can be easily seen, in the
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Log-ACD(p,p) instance, by considering that, as n — oo,

E [Ei,neeng(q*”)] — U,

H;:ll E [eejg(fi)] H;‘;pE [69%9(@)} _ (H;:ll E [693'9(61-)})27 and (20)
M, , — 1.

Hence, the numerator of equation (17) tends to zero.

Another remark is that the shape of p,, as a function of n in Theorem 2 is determined
by the absolute value of the maximum eigenvalue of the € matrix. The closer A(£2)

to 1, the more persistent the autocorrelation. Notice that A(€2) =  in the Log-ACD,
case.

Figure 2

First autocorrelation of Log-ACD, model (exponential distribution)

/0
b 17022035044055

Figure 2 illustrates the variation of p; in the same setup as in Figure 1 (again with ¢;
exponential, so that = o = 1). For the Log-ACD; (1,1) model, the figure is almost the
same, but the value of p; in the Log-ACD,(1,1) case is larger than in the Log-ACDy(1,1)
whenever o < 0.08 and smaller whenever o« > 0.14, while in the intermediate cases it
is larger when 3 > 0.9 (approximately). However, the differences are never larger than
0.04. These features are not necessarily the same for other distributions of ¢;. From this

Figure, we see that for o < 0.10, p; does not exceed 0.20 (roughly) when ( is smaller
than 0.96.
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Another feature of interest is the rate of decrease of the ACF. We assume that
0 < B < 1 to avoid oscillation of the signs of the autocorrelations. For example, the
Log-ACD;(1,1) model can be written as the ARMA(1,1) process

Inz;, =w+ flnz, 1 +u; — (B — a)u;_1, (21)

where u; = Inx; — 1), is a martingale difference. The autocorrelations of the logarithm
of the duration therefore decrease geometrically at the rate 5. However, by computing
equation (19) for many parameter configurations, we found that the autocorrelations of
the duration decrease at the above rate only after a ‘large’ lag. For small lags, the rate
of decrease is less than 3, although not much. Table 1 provides, for several parameter
values, the value of p;, the ratio p,/p,, and the value of n from which the rate of
decrease is equal to 3 (for a precision of 4 decimal digits). The results in the table show
that i) for fixed 3, the larger «, the larger the difference S — py/p; and the value of n,
and ii) for fixed a, the larger (3, the smaller the difference 8 — p,/p, but the larger the

value of n.

Table 1: Properties of the ACF of the Log-ACD,; model
(exponential distribution)

&)
0.800 0.840 0.880 0.920 0.960 0.980
o
0.04 0.045 0.046 0.048 0.051 0.061 0.079
0.793 0.834 0.875 0.917 0.958 0.979
24 30 38 53 93 162
0.08 0.100 0.104 0.111 0.123 0.157 0.213
0.785 0.827 0.869 0.912 0.955 0.976
28 34 44 63 115 212
012 0.164 0.172 0.185 0.209 0.270 0.353
0.775  0.818 0.861 0.905 0.950 0.972
30 37 48 69 129 244
0.16 0.234 0.247 0.267 0.302 0.380 0.467
0.763 0.807 0.851 0.896 0.942 0.965
31 39 o1 74 140 268
0.20 0.306 0.324 0.350 0.392 0.474 0.548
0.749 0.793 0.838 0.885 0.932 0.955
33 41 93 78 149 288

Notes: In each cell from top to bottom, one finds the value of p;, the ratio py/p;, and the value of n
which gives 5 = p,,,1/p, to four decimal places.

From Figure 2 and Table 1, we see that there is a region of parameter values for

10
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which the autocorrelation function starts at a low positive value (say less than about

0.2) and decreases "slowly" (see the italicized entries of Table 1).

4 Comparison with ACD and SCD Models

The ACD model, introduced by Engle and Russell (1998), is defined by the following
equations:
x; = Vi€,
U, =w+ar_1+ B¥Y;_q, (22)
w>0, a>0, >0 p=0ifa=0,
where the baseline duration ¢; follows the same assumptions as in the Log-ACD case
and (a + ) in the ACD conditional duration VU, is analogous to the § term in the
logarithmic specification.

For this class of models, computing moments and autocorrelation functions is easy

and one can obtain the following simple expression in the ACD (1,1) instance:

o

2_‘7_5_ 0_2)< 1_52—2,“045 ) 2
%=1 = <M2 TGt BF —aier) = 20
_04(1—62—046)
pl_ 1_62_2a5 ) (25)

It must, however, be noticed that the conditions for the existence of the moments of
higher order involve the parameters a and 3 in the formula for the conditional duration,
which is not the case for the Log-ACD model, where conditions on S do not change.
Furthermore, the ACF of the durations decreases geometrically at the rate a4 (3, since
the ACD can be rewritten as an ARMA model with AR parameter o + 3.

Like the Log-ACD model, the SCD model, introduced by Bauwens and Veredas
(2004), has a non linear expression for the conditional duration ¥;. The model has the

following specification:

ri =g = evie,

Y, =w+ B +my, (B8] <1, &7

11

© gass.org.uk



QASS, Vol. 2 (1), 2008, 1-28

where again the baseline duration term follows the same assumptions as in the Log-
ACD case, but is independent of 7,, the other random term present in the model,
characterized by an iid normal distribution with mean 0 and variance o2.

The SCD model allows for a simple structure for moments and ACF, which is

w 0'2
j. = uem%(m)’
0_2
LR = (14 > 148
i’_i‘g_]; 1 ‘725’“/<1*,32) /8 (28)
pk - - "; ~ o2 ~ Iok‘—l
(1+6?) (emﬂ) (1+482) <eﬁ7—1>

A relevant remark is that, as in the Log-ACD case, the autocorrelation function p,
geometrically decreases at rate S only asymptotically, while for small k& the rate of

decrease is smaller.

5 Fitting the Stylized Facts

In this section, we consider an application to financial durations for stocks traded on
the NYSE. The objective of this empirical application is to provide an illustrative
example of the use of the formulae derived in the previous section. The possibility of
calculating the moments that are implied by the estimated parameters allows us also
to compare various specifications (ACD, Log-ACD; and Log-ACD;) and distributions
for the baseline durations in their ability to "fit" the sample moments of the data.

As reviewed by Giot (2000), while durations can simply be defined as the time
elapsed between two market events, by judiciously defining the notion of market event
one can highlight several important features of intraday market activity. For example,
a duration between two quotes is a quote duration and the modelling of these using
ACD or Log-ACD type models can quantify the notion of quoting activity, i.e. the rate
at which the specialists post quotes.

Important extensions related to the quote process are the notions of price and volume
durations. Price durations are defined as the minimum time for the stock price to
escape from a given price interval. In our application, we focus on the mid-price of
the specialist quote, i.e., the average of the bid and ask prices, and the price interval
considered is $0.125. It can be shown (see Giot, 2000) that there is a relationship
between the volatility of the price process and the conditional hazard of the ACD or
Log-ACD model. Thus this provides a strong motivation for the use of such high

12
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frequency duration models in the modelling of intraday volatility. A volume duration is
defined as the time required for total traded volume to accumulate until a given amount
(25000 shares in our application). This duration can be considered as a partial measure
of market liquidity, as it indicates the time needed to trade a given amount of shares.

The data set considered in the empirical evaluation consists of series of price and
volume durations of five stocks (Boeing, Coca Cola, Disney, Exxon and IBM) taken
from the Trade and Quote (TAQ) database of the New York Stock Exchange. For
each stock, we have considered two periods. The first period ranges from September to
November 1996, while the second goes from January to April 1997.

To take into account the known seasonal effects, we followed Engle and Russell

(1998) in computing adjusted durations as

vy = Xi/o(ts, j), (29)

where X; is the original duration (extracted from the data base) and ¢(t;,j) is the
seasonal effect, considered as the function of the time (¢;) and the day of the week (j)
of the transaction. The function ¢(¢;,j) is estimated by averaging over thirty minute
intervals for each day of the week and smoothing with a cubic spline. The resulting
time-of-day and time-of-week adjusted duration is denoted by x;.

Each deseasonalized sequence of data has been estimated by ACD(1,1), Log-ACD,(1,1)
and Log-ACDy(1,1), and for each one of these models we have considered a series of
distributions for the conditional durations, namely: exponential (0 shape parameters),
Weibull and gamma (1 shape parameter), and Burr and generalized gamma (2 shape
parameters). In all these distributions, a further parameter, the scale one, is present.
We have chosen to constrain this parameter to the value such that the expectation of
the baseline duration ¢; equals 1 in order to avoid an identification problem with the
parameters of the autoregressive factor (another possible choice could have been to fix
it to 1). The number of observations is different in each sequence of data, ranging
from a minimum of 1609 (for the Coca Cola price durations of 1996) to a maximum of
19680 (for the IBM price durations of 1996). Table 2 reports the maximum likelihood
(ML) estimates for the case of IBM price durations in the 1997 data set.> The ML
estimates for each model, distribution and data sequence were then used to compute
the analytical expressions for the unconditional moments and autocorrelation functions.
The results based on the analytical expressions were then compared with the empirical

(unconditional) moments and ACF.

3We do not report standard errors since they are not needed in the following discussion.

13
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Table 2: Point Estimates

exponential Weibull gamma Burr generalised

gamma
ACD
w 0.063 0.062 0.063  0.089 0.112
a 0.098 0.097 0.098 0.114 0.128
6] 0.840 0.842 0.840  0.803 0.760
Log-ACD,
w 0.042 0.042 0.042  0.057 0.050
o) 0.090 0.089 0.090  0.109 0.108
Ié] 0.928 0.929 0.928  0.900 0.900
Log-ACDs
w -0.084 -0.083  -0.084 -0.087 -0.089
a 0.082 0.082 0.082  0.089 0.087
6] 0.938 0.939 0.938  0.920 0.919

Notes: ML estimates of the parameters of the ACD, Log-ACD; and Log-ACDy models, assuming
various distributions for ¢;. Data: price durations (at $1/8) for IBM, January-April 1997, 18878
observations.

Tables 3 and 4 report the first two empirical moments and the dispersion indices
resulting from the analytical expressions for the three models. Broadly speaking, the
unconditional moments computed from the analytical formulae. As one can see from
the first moment, the second and the dispersion index, the models are quite capable
of reproducing the empirical moments in the fitted distribution of the unconditional
durations. The first moment and the dispersion ratio, in particular, seem to be the
ones that can be better matched by the analytical values. Of course, some extreme
cases arise, in which the estimation can not really catch many of the features of the
data or the estimated parameters are very close to some conditions for the existence of
moments in the conditional distribution (as could be the case with the Burr). The ana-
lytical (estimated) moments for the Log-ACD, model are not reported for the Burr and
generalized gamma distribution. The reason is that the conditions on the convergence
of the series in equation (15) to a finite value are never satisfied in the Burr case and
were not satisfied by the parameters resulting from the estimations with the generalized
gamma Log-ACD, model. Figure 3 reports as a graphical example the empirical ACF
of a series of data (IBM price durations for the January-April 1997 period) and the

ACF computed from the estimated parameters of various models.

14
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Table 3: Volume durations - moments implied by point estimates

BOFEING v96
data
mean 1.006
variance 1.539

dispersion  0.731
COCA COLA v96

data

mean 0.999

variance 1.766

dispersion  0.876
DISNEY v96

data

mean 0.999

variance 1.414

dispersion  0.644
EXXON v96

data

mean 1.000

variance 1.433

dispersion  0.658
IBM v96

data
mean 1.006
variance 1.656
dispersion  0.798
BOFING v97
data
mean 1.001
variance 1.532
dispersion  0.727
DISNEY v97
data
mean 0.999
variance 1.399
dispersion  0.635
EXXON 097
data
mean 1.000
variance 1.486

dispersion  0.697
IBM v97

data
mean 1.003
variance 1.495

dispersion  0.698

ACD LACD;, LACD»

e w g b 2g e w g b gg e w g
1.098 1.096 1.094 1.111 1.088 | 0.303 1.001 1.033 1.039 1.034 | 1.164 1.775 1.082
10.09 2.242 2469 2504 2.306 | 0.273 1.582 1.723 1.738 1.702 | 4.627 5.257  3.992
2,714 0.932 1.031 1.015 0.973 | 1.406 0.761 0.785 0.781 0.768 | 1.553 0.818 1.553

ACD LACD;, LACD»

e w g b g e w g b 2g e w g
1.017 1.026 1.015 1.023 1.016 | 0.795 0.998 1.006 1.003 1.006 | 1.019 1.157 1.013
2320 1.894 1.894 1.898 1.889 | 1.383 1.758 1.816 1.801 1.826 | 2.287 2.392  2.258
1.115 0.894 0916 0.902 0911 | 1.089 0.875 0.891 0.889 0.897 | 1.097 0.887 1.097

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.003 1.003 1.002 1.001 0.999 | 0.538 0.994 1.002 0.999 1.002 [ 1.046 1.279 1.042
2.353 1.425 1.491 1.432 1.426 | 0.653 1.388 1.455 1.414 1.420 | 2.555 2.341 2.540
1.157 0.646 0.697 0.656 0.653 | 1.120 0.637 0.671 0.645 0.643 [ 1.156 0.655 1.156

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.010 1.016 1.009 1.012 1.013 | 0.694 1.000 1.005 1.006 1.006 [ 1.030 1.193 1.029
2.246 1.484 1.524 1.479 1.480 | 1.049 1.430 1.484 1.451 1.451 | 2.319 2.060 2.318
1.096 0.662 0.705 0.666 0.665 | 1.084 0.656 0.685 0.659 0.656 [ 1.089 0.669 1.089

ACD LACD;, LACD»

e w g b gg e w g b gg e w g

19.27  1.638 1.256 1.379 1.305 | 0.318 4.906 2.855 3.423 1.006 | 1.251 1.056 0.259

NA 94.74 5983 11.04 7.115 | 0.441 46.30 15.07 2242 1.826 | 6.572 2.067 0.274

10.00  5.857 1.670 2.193 1.783 | 1.834 0.962 0.921 0.955 0.896 [ 1.788 0.924 1.763
ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.081 1.079 1.077 1.089 1.072 | 0.308 0.999 1.030 1.033 1.031 | 1.156 1.736 1.084
7.579  2.096 2.290 2.279 2.144 | 0.278 1.564 1.702 1.703 1.677 | 4.474 4979 3.931
2342 0.895 0.986 0.958 0.929 | 1.392 0.7563 0.777 0.771  0.759 | 1.530 0.807 1.530

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.001 0.999 0.999 0.999 0.997 | 0.531 0.995 1.003 1.001 1.003 | 1.042 1.268 1.038
2.318 1.405 1.473 1.410 1.405 | 0.631 1.382 1.449 1.405 1.410 | 2.518 2.279  2.499
1.147 0.636 0.689 0.644 0.642 | 1.114 0.628 0.664 0.635 0.634 [ 1.148 0.646 1.148

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.002 1.008 1.000 1.004 0.999 | 0.401 1.000 1.062 1.0388 1.053 | 1.056 1.515 0.849
2,594 1.520 1.559 1.543 1.521 | 0.386 1.469 1.691 1.606 1.646 | 2.769 3.449 1.789
1.258 0.704 0.748 0.729 0.724 | 1.183 0.685 0.707 0.700 0.696 | 1.218 0.709 1.217

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.025 1.030 1.024 1.039 1.024 | 0.288 0.959 1.015 1.013 1.014 | 1.118 1.643 1.074
3.759 1.631 1.666 1.762 1.658 | 0.243 1.381 1.538 1.562 1.540 | 3.689 4.084 3.399
1.606 0.732 0.768 0.794 0.763 | 1.392 0.706 0.703 0.723 0.705 [ 1.397 0.717 1.396

Notes: Unconditional moments for the ACD, Log-ACD; (LACD1) and Log-ACD4y (LACD1) models computed by apply-
ing the analytical expressions with the estimated parameters. The first column (in italics) gives the empirical moments
computed from the data. The capital letters denote the model (ACD, Log-ACD; or Log-ACD2) while the small ones

denote the conditional distribution (e for exponential, w for Weibull, g for gamma, b for Burr and gg for generalized

gamma).
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Table 4: Price durations - moments implied by point estimates

BOFEING v96

mean
variance
dispersion

data

1.006
2.938
1.380

COCA COLA

mean
variance
dispersion

DISNEY v96

mean
variance
dispersion

EXXON v96

mean
variance
dispersion

IBM v96

mean
variance
dispersion

BOEING v97

mean

variance

dispersion
DISNEY v97

mean
variance
dispersion

EXXON v97

mean
variance
dispersion

IBM v97

mean
variance
dispersion

v96
data

1.001

2.377
1.171

data
1.001

2.517
1.229

data

1.000
2./32
1.196

data
1.002

2.429
1.192

data

1.007
2.910
1.367

data

1.000
2.415
1.190

data
1.000

3.257
1.502

data

1.002
2.376
1.169

ACD LACD; LACD»

e w g b gg e w g b gg e w g
1.070 1.055 1.070 1.200 1.021 | 1.096 0.938 1.060 1.038 1.017 | 0.988 0.928 0.972
2.894 3.072 2.947 NA 3.488 | 2.915 2.325 2.776 5.836 3.345 | 2.203 2.094 2.138
1.236  1.327 1.254 4.008 1.532 | 1.195 1.283 1.213 2.102 1.494 | 1.124 1.197 1.124

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.008 1.005 1.008 1.034 0.995 | 1.012 0.986 1.006 1.019 1.011 | 0.997 0.983 0.997
2.116  2.216 2.139 3.212 2.435 | 2.136 2.137 2.134 3.163 2.714 | 2.048 2.098 2.047
1.040 1.092 1.051 1.415 1.207 | 1.041 1.094 1.0562 1.430 1.286 | 1.029 1.080 1.029

ACD LACD;, LACD2

e w g b gg e w g b gg e w g
1.017 1.016 1.017 1.055 0.990 | 0.962 0.952 1.013 1.017 1.003 [ 0.995 0.991 0.991
2.260 2.269 2.176 4.084 2.391 | 2.036 2.012 2.169 3.707 2.619 | 2.112 2.109 2.096
1.088 1.093 1.049 1.631 1.199 | 1.094 1.103 1.054 1.606 1.265 | 1.064 1.070 1.064

ACD LACDq LACD»

e w g b gg e w g b gg e w g
1.004 1.002 1.004 1.036 0.988 | 0.999 0.974 1.014 1.023 1.007 | 0.998 0.989 0.998
2.056 2.106 2.033 3.708 2.277 | 2.077 2.030 2.105 3.694 2.614 | 2.030 2.056 2.029
1.019 1.047 1.008 1.566 1.153 | 1.038 1.066 1.023 1.591 1.256 | 1.018 1.049 1.018

ACD LACD;, LACD2

e w g b 2g e w g b 2g e w g
1.029 1.035 1.029 1.126 1.004 | 0.888 0.945 1.037 1.031 1.016 | 0.997 1.032 0.914
2.421 2.351 2.224 5876 2.512 | 1.780 1.943 2.225 4.312 2.632 | 2.173 2.244  1.826
1.134 1.091 1.049 1.908 1.222 | 1.121 1.083 1.034 1.748 1.244 | 1.089 1.052 1.089

ACD LACD; LACD»

e w g b g e w g b gg e w g
1.062 1.049 1.062 1.186 1.018 | 1.087 0.940 1.058 1.038 1.018 | 0.988 0.934 0.977
2.795 2.960 2.837 NA 3.374 | 2.850 2.312 2.736 5.647 3.314 [ 2.199 2.105 2.149
1.216 1.301 1.231 3.441 1.502 | 1.188 1.270 1.203 2.059 1.482 [ 1.118 1.188 1.118

ACD LACD;, LACD»

e w g b gg e w g b gg e w g
1.011 1.012 1.011 1.045 0.991 | 0.955 0.959 1.008 1.014 1.002 [ 0.995 0.998 0.991
2.201  2.191 2.106 3.574 2.327 | 1.976 1.983 2.101 3.348 2.533 | 2.095 2.097 2.076
1.073 1.067 1.029 1.507 1.170 | 1.079 1.076 1.033 1.501 1.233 | 1.056 1.052 1.056

ACD LACD; LACD»

e w g b gg e w g b g e w g
1.014 0.923 1.016 NA 0.746 | 1.468 1.204 1.230 1.014 NA 0.584  0.148 0.032
2326 2421 2595 NA 2406 | 4522 3.706 3.507 3.348 NA 0.736  0.058  0.002
1.124  1.357 1.229 NA 1.822 | 1.054 1.247 1.147 1.501 1.705 | 1.078 1.287 1.049

ACD LACD;, LACD»

e w g b g e w g b gg e w g
1.012 1.017 1.012 1.077 0.994 | 0.910 0.952 1.008 1.029 1.004 [ 0.998 1.023 0.995
2.222  2.143 2.041 4.904 2.326 | 1.811 1.899 2.032 4.427 2496 | 2.119 2.136 2.110
1.082 1.035 0.997 1.795 1.163 | 1.088 1.046 1.000 1.781 1.214 | 1.063 1.019 1.06

Notes: Unconditional moments for the ACD, Log-ACD; and Log-ACD2 models computed by applying the analytical

expressions with the estimated parameters. The first column (in italics) gives the empirical moments computed from the

data. The capital letters denote the model (ACD, Log-ACD; or Log-ACD32) while the small ones denote the conditional

distribution (e for exponential, w for Weibull, g for gamma, b for Burr and gg for generalized gamma).
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0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14 0.16 0.18

Notes: ACF for the ACD, Log-ACD;, Log-ACD4 models with various conditional distributions (using
the analytical expressions computed for the estimated parameters) and empirical data (price duration
at $1/8 for IBM, 1997 data).

In order to summarize the large number of empirical results obtained, we make a
ranking of models. The results of this ranking may serve as a guide for the interpretation
of the results. The steps followed have been kept as simple as possible. First, for

each stock, period and distribution we computed the percentage difference between
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the empirical and the theoretical (i.e. resulting from the estimated parameters) first
moment and dispersion index (which is also a function of the second moment). We also
computed a weighted sum of the absolute difference between the values taken by the
empirical and theoretical autocorrelations. Only the first 50 values were considered and
we assigned decreasing weights (0.975™ to the n-th autocorrelation, which assignes a
weight of 0.28 to the 50-th lag). Second, the stocks, for each period, were then ranked
for each one of the three considered criteria (deviation of the first moment, dispersion
and autocorrelations) and the numbers denoting their positions in the rankings were
added to provide a global ranking. Third, the resulting ranks were finally added for all
the stocks and periods, keeping the distinction between price and volume durations. In
the resulting ranks, the models and distributions with the lowest values are the ones

that better perform globally on the three criteria together.

Table 5: Ranking results

Price Volume

Model sum of ranks Model sum of ranks
eLACD, 24 ggLACD, 33
gglLACD, 27 wLACD, 36
ggACD 38 bLACD; 38
gLACD, 46 gLACD, 46
¢LACD, 57 ggACD 49
wLACD, 57 gACD 58
wACD 58 wACD 63
eACD 66 bACD 79
wLACD, 67 eLACDs, 79
eLACD, 76 gLACD, 80
gACD 86 wLACD, 82
bLACD, 105 eLACD, 83
bACD 112 eACD 93

Notes: Sum of rank points for first moment, dispersion and autocorrelation for all the stocks and
periods. A lower value of the sum indicates a better performance. The capital letters denote the
model (ACD, Log-ACD; or Log-ACD3) while the small ones denote the conditional distribution (e for
exponential, w for Weibull, g for gamma, b for Burr and gg for generalized gamma).

Table 5 displays the results of the rank computation. It is quite evident that the
performance of the models and distributions considered varies with the kind of duration,
price or volume that we fitted. For price durations, the generalized gamma seems to
be the best distribution, followed by the Weibull. The Burr is strongly penalized by
its constraint on the number of existing moments, often failing to correctly model the

second moment, which is reflected in a poorly fitted dispersion index and ACF. The
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ranking does not seem to give many hints about what specification (ACD, Log-ACD;
or Log-ACD;) may be preferable, though the exponential Log-ACDs is the model that
performs the best. The results on volume durations lead instead to a marked preference
the Log-ACD; specification, followed by the ACD one. Here again, one can see that
the generalized gamma seems to grant a significant gain over other distributions. This
should not come as a surprise, as its parametrization is richer than the one of Weibull
and gamma and it does not suffer from the constraints for the existence of moments

that characterize the Burr.

6 Conclusion

We have provided analytical formulae for the moments of Log-ACD(p,p) models. The
formulae are more complex than for the ACD model, since the ACD model is actually
a linear process (ARMA) whereas the Log-ACD is non-linear. We have shown that the
shape of the autocorrelation function of Log-ACD models is different from the shape of
the ACF of the ACD model. The formulae can be used to check implied moments from
parameter estimates, as in the illustration of this paper. They could also be used to
select parameter values in order to match desired moments (e.g. for designing a Monte
Carlo experiment). Finally, we have illustrated the different aptitudes of various models

and distributions by estimating the empirical moments.
Appendix
Proof of Theorem 1

For simplicity in the notation, let us define the vectors

a= (.., 8 = (9(€i-1), ..., g(€i—p))".

Suppose that 1 < k < p. If we apply the definition of ¥; in equation (6) to ¥;_; in (6),

after rearranging and substituting with ¢, we can write

p—1
U, = explw(l +¢,)] - exp (g + drager) - [[ U0 wi o (30)
j=1
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If we apply it again to ¥; 5 in equation (30) and substitute with ¢,, we get

;= explw (1 + @1+ @o)] - exp (/g + p1&'gi1 + P’ ) 31)
B 02+ (B85 1101+B;12) \Ijﬁp,1¢2+ﬁp¢1 \I,Bp‘z’Z (
H z =2 ’ i—p—1 ’ i—p—2°

Continuing applying the definition given in equation (6) and substituting with ¢, until

k = p, yields
P P Biby_iv1 Py Bib,_ By 1y By
H€w¢] Hed)ﬂa 8i-j. \I’z —p 11 piﬁl'qjif;:fQ SRR \Ijzpplp 1 ' \IIZ p P (32)
7=0 7=0

In order to be able to iterate further, we need to derive an expression of ¢, when k > p,

given equations (9)-(11). This can be done by noticing that the following equalities

Q (¢,0,0,...,0) = QP71 (¢, ¢,,0,...,0)

. / 33
= Q(¢p—17¢p—27"'7¢17¢0) ( )
= (¢p7¢p717"'7¢27¢1)/

hold and by applying them to equation (10), to show that

b =B T2Q(0,, 0,1, 0y 01)'
= 61/319k_p_2 (¢p7 ¢p717 M) ¢27 ¢1) +
BQIBIQkipiz (Cbp,l, ¢p72? ) Qsla ¢0) + (34)

L+ 8,892 (¢, 6,0, 0)
= B19p-1+ Badp_o+ . + 8,01
= Z?:l ngbk:fj'

Let us consider the case k = p + 1. Applying the definition of ¥; in equation (6) to
U,_,—1 in equation (32), we get

P+l we; TTPHL 9 a/gi— ;.
j=0€ 7 szo e’ !
\I/ZJ 1’8 ¢P*j+2 X

i—p—2

\IjZﬁ?:z Bjbp—_ji3 . Wﬁp71¢p+1+ﬁp¢p . \Ijﬁp‘f’erl (35)

i—p—3 st Fi—p—p i—p—p—1°
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For notational simplicity again, let us define the parameters

fk+1 = ¢k;+1

Ehya = Badp + - + Bpdr_pio

£k+3 = B3¢k +...+ Bp¢k—p+3 (36)
£k+p = 6p¢k7

which enable us to write equation (35) as

p+1 p+1 p

E .
\I/i = HeXp (a]¢]) . HeXp (gbja'gl,j) . H \Ijzf-gl_-;]_l (37)
§=0 5=0 j=1
Let us consider now the case k = m > p + 1. By recursively applying the definition of
W; in equation (6) to W;_,_1,--- , V11, Wiy, and substituting with the §,’s we can
write . . )
Emtj
Wi =L exp (wo,) - [T exv (¢,08i-s) - [T 2220 (38)
3=0 3=0 j=1
So, if £ > p, we can use the following general form to express V;:
k k D ¢
v; = Hexp (W¢j) ‘ HeXp (¢ja,gifj) . H ‘I’Zf}”_k (39)
5=0 §=0 j=1

In order to compute the first unconditional moment of x;, we can multiply equation

(39) by ¢; and take expectations on both sides, which yields:

k
E(x;) = jiy exp (w > qﬁj) B
=0

k p
[Texp (6,0%8:5) - TTwits, ] S )
j=0

Jj=1

As k — oo, noting that limy_. &, = 0, if and only if A(£2) < 1, and that the ¢’s are

11d, we obtain
E(x;) = pyexp wzjo.io ¢;) - E [H?io exp (qﬁja’gi,j)] =

= e (10 3555 6, ) - [Blexp (cr g(c)-

B (exp () + asdo)glei2)) - B (exp (S0 aj6,_y9(ay) ) -
(41)

If we define 0;, j > 1 as the coefficients of g(e;_;) in equation (41), we can see that
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equation (13) holds and that the first moment of x; can be written as

E(x;) = py exp (w > d)j) ] E (exp (Bi9(ci-y))) - (42)

j=0 =0

In order to complete the proof, we must show that, from equations (9) and (10)
dsod; = (1 =30 B;)7" if and only if A(2) < 1. In fact, from equation (10) it
follows that

20 b =20t it 0= 208+ B, YT e =

43
ST o B Q)= (1YY ) )

if and only if A\(2) < 1, since

1 §:25j §:36j Bp—l Bp
1 1 _51 ?:353’
1

1—61 1_ﬁ1_62

J=1 ﬁp—l +6p Bp

I 1-38;, 1-8,—08y .. 1_25;?63‘ By

1—51 1_51_52 .o 1= ?j J 1— ?jﬁj_
(44)

As the proof was given for m = 1, it must be noted that the same results for m > 1

—_

can be derived by raising both sides of equation (40) to the power m. B

Proof of Corollary 1

In the Log-ACD (1,1), 5, = P ° and o, = “ ° .
0 1<s<p 0 1<s<p
Then \(Q2) = |3].
Furthermore, equation (14) implies that in equation (34)
O = Bpr = Bobp o= =1 = g~ (45)
Therefore, in equation (13), 0, reduces to
0, = ag, | =aB* . (46)
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Proof of Corollary 2
Equation (16) follows directly from equation (12). Since E (y2) > (E (y))?, defining y

as expla’ " g(e;)], we see that each term of the infinite product in equation (16) is not
smaller than 1, and equal to 1 if & = 0. This implies that §, > 5. B

Proof of Theorem 2

For notational simplicity, let us define the following parameters

i, =¢,+1 forn>1,

Bin = het Bryj1Pnp for1<n<p-—j+land2<;j<p-—1,

Bin = le;:j Brponij—1-n forp—j+2<n<pand2<j<p-1, (47)
B;n = 6p¢n+1 for 1 <n < b,

B;n = Zﬁilfj 6j+h—1¢n—h forn >pand 2 <j <p,

and show how they are determined.
We can start by considering the product (¥;¥;_,,) for 1 < n < p. If we apply equation
(6) to ¥; in the product and make use of the results of the first part of the proof of

Theorem 1, we obtain

n—1 p—n+1 n—1
S Bhyj10nj S By htiPnj
v, = HGXP (W¢ja,gi—j) : H ‘I’ifjjnff] R H ‘I’F;,lh PRI (48)
=0 h=1 h=1

If we suppose that & =1 in the second product term of equation (48) and multiply by
W,_,, it takes the form

\Pg%l qubnf‘j"'l, (49)
which implies
Bin= Biby;+1=¢,+1 forl<n<p, (50)
j=1
which shows how the first expression of equation (47) is determined.
If we suppose that A = 1 in the third product term of equation (48), it yields \Ilfffﬁ?.
So,
Bon = Bptn_ for 1 <n <p. (51)

This shows how the fourth expression of equation (47) is determined.

Next, we consider the remaining cases defined by h = 2,...,p — n + 1 in the second
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product term and h = 2,...,n — 1 in the third. Thus

\Ilizjflﬁhﬂd)"*j for2<h<p-n+1

—n—+1 (52)
v for2<h<n-1.

Z?:l 5p7h¢n7j
i—p—h

Equation (52) indicates that 3},, j = 2,...,p — n + 1, can be defined by setting h =
2,...,p —n+1in the first expression of equation (52) and 37, p—n—-2<j<p—1,
can be defined by setting h = n —1,...,2 in the second. Analogously, for 2 < ;7 <p—1,

B = 2 h=1 Bt j1Pnn 1<n<p—j+1 53)
" 22:1 5h¢n+j_h_1 p—j+2<n<p.

Thus the second and the third expressions of equation (47) are derived.
If we finally consider the case of n > p. If we set kK =n — 1 in equations (30) and (31),

we obtain a corresponding representation of (W;U;_, ) which reads:

n—1 p
v, , = H exp (wop;0'g;_;) - H ‘I/ff}i}1+1\1’i—n, (54)
§=0 j=1
where
&n = &n = Bins
§nir = Babpq + oo+ Bpbupi1 = Bons
£n+2 = 53¢n—1 +..F /ﬁp¢n7p+2 = 53717 (55)

’5n+p—1 = Bp¢n—1 = ﬁzn

This shows how the first expression for n > p + 1 and the fifth for n > p of equation
(47) are determined. If now we substitute 3; with 3}, in equation (34), and suppose
that

Pon =1,

P1n = B,

G = 2921 B0kt + B G =2, ,p, and

¢, =BT P 1g" j>p,

we obtain an analogous expression for the parameter ¢,

(56)

Let us then define the following parameters, which will be useful in the remainder of

the proof:
h *
o { Zj:l aj¢h+1—j,n h = 17"'>p ' (57)

h?’L *
D i Phajm R >
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We now take the expected value of x;x;_,, and we obtain the following expression:

E(szszn) = E(Gieifn\lli\:[lifn) =
n— n— 5%,
=5 (eiei,n szol exp (w¢j) . szg exp (gbja’gi,j) . ?:1 \IlifjfnJrl) .

(58)
If n > p+ 1 we can write equation (58) as
E(I‘il'i,n) = F/‘(ElﬁZ n\IJ \Ijz n)
= MH] 0 exp (WQS ) [EZ n H] 1 €XP (¢ g(ez ])) (59)

h Bin
Hp 1 6XPp << ?:1 OOt g(ez—n—h)> : ?:1 \Iliij—n—i-l]'

If we apply the result in equation (39) to the last two products of the right hand side

of equation (59) and let k — oo, we obtain

[Hp 1 €Xp (( ?j ¢n_j04h+j> Q(Gi—n—j)ﬂ : ( ];:1 ‘I’fi*';f_nﬂ) =
= (1% e (o))
BT e (02 6ujnes ) 9(eimns) ) - T2y exp (5,9(6i-0ms) | -
E H] —, €Xp (¢;n9(6i—n—j))]
= 1% oxp (w6, - B [TT72 o (S0 6umymis + 01 9l )|
BT, e (¢;n9(6i—n—j))]
= [T o (w6,) - B [T, exp (6,0(c0) -
B Hh 1 €XpP <( f;f ¢n—j0éh+j + 97m> g<€ifn7h)>] .

Hence, we can rewrite equation (59) in the following form:

E(xivin) = pEl€i_nexp (0n9(€in))] - <Hjoi1 €exp (w ;rz)) ' H;l lleXp (wgb ))
LI e (039(e))] - B [IT2, exp (05.9(e)) |-

E|[Th=) exp (( P GOy + %) g(ei—n—h))} :
(61)

If 1 <n < p equation (58) reads
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E(zixin) = E(ee n‘I"\I’z‘ n) =
= MH] 0 €Xp (wqb ) [Ez nH] 1 €Xp (Cb g(EZ ])) (62)
'Hh:l exp (< n—h Zj:1 ah+y> g(@—n—])) : \Ijz]; n—l—l]

If again we apply the result in equation (39) to the last two products of the left hand

side of equation (62) and let k& — 0o, we obtain

E [szl exp <(¢n—h Z?j htj)g(€i—n—j) )| - ( ];:1 ‘I’ZB]Z ni1) =
= H;; exp (W ;n) [Hp 1 €Xp 22:1 ¢n—j0éh+j + Ghn> g(eifnfj)>] .

n—1 * (63)
E Tl - exp ((6 S GO T Qp—h,n)g(ei—n—j))} :
E Hj peXp (g;kng(ez))] :
Hence, we get the following expression for equation (62)
E(xi;n) = HE leinexp (Ong(ein))] - [12, exp (we],) - [T=) exp (wg;) -
B | T exp ( gg(ei))} B fl_[] ~p eXP (9;%9(61-))} '
(64)

E [T exp Z?:l GpjQnyj + th> Q(Ez’fn—j)ﬂ .
B Hh 1 €Xp Z?;l Pp— jOp—hyj + 9;_,1,”) g(ei,n,j)>} )

Finally, to be able to simplify and derive equations (17)-(18), we need to show that, for
any n > 1,

H exp (wo;) Hexp (wes,) = exp | 2w (1 — Z@) (65)

Jj=1

holds. To do so, we can first show that

00 p P -1
> ¢, = (Z /3;-”) (1 - Z@) : (66)
j=1 j=1

Let us consider

Z;L ¢}k'n - §=1 @n + Z;;Hl @n
=2 O+ B, YT, (67)
=201 9 B I-Q)" ;.

Since (I —Q)! is known from equation (44), it is sufficient to consider the case p = 2.
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Then equation (67) becomes,

1 B oM
o) * * * 1 2 in
2 =1 Pjn :¢1n+¢2n+m<61 By ) .=

1 1- 61 ¢2n 68

SOl Bidt, _ (68)

1-81—55
— /BI'VLJ'_B;"L
1-B81-55"

Next, we can show that equation (65) holds for any n > 1.
Let n = 1, then equation (65) has the form

exp (w) H exp (wo};) = exp (w) exp (w—

Similarly, we can check for n = 2.
Assume now that equation (65) holds for n = m > 2, that is,

m—1 o) 2 -1
H exp (w(bj) Hexp (w ;“m) =exp | 2w <1 — Zﬁj) , (70)
Jj=0 Jj=1 j=1

we can show that it holds for n = m + 1. From equation (70) we have

m oo
2=0 % T+ 2050 P -
-1 1 m + *,m
=Yj0 O O +

— m—1 M B:{,m+1+/6§7m+1 _ /3Im+ﬁ§m (71)
=2 im0 ¢+ Tt <¢m S B 1751%)

o p -1 Blant1TB2.mt1  BintBom

=201 =25 B + (¢m T 114317%2) ‘

Now, the second term on the right-hand of equation (71) equals zero, because 37 ,,,,, =

Grns1 + 1, By i1 = Bady, and ¢, = 510, + B28,,,1. Thus, equation (65) holds for
anyn>1. 1

Proof of Corollary 3

As in Corollary 2, if p = 1, then A\(Q) = |3| and 0, = aB°"'. Hence E(e;e?9()) in
equation (17) reduces to E(e;e®®" '9()), which is finite if E(e;e®<)) < co. For the
same reason F(e%9()) reduces to F(e*i-19(¢))  which is finite if F(e2*9(%)) < co. This

last condition also ensures the existence of the second moment of x;. Then, as

ady, = o, +1) =af (B +1) j=1
agy =af e, =af (B 1) > 1,

* —_—
0, =

(72)
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o0 o0 .
the factor [ E [e%n9()] reduces to [] E [eo‘ﬁﬁl(ﬁn“)g(q) , which is finite if E [¢?*9(%)] <
j=1

J=p

00, as lim;_, 3! = 0. Noticing that the products of M, , reduce to 1 if p = 1 com-

pletes the proof. B
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